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ABSTRACT. Stability in terms of two measures for nonlinear differential equa-
tions with “maxima” is studied. A special type of stability in terms of two
measures is defined. The new type of stability generalizes some of the known
in the literature. Sufficient conditions for the defined stability are obtained.
Cone-valued continuous Lyapunov functions are applied. Method of Razu-
mikhin as well as comparison method for scalar ordinary differential equations
have been employed. The usefulness of the introduced definition and the ob-
tained sufficient conditions is illustrated through an example.

1. INTRODUCTION AND PRELIMINARIES

One type of functional differential equations is the case when the evolutionary
equations using the maximum of the studied function on a past time interval.
Since the maximum function has very specific properties, it makes the equa-
tions strongly nonlinear. As a result these equations gain an important place
in the theory of differential equations and are called differential equations with
“maxima” ([2, 3, 7]). Differential equations with “maxima” first appeared as an
object of investigation about thirty years ago in connection with the solution of
some applied problems. For example, in the theory of automatic control of var-
ious technical systems it often occurs that the law of regulation depends on the
maximum values of some regulated state parameters over certain time intervals.
Popov ([13]) in 1966 considered the system for regulating the voltage of a genera-
tor of constant current. The object of the experiment was a generator of constant
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current with parallel simulation and the regulated quantity was the voltage at
the source electric current. The equation describing the work of the regulator
involves the maximum of the unknown function and it has the form ([13])

Tl (1) +u(®) + ¢ max u(s) = £(1),

where T and ¢ are constants characterizing the object, u(t) is the voltage regu-
lated and f(t) is the perturbed effect.

It is relevant to mention here the opinion of Myshkis that “the specific character
of these equations is not yet sufficiently clear”. In his survey in 1975 ([12]) he also
distinguishes the equations with maxima as differential equations with deviating
argument of complex structure.

The problems of stability of solutions of differential equations via Lyapunov
functions have been successfully investigated in the past. One type of stability,
very useful in real world problems, deals with two different measures. Stability
in terms of two measures for differential equations has been studied by means of
various types of Lyapunov functions ([4, 5, 8, 9, 10, 11]).

One of the main problems of Lyapunov’s second method is related to the con-
struction of an appropriate Lyapunov function. Often, it is easier to construct
a vector Lyapunov function rather than a scalar one. However, vector functions
require comparison systems of differential equations. In order to involve scalar
differential equations in the comparison method instead of comparison systems,
we use a special type of stability that combines the ideas of two different mea-
sures and a dot product. In the present paper d-stability in terms of two different
measures is defined for differential equations with “maxima”. Cone-valued Lya-
punov functions and comparison results for scalar ordinary differential equations
are employed to study the introduced stability.

2. PRELIMINARY NOTES AND DEFINITIONS

Consider the system of nonlinear differential equations with “maxima”
a' = F(t,x(t), mazsep—rgz(s)) for ¢t>0, (2.1)
where x € R", F' : [0,00) x R" x R* - R", F = (F|,F5,...,F,), r > 01is a
constant.
Let ¢ € C([—r,0],R") and t; € R, be a fixed point. We denote by x(t; to, @)
the solution of system (2.1) with initial conditions
x(t) = ¢(t —to), t€ [to—r,to]. (2.2)
Let z,y € R™. Denote by (x e y) the dot product of both vectors x and y. Let
IC C R™ be a cone. Consider the set
Kr={peR": (pex) >0 forany x € K}.
We assume that K£* is a cone.
Consider following sets
K ={ae CR.,R,) : a(s) is strictly increasing and a(0) = 0};
G={heC([-r,o0) xR"K) : in]Rf h(t,z) =0 for each t > —r}.
TER™
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Note, for example, K = R” is a cone and the function
h(t,) = (e oy, e |aal, ..., e ), 2 €R™ o= (x1,79,...,7,)

is from the set G.
Let p be positive constant, pg € K*, h € G. Define

S(h,p,p0) = {(t,x) €[0,00) x R" 1 (4o ® h(t,z)) < p}.

We will introduce the definition of a new type of stability for differential equa-
tions with “maxima”, that combines the ideas of stability in terms of two measures
([10, 11]) and a dot product.

Definition 2.1. System of differential equations with “maxima” (2.1) is said to be

(S1) d-stable in terms of two measures if there exist a vector ¢y € K* and two
functions hg, h € G such that for every e > 0 and ¢, > 0 there exists 0 = d(tg, €) >
0 such that for any ¢ € C([—r,0],R") inequality (po ® ho(to + s, d(s))) < d for
s € [—r,0] implies (¢o ® h(t,x(t;to,d))) < € for t > to, where z(t;to, ¢) is a
solution of differential equations with “maxima”(2.1) with initial condition (2.2);

(S2) uniformly d-stable in terms of two measures if (S1) is satisfied, where ¢ is
independent on t;

Remark 2.1. The vector ¢q , that is introduced into Definition 1, is a proxy for
the weights of the solution’s components.

Remark 2.2. In the partial case of one dimensional cone KL = R, the measures h
and hg are scalar valued nonnegative functions. The above-defined d-stability in
terms of two measures reduces to stability in terms of two measures for differential
equations with “maxima”.

In our further investigations we will use following comparison scalar ordinary
differential equations

u = g(t,u), (2.3)

where u € R, ¢(t,0) = 0.
We will use some properties of the functions from class G.

Definition 2.2. Let functions h,hy € G and vector ¢g € K*. The function hg
is uniformly po-finer than the function h if there exist a constant ¢ > 0 and a
function p € K such that for any point (t,z) € [—r,00) xR™ : (poeho(t,x)) < o
the inequality (o ® h(t,z)) < p((¢o ® ho(t, x)) holds.

We will introduce the following class of functions:

Definition 2.3. We will say that function V(t,z) : Q@ x R* — £, Q C Ry,
V =V, Vs, ..., V,), belongs to the class L if:

1. V(t,z) € CH(Q x R", K);

2. There exist constants M; > 0, i = 1,2, ...,n, such that |V;(¢,x) — V;(t,y)| <
M;||z — y|| for any t € Q, z,y € R™
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Let function V € £, V = (V},V4,...,V,) and ¢ € C([—r,0],R™). We define a
derivative D, )V (t, z) of the function V' among the system (2.1) by the equalities

_ 9Vi(t,¢(0)) N z“: OVi(t, 6(0)) .

D1yVi(t, ¢(0)) 9 oz, j

(ta ¢(0)7 SUPse[—r,0] ¢(S))

J=1

1 <i<n, where D)V (t,z) = (DeonyVi(t, ), DeyVa(t,x), ..., DoVt x)).
In the further investigations we will use following comparison result:

Lemma 2.1. Let following conditions be fulfilled:

1. Vector ¢g € K* and function V(t,z) : [to, T] x R* — I, V € L are such
that for any function ¢ € C(|—r,0],R™) and any number t € [ty,T] such that
(o @ V(t,9(0))) > (po @ V(t+ s,9(s))) for s € [—r,0) the inequality

(w08 DV (1,0(0)) < glt, (w0 V(£ 4(0))))

holds, where g € C(Ry x Ry, R), g(£,0) = 0.

2. Function x(t) = x(t;to, ) is a solution of (2.1) with initial condition x(t,+
s)=p(s), se€[—r0], that is defined fort € [to—r,T] where ¢ € C([—r,0],R").

3. Function u*(t) = u*(t;to, uo) is the mazimal solution of (2.3) with initial
condition u*(ty) = uo, that is defined fort € [ty, T).

Then the inequality maxgei—.o(po ® V(to + 5,¢(s))) < ug implies the validity
of the inequality (po @ V(t,x(t))) < u*(t) fort € [to, T].

Proof. Let u,(t) be the maximal solution of the initial value problem

1
u' = g(t,u) + —,
g(t,u) +

1
t g —_
U( 0) U0+n,

where max,e_r)(wo ® V(to + 5,9(s))) < ug and n is a natural number. Assume
that u,(t) is defined for ¢ € [to, T.

Define a function m(t) € C([to—r,T],Ry) by m(t) = (poe V (t,z(t))). Because
u*(t;to, ug) = lim,_oou,(t) it is enough to prove that for any natural number n
the inequality

m(t) < wu,(t) for t € [to,T] (2.4)

holds.

Note that for any natural number n the inequality m(ty + s) < u,(ty), s €
[—r, 0] holds.

Assume that inequality (2.4) is not true. Let n be a natural number such that
there exists a point n € (ty,7) : m(n) > u,(n). Let t& = max{t € [to,T] :
m(s) < uy(s) for s € [to,t)}, th < T.

Therefore

m(ty) = un(t)), m(t) <wuy(t) fort € [to, L)), m(t) > u,(t) fort e (¢, t;+9),
(2.5)

where 0 > 0 is enough small number.
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From inequalities (2.5) it follows that
1 1
Dm(t) > uy(£) = gl u(£) + - =gtm(E) 11 20

From g(t,u)++ > 0 on [t —r, t}] it follows that function w,(¢) is nondecreasing
on [th —r t5] N [te, T].

Let t& —r > to. Then m(t}) = u,(t}) > u,(s) > m(s) for s € [tF —r tF).

Let tf —r < tyg. Then as above m(t*) > m(s) for s € [to, ). For s € [t} —r, o)
from the monotonicity of the function u, (t) we get m(t*) = u,(t) > u,(to+0) =
Ug + % > U > SUPye( .0 (o ® V(to + 5,6(s))) > m(s).

Therefore, m(t}) = wu,(t:) > u,(s) > m(s) for s € [t; — r,t;). Accord-
ing to condition (i) using standard argument we get D_m(t:) < g(t:, m(t})) <
g(t:, m(t:)) + + that contradicts (2.6). Therefore the inequality (2.4) holds and
hence the conclusion of Lemma 1 follows. O

Remark 2.3. Note the condition (¢g eV (t9, ¢(0))) < ug is not enough for validity
of the conclusion of Lemma 1. It is necessary the inequality to be fulfilled on the
whole initial interval.

3. MAIN RESULTS

We will use Razhumikhin method and Lyapunov functions to obtain sufficient
conditions for stability of solutions of differential equations with “maxima’”. We
will consider both cases of multidimensional and one dimensional cone.

3.1. Multidimensional case. We will consider the cone K C R", n > 1 and
we will obtain sufficient conditions for d-stability in terms of two measures of
systems of differential equations with “maxima”. We will employ cone valued
Lyapunov functions from class £. The proof is based on Razumikhin method
combined by comparison method with scalar ordinary differential equations.

Theorem 3.1. Let the following conditions be fulfilled:

1. The function F € C(Ry x R" x R", R").

2. The vector pg € K* and the functions ho,h € G, hg is uniformly oo-finer
than h.

3. There exists a function V(t,z) : Ry x R" — K, V € L such that

(1) b((po @ h(t, x))) < (o @ V(t, x)) < a((po ® ho(t,2))),  (t,2) € S(h, p, o)

where a,b € K;

(ii) for any function ¥ € C([—r,
(oo V (L, 4(0))) > (oo V(t+s,9(s)
the inequality

0],R™) and any number t > 0 such that
) for s € [=r,0) and (t,4(0))) € S(h, p, o)

(w0 ® Dy V(£ () < glt. (9o o V (2.(0))))

holds, where g € C(Ry x Ry, Ry), g(¢,0) =0, p > 0 is a constant.

4. For any initial function ¢ € C([—r,0],R") the solution of the initial value
problem for systems of differential equations with “mazxima” (2.1),(2.2) exists on
[tQ—T,OO), t() Z 0.
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5. For any initial point (to,up) € Ry x R the solution of scalar equation (2.3)
exists on [tg, 00), to > 0.

6. Zero solution of scalar differential equation (2.3) is equi-stable.

Then system of differential equations with “mazxima” (2.1) is d-stable in terms
of two measures.

Proof. Let € > 0 be a fixed number, € < p, and ¢y > 0 be a fixed point.

From condition 2 of Theorem 3.1 follows there exist a constant ¢ > 0 and a
function p € K. Therefore we can find §; = d1(¢) > 0, ; < p such that the
inequality

p(dy) < € (3.1)
holds.

Since the zero solution of scalar impulsive differential equation (2.3) is equi-
stable there exists 0o = da(t, €) > 0 such that inequality |ug| < d2 implies

|U(t, to, U0)| < b(E), t > to,
where u(t; t, ug) is the maximal solution of (2.3) with initial condition u(ty) = uy.
Since the function a € K, that is defined in condition (i), we can find J3 =
d3(to, €) > 0, 03 < p such that the inequality

(1(53) < 0 (32)
holds.
Now let function ¢ € C([—r,0],R™) be such that
(po ® ho(to + s,0(s))) < ds for s € [—r,0], (3.3)

where 04 = min{dy, I3, 0}, 04 = d4(to,€) > 0.
From condition 2, inequalities (3.1), (3.3), and the choice of ¢, follows that for
s € [—r,0] the inequality
(Poeh(to+s, x(to+s;to, 0))) < p((Loeho(tots,d(s)))) < p(ds) < p(d1) <e (3.4)
holds, where x(t; g, ¢) is a solution of initial value problem (2.1),(2.2).
We will prove that if inequality (3.3) is satisfied then
(po @ h(t,z(t;to,0))) <e for t > t. (3.5)
Suppose inequality (3.5) is not true. From inequality (3.4) follows that there
exists a point t* > ¢y such that
(g0 o (t" 2 0, 0))) =€, (o8 h(tsa(tito, 8)) <, 1€ [lo—1,t7). (3.6)
Inequalities (3.4), (3.6), € < p and the inclusion S(h, €, ) C S(h, p, po) prove
that
(t,x(t;to, d)) € S(h, p,po) for t € [ty —rt"]. (3.7)
From inequality (3.2), condition (i) and the inclusion (3.7) follows that
mazse(—ro(po®V(to+5,0(5))) < al(po®ho(to + s, z(to + s;t0, 9))) < a(d3) < da.

(3.8)
Therefore according to inequalities (3.1), (3.8) we get

u*(t;to, up) < ble), t > to, (3.9)



STABILITY ON A CONE 139

where u*(¢; to, uj) is the maximal solution of the scalar equation (2.3) with initial
condition u(ty) = ug, uy = Mmarse—ro(wo ® V(to + 5,0(s))).
According to Lemma 2.1 the inequality

(po @ V(t,x(t;to, 9))) < u'(t;to,u;) for t e [to,t"] (3.10)

holds.
From inequalities (3.9), (3.10), the choice of the point t*, and condition (7) of
Theorem 3.1 we obtain

ble) > w'(t%th,up) > (po @ V", 2(t"5 10, 9)))
= b((po @ A", 2(t"; Lo, 9)))) = b(e).

The obtained contradiction proves the validity of inequality (3.5) for t > ¢,.
Inequality (3.5) proves d-stability in terms of two measures of the considered
system of differential equations with “maxima”. O

Theorem 3.2. Let the following conditions be fulfilled:

1. Conditions 1, 2, 3, 4, 5 of Theorem 5.1 are satisfied.

2. Zero solution of scalar differential equation (2.3) is uniformly stable.

Then system of differential equations with “maxima” (2.1) is uniformly d-stable
in terms of two measures.

The proof of Theorem 3.2 is similar to the proof of Theorem 3.1 and we omit
it.

3.2. One dimensional case. Now consider the cone K = R,.
In this case the measures are scalar functions from the class

G ={heC(-ro00) xR, R,) : irllRf h(t,x) =0 for each t > —r},
reR™

the set

S(h,p) ={(t,x) € [0,00) x R": h(t,x) < p},
and the Lyapunov functions V (¢, x) : Q x R™ — R, are such that

_OVL60) | $n V(00

D(Zl)v(ta ¢<O)) ot O J(ta ¢(0)7 Supse[—r,0]¢(5))'
J

j=1

As partial cases of the proved above Theorem 3.1 and Theorem 3.2 we obtain
sufficient conditions for stability in terms of two measures of systems of differential
equations with “maxima”.

Theorem 3.3. Let following conditions be fulfilled:

1. The function F € C(Ry x R™ x R, R™).

2. The functions ho,h € G and there exist a constant o > 0 and a function
p € K such that for any point (t,x) € [—r,00) x R" 1 hy(t,z) < o the inequality
h(t,z) < p(ho(t,z)) holds.

3. There exists a function V(t,z) : Ry xR* = R,, V € L, (n=1), such that

(i) b(h(t,x)) < V(t,z) < a(ho(t,z)), (t,z) € S(h,p)

where a,b € K;
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(i1) for any function ¢ € C([—r,0,R™) and any number t > 0 such that
V(t,9(0)) > V(t + s,9(s)) for s € [—r,0) and (t,(0))) € S(h, p) the inequality

DV (t,4(0)) < g(t, V(L,4(0)))

holds, where g € C(R; X R+,R+), g(t,0) =0, p > 0 is a constant.

4. For any initial function ¢ € C([—r,0], R") the solution of the initial value
problem for systems of differential equatwns with “mazima” (2.1),(2.2) exists on
[tQ—T,OO), to Z 0.

5. For any initial point (to,up) € Ry x R the solution of scalar equation (2.3)
exists on [tg, 00), tg > 0.

6. Zero solution of scalar differential equation (2.3) is equi-stable.

Then system of differential equations with “mazima” (2.1) is stable in terms
of two measures.

Theorem 3.4. Let the following conditions be fulfilled:

1. Conditions 1, 2, 3, 4, 5 of Theorem 3 are satisfied.

2. Zero solution of scalar differential equation (2.3) is uniformly stable.

Then system of differential equations with “mazxima” (2.1) is uniformly stable
in terms of two measures.

Remark 3.5. As partial cases of the above results we obtain:

Case 1. Let the cone K C R*, n > 1, r = 0 and h(t,y) = ho(t,y) =
(lyalslyel, - - - |ynl)- Then the above results reduce to results for yg-stability for
ordinary differential equations, that is defined and studied in [!, 6] by employing
comparison systems instead of comparison scalar equations.

Case 2. Let the cone K C R™, n > 1, h(t,y) = ho(t,y) = (o1l lv2l,- -, |ynl)
and (g is the unit vector. Then results of Theorem 1 and Theorem 2 reduce to
results for stability of differential equations with “maxima”([2, 14]).

Case 3. Let the cone L C R", n > 1, the constant r = 0, the measures
h(t,y) = ho(t,y) = (|ly1], lyzl, - - -, |yn|) and the vector ¢ is the unit vector. Then
results of Theorem 1 and Theorem 2 reduce to results for stability of ordinary
differential equations, studied by many authors.

Case 4. Let the cone L C R", n > 1, the constant r = 0, the measures
h(t,y) = ho(t,y) = (ly1l, |yzl,-- -, |yn|) and vector ¢q consists only of Os and 1s.
Then the above results reduce to results about partial stability of differential
equations with “maxima”.

4. APPLICATIONS.

Now we will illustrate the application of the defined above stability in terms of
two measures and the obtained sufficient conditions on an example.

Example 4.1. Consider the system of differential equations with “maxima”

() = —z(t) + 4y(t) + 1 max z(s) (4.1)

2 seft—rt]
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YO = =a(t) ~y(0) + 5 max yls) =t (1.2

with initial conditions

z(t) = g1t —to), y(t) = da(t —ty) fort e [ty —1,tol, (4.3)
where z,y € R, r > 0 is small enough constant, t; > 0.

We will study the stability of the solution of (4.1), (4.2) by applying different
Lyapunov functions and two measures for the initial function and the solution.
Note the corresponding system of differential equations without perturbations of
maximum functions is stable.

Case 1. (vector Lyapunov function and a dot product).

Consider the cone K = {(z,y) : # > 0,y > 0} C R% Let functions ho(t,x,y) =
(lz|, lyl), h(t,z,y) = (2% y?) and vector ¢y = (1,4). Note that the functions
h,hy € G, vector ¢y € K*, and the function hq is uniformly g-finer than the
function h since there exist a constant 6 = }l > 0 and a function p € K, p(u) =u
such that for any point (¢,z,y) € [-r,00) x R* :  |z| + 4|y| < § the inequality
z? + 4y* < |z| + 4|y| holds.

Consider the set S(h,1,00) = {(z,y) € R* : 2% + 49* < 1} Define the
Lyapunov function V : R? — K, V = (14, V4), where Vi(z,y) = 122, Vi(z,y) =
1,2
2y

Then the condition (i) of Theorem 1 is fulfilled for functions b(s) = is € K
and a(s) = 1s* € K since (2% + 4y?) < 1(|z| + 4Jy|)? for (z,y) € S(h, 1, ¥o).

Let function ¢ € C([—r,0],R?), ¥ = (¢, 1)) be such that the inequality

(0o o V(1 (0), 4o(0))) = 503(0) + 203(0)

> %"@Df(S) +205(s) = (100 @ V(1)1(5), 12(s)) (4.4)
holds for s € [—r,0). Then

1(0) mmax u(s) < [9a(0)] | max da(s)] = VG2 (0))? \/ max 1y (s))?

sEt—r,t] €t sEt—r,t]

< V/2(po o V(11(0), ¥2(0))) v/2(0 @ V(¥1(s), 4(s))))
< 2(¢o @ V(11(0),12(0)))

<

and

92(0) max s(s) < [2(0)] || max a(s)| = V({02 \/ max_1y(s

SE[t—r,t] SE[t—r SE[t—r,t]

< |/ S e V(1 0).100) %m o V(1 (5),2(5)
< S (00 V(1(0), 43(0).
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Therefore if inequality (4.4) is fulfilled then
(900 L D(/1,1),(4.2)V(¢1(0)> ¢2(O))>

—(1h1(0))% — 4(15(0))? + %wl( )Sn[agu; P1(s) + 21h2(0) Sr{@;ﬂw 2(s)

(1 (0))? — 4(a(0))? + 5 (0 ® V(4(0), 42(0)
50 e V(i (0),42(0)))

or

(00 Dy oV (1(0),62(0))) < ~ (0 8 V(. (0), 2(0))) < 0.

Consider the scalar comparison equation v’ = 0 which zero solution is uniformly
stable and according to Theorem 2 the system of differential equations with “max-
ima” (4.1), (4.2) is uniformly d- stable in terms of two measures, i.e. for every e >
0 there exists 6 = d(e) > 0 such that inequality max,c[_, (|¢1(8)\+4|¢2(s)|> <9
implies

(x(t)* +4(y(t)* <e for t >t (4.5)
where z(t), y(t) is the solution of initial value problem (4.1)-(4.3).

Case 2. (scalar Lyapunov function).

Consider the scalar Lyapunov function V (z,y) = 2%+ 2y* and both measures
ho(t,x,y) = |z|+|y|, h(t,z,y) = 2> +y>. Note that construction of the Lyapunov
function is easier in the case of cone valued functions, since it is easier to check
conditions component wisely. In this case, as above, we could check that if

(4.4) is satisfied then Dy 1)V (¢1(0), $2(0)) = w< — ¢1(0) + 4¢2(0) +

% maXselt—r, le(s)) + %( $1(0) — ¢2(0) +% maXselt—r,i ¢2(3)> <0.

According to Theorem 4 the solution of initial value problem (4.1)-(4.3) is stable
since the zero solution of the scalar equation u’ = 0 is stable, i.e.

hit, (), y(t) = (x(t))” + (y(1)* < e (4.6)
provided that |¢1(s)| + |p2(s)| < 0. Note that the estimate (4.5) is better than
(4.6). Therefore, the application of dot product gives us a better estimate of the
solution, This is especially the case when one of the components of the solution
plays a more important role on the stability and thus we can assign a higher
weight to that component.
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