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ABSTRACT. In this paper we discuss the concept of n-normed spaces. In par-
ticular, we show the equality of four different formulas of n-norms in a Hilbert
space. In addition, we study the notion of bounded n-linear functionals on an
n-normed space and present some results on it.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real vector space with dim(X) > 2. A real-valued function |-, -|| :
X x X — Ris called a 2-norm on X if the following conditions hold:

Al. ||z,y|| = 0 if and only if z,y are linearly dependent;
A2. ||z, y|| = ||y, x| for all z,y € X;

A3. ||ax,y|| = || ||z, y|| for all @« € R, x,y € X;

Ad. ||z + vy, 2| < ||z, z]| + ||y, z|| for all x,y, 2z € X.

The pair (X, ||+, -]|) is then called a 2-normed space.

The notion of 2-normed spaces has been extended to that of n-normed spaces.
So, from now on, let n be a nonnegative integer and X be a real vector space
of dimension d > n. A real-valued function ||-,...,]] on X" = X x --- x X (n
factors) satisfying the following four properties:

Bl. ||z1,...,z,|| = 0 if and only if z4,...,z, are linearly dependent;

B2. ||zy,...,z,] is invariant under permutation for all x4, ..., z, € X;

B3. ||y, xa, ..., x| = || |21, 29, ..., 2, for all « € R, xy,...,2, € X;

B4. ||wo+x1, o, .y x| < ||To, T2, - - Tl |21, oy - -, 1| for all g, 4, .-
Ty € X,
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is called an n-norm on X, and the pair (X, [|-,...,-||) is called an n-normed space.
If X is a normed space with dual X', then — as formulated by Géhler [3] —
we may define an n-norm on X by

fl(xl) T fn(l’l)

Hxlw'wanG = sSup . = sSup det [f](xl)]
fiEX, f5l<1 fi(xn) o fulzy,) HieX, 501

Meanwhile, if X is equipped with an inner product (-,-), we can define the stan-
dard n-norm on X by

H.fCh...,SUnHS = det[(xz,x]ﬂ

The value of ||z, ,,||° is nothing but the volume of the n-dimensional par-
allelepiped spanned by xq, ..., z,.

The concept of 2-normed spaces and, more generally, that of n-normed spaces,
were initially developed by Géhler [2, 3, 4, 5] in the 1960’s. Since then, many
researchers have developed and obtained various results, see e.g. [7, 8, 10, 11, 11].
Related works can be found, for examples, in [1, 9, 13].

Our interest here is to study various formulas of n-norms, especially in a Hilbert
space. So far, we already have two formulas of n-norms, Géhler’s formula and the
standard one. In the next section, we show that the two formulas are identical.
As it turns out, we also have two more definitions of n-norms, which have different
formulas but are actually the same with the previous two. Moreover, we study
the notion of bounded n-linear functionals on n-normed spaces and present some
facts, including that in the standard case.

2. MAIN RESULTS

2.1. n-norms in a Hilbert space. Hereafter, let X be a real Hilbert space,
unless otherwise stated. By Riesz Representation Theorem, each f € X’ can be
identified by an element y € X such that f(z) = (z,y) for all z € X. Hence
Géhler’s formula on X reduces to

||x17"'7wn||G = sup det[<$“y]>]
y;€X, lly;lI<1

As shown in [11], this formula is actually identical with the standard one. Indeed,
applying the generalized Cauchy-Schwarz inequality [12],

21, .., 2,]|¢ < sup  |lz1, -z, -l
yi€X, lly;ll<1

Now, by Hadamard’s inequality [60],

Iy, all® < Nl Nyl

and so we get

|1, ... ,mn||G <y, ... ,a:n||S.
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Conversely, assuming that xq, ..., z, are linearly independent, let =, ... z/ be
the vectors obtained from z1,...,x, through the Gram-Schmidt orthogonaliza-
tion process. Then

1, -yl = 2] [l -
Now, if y; = Hxl,_”:c;-, j = 1,...,n, then by the properties of determinants, we
J
have
<Q?1,y1> <$1,yn> <I,1,l'/1> <3§'/1,£C;1>
. . . 1 . . .
: IR A o : T
(T, 1) o (Tny Yn) / /(xn,xl) v Al xl)
=zl -l ll-
Hence we obtain
21, ..zl > ||z, .. 2|

Therefore, the Gahler’s formula is identical with the standard one, as claimed.

Suppose that X is separable, and {ey, s, ...} is a complete orthonormal set in
X. Then, any member = of X may be identified by the sequence ((x, e;)), which
is in /2. As in [7], we can define an n-norm on X by

1/2

1 2
|21, @ally o= meZ\det [cviji ] ,
jl Jn

where «;; = (z;,e;). By Parseval’s identity, properties of determinants, and lim-
iting arguments [7], this n-norm may be derived from the standard one. Therefore,
we have:

Proposition 2.1. On a separable Hilbert space, the three formulas of n-norms,
namely ||-,....-||, ||I-,...,-||° and ||-,...,-|2 coincide.

In addition to the above formulas, we shall introduce another formula of n-norm
— which we state in the following proposition.

Proposition 2.2. The following function

(@) - (@1, Yn)
Hxl’”wanD = sup
e Un €X
“511,...7;/n||§§1 <xmy1> e <xnayn>
defines an n-norm on X.
Proof. 1t is obvious that, if x4, ..., x, are linearly dependent vectors, then we have
|21, .., 2,]|” = 0. Conversely, if |21, ...,x,||” = 0, then the rows of the matrix
[(x;,y;)] are linearly dependent for all y1,...,y, € X with [jys,...,v.[" < 1.
This happens only if x4, ..., z, are linearly dependent.
Next, by the properties of determinants, we have the invariance of ||z, ..., z,||?

under permutation.
Furthermore, we have ||ax1, o, ..., 2, ||P = |a| |21, 2o, . . ., 2, ||P for all a € R.
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Finally, for arbitrary elements xq, z1,...,x, in X, we have
(:130+x1,y1> <370+51317yn> <$073/1> <x07yn>
(T, y1) e (Tns Yn) (Tnsy1) o (Tns Yn)
(T1,91) -~ (@1,Yn)
+ : :
<xnay1> e <$n7yn>

Taking the supremums of both sides, we obtain
lzo 4+ 21, 20l|” < oy -+ 2al|P + |21, - .o, z0||P.
This completes the proof. |
Regarding the last formula, we have the following proposition.
Proposition 2.3. The two formulas |-,....-|| and |-,...,-||° are identical.

Proof. Let y1,...,y, be elements in X. Since [[y1,...,ynll® < w1l [Jynll, we
have ||y1, ..., yn® <1 whenever ||y;|] <1 for j =1,...,n. It thus follows that

21, .. 2| < ||lz1, . zal”

Conversely, if 0 < [|y1,...,9n||® < 1, then by the generalized Cauchy-Schwarz
inequality we have

det [(z, ;)] < /det [(zs, 2)] \/det [(i, y;)]

=z, @y, -yl
<|z1,. .zl = |21, 20|¢
Hence we obtain
[T e P
Therefore the two formulas are identical. 0J

Corollary 2.4. On a separable real Hilbert space, the four formulas of n-norms,
ey IS s s eyt ll2s and || - .- ||P, are identical.

The last formula makes us realize that we can actually define an n-norm on
the dual of an n-normed space. Recall that we can define a norm on the dual X’

of a normed space (X, | - ||) by the formula
Il := sup [f(z)], feX
=<1
Now, if X is equipped with an n-norm |-,...,-|| and X’ denotes the dual of X,
we would like to induce an n-norm on X’ from the n-norm |-,... ]| on X. It

turns out that it is possible to do so, as it is shown in the following proposition.
The proof is similar to that of Proposition 2.2, and so we do not repeat it here.
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Proposition 2.5. Let (X, ||-,...,||) be an n-normed space. Then, the function
|-y (X7)™ — R given by the formula

filen) o fala)

Ifies full = sup A
wieX filzn) oo folzn)

||I17"'71:7LH <1

defines an n-norm on X'.

Remark. Through Proposition 2.5 we have shown that the dual of an n-normed
space is also an n-normed space, whose n-norm is induced by the n-norm on the
original space.

2.2. Bounded n-Linear Functionals. In this part we shall observe the notion
of bounded n-linear functionals on n-normed spaces. Let (X, ||-,...,]|) be an
n-normed space. The function F': X™ — R is called an n-linear functional on X
if F'is linear in each variable. The n-linear functional F'is bounded if there exists
k such that

|F (21, x0)| < k|x, .. zall,  (21,.,2,) € X™
If F'is bounded, we define the norm of F' by

F(zy,...,z
Pl = sup L]
[P ESTRRREL |
or equivalently
||FH = sup |F($17,In)’

1, mnll=1

The following proposition gives two alternative formulas for || F||.

Proposition 2.6. Let F' be a bounded n-linear functional on X. Then, we have

|F|| =inf{k : |F(x1,...,2,)| < k|1, ..., 20|, (x1,...,2,) € X"}
= sup |F(x1,...,2,)|
|21, ,zn||<1
Proof. Let K = {k : |F(x1,...,2,)| < k|1, ..., 20|, (z1,...,2,) € X"} Tt is
obvious that || F|| € K, and so inf K < ||F'||. Conversely, for each k € K, we have

|1, .zl
whenever ||z1,...,2,| # 0, so that ||F|| < k. But since this is true for all k € K,
we obtain || F'|| <inf K. Therefore || F'|| = inf K.
Next, if ||z1,...,2,] <1, then

[E (@)l < E e, @l < (1F)

This implies that
sup |F(I1,,LL’”)| < HFH

||501,...,xn||§1
Conversely, we have
|F||= sup [|F(x1,...,2,)| < sup |F(xy,...,2,)|

21,z || =1 lz1,....znll<1
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Therefore, |[F|| = sup |F(z1,...,2,)]| O

Ha:l,...,angl

To give an example, consider the n-normed space (R™,|-,...,-||®) with the
standard basis {ey,...,e,}. Define F' by

@11 ... Oqp
F(xy,...,zn):=| + .+ | =det[ay]
Ap1 .. Qpp
where x; = Z?:l ajje;, 1 =1,...,n. Then, one may observe that F'is a bounded

n-linear functional on R, with ||F|| = 1.
Moreover, we have the following result.

Proposition 2.7. Let (X, (-,-)) be a real Hilbert space, which is also equipped

with the standard n-norm ||-,...,-||°. For fized elements yi,...,y, in X, define
F on X™ by
F(xy,...,z,) = det [(z;,y;)].
Then F is a bounded n-linear functional on X and ||F|| = |ly1,-- -, yall®.
Proof. Based on Proposition 2.6, the norm of F'is given by
IFl = sup |det[(z;y,)]|-
|z1,...,zn||” <1
The generalized Cauchy-Schwarz inequality gives us
IFl< sup e aallPllyn o wall® <yl
||:I,‘1,...,.Z‘n||SS1
Now, if we choose
_ Yi
Ty = ” 5’
V ||y17 cee 7ynH
then we see that
F(xy,...,x0) = |y, ., unl®.
Therefore, we conclude that ||F|| = ||y, ..., yal°. O]
Note that, on the space ¢* (which is equipped with the n-norm ||-, ..., ||2), the

above functional F' in Proposition 2.7 may be rewritten by the formula

1
F(l’l, cee axn) = E Z T Z det [xljk] det [yijk]
jl .]n

where 41, ..., y, are fixed in 2.
This formula also defines a bounded n-linear functional F' on /* (1 < p < 00),
which is equipped with the n-norm ||-,...,||,, where

3 =

1
Hxla <. 7anp = E Z e Z ’det [xijk”p
J1 Jn
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see . By Holder’s inequality, we have
(see [7]). By y
1
H Z T Zdet [xljk] det [yijk] < ||951, s 7xn||p||y1a cee ,yn”q
jl ]'n

for IlJ + i = 1. Hence it follows that F' is bounded, with || F|| < ||ly1, ..., ¥nllq-

2.3. Concluding Remark. We have introduced a new formula of n-norm in
a real Hilbert space which can be viewed as a modification of Gahler’s formula.
Accordingly, in a separable Hilbert space, we have four formulas of n-norms which
are identical. In addition, we have presented some results regarding the bounded
n-linear functionals on n-normed spaces, especially on Hilbert spaces (equipped
with the standard n-norm).

In connection with the theory of n-normed spaces, we have introduced a for-
mula for the induced n-norm on the dual space of an n-normed space. The for-
mula is defined in a natural way which is similar to that in the theory of normed
spaces. As a consequence of our result, we know that if X is an n-normed space,
then the dual X’ is also an n-normed space. It should be interesting to study
the relation between an n-normed space and its dual, which is also an n-normed
space. In particular, one might inquire whether the following Riesz type repre-
sentation theorem holds: Let (X, (-,-)) be a separable real Hilbert space, which
is also equipped with the standard n-norm ||, ...,-||°. If F is a bounded n-linear
functional on X, then there exists unique fixed elements y1, ..., y, € X such that
F(zy,...,x,) = det[(z;, y;)] for all zq,...,x, € X. The research on this problem
is still ongoing at the present time.
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