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ABSTRACT. In this paper, a new iterative scheme by hybrid method is con-
structed. Strong convergence of the scheme to a common element of the set of
fixed points of an infinite family of relatively quasi-nonexpansive mappings and
set of common solutions to a system of equilibrium problems in a uniformly
convex real Banach space which is also uniformly smooth is proved. Our results
extend important recent results.

1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space and C' be nonempty closed convex subset of E. A
mapping T : C' — C'is called nonexpansive if

1Tz —Ty|| < |[lz—yll, Va,y € C.
A point x € C is called a fized point of T"if Tx = x. The set of fixed points of T'
is defined as F(T) :={zx € C : Tx = x}.

Let F': C x C' into R be an equilibrium bifunction. The equilibrium problem is
to find z € C such that

F(z,y) >0,

for all y € C. We shall denote the set of solutions of this equilibrium problem by
EP(F). Thus

EP(F)={z*€C: F(z",y) >0, Yy € C}.
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The equilibrium include fixed point problems, optimization problems and varia-
tional inequality problems as special cases (see, for example, [3]). Some methods
have been proposed to solve the equilibrium problem, see for example, [6, 13, 22].

In [11], Matsushita and Takahashi introduced a hybrid iterative scheme for ap-
proximation of fixed points of relatively nonexpansive mapping in a uniformly
convex real Banach space which is also uniformly smooth: zy € C,

Y = J HonJzy + (1 — ) JTzy),
H, = {w eC: gb(w,yn) < ?b(w?xn)}?
W, ={weC: (x, —w, Jrg— Jz,),
Tnt1 = Uy, nw, x0, n > 0.

They proved that {x,}22, converges strongly to Iy xo, where F(T') # 0.

Recently, Takahashi and Zembayashi [19] introduced a hybrid iterative scheme
for approximation of fixed point of relatively nonexpansive mappings which is
also a solution to equilibrium problem in a uniformly smooth real Banach space
which is also uniformly convex. In particular, they proved the following theorem.

Theorem 1.1. Let E be a uniformly convexr real Banach space which is also
uniformly smooth. Let C be a nonempty closed conver subset of E. Let F' be a
bifunction from Cx C' satisfying (Al)—(A4) and let T' be a relatively nonexpansive
mappings of C into itself such that F := F(T)EP(F) # 0. Let {x,}2, be
iteratively generated by xg € C, Cy =C

Un = J HapnJz, + (1 — ) JTxy,), n> 1,
F(ttn, y) + 7=y = tn, Juy — Jyn) >0,y € C
Cn—i—l = {w € Cn : ¢(waun) S ¢(w7$n)}7 n Z 17
Lo, N 2 17

$n+l == HCn+1

where J is the duality mapping on E. Suppose {a,}5°, is a sequence in (0,1)
such that liminfa,, (1 — o) > 0 and {r,}32, C [a,00) for some a > 0. Then,

{z,}0°, converges strongly to llpxg.

Motivated by the results of Takahashi and Zembayashi [19] (Theorem 1.1 above)
and Matsushita and Takahashi [11], we prove a strong convergence theorem for
an infinite family of relatively quasi-nonexpansive mappings and system of equi-
librium problems in a uniformly convex real Banach space which is also uniformly

smooth. Our results extend the results of Takahashi and Zembayashi [19] and
Matsushita and Takahashi [11].

2. PRELIMINARIES

Let E be a real Banach space. The modulus of smoothness of E is the function
pE - [0,00) — [0,00) defined by

1
pe(r) = sup{g([le +yll +[lo —yll) = L [l < 1, ||yl < 7}.



ITERATIVE METHODS FOR FIXED POINTS AND EQUILIBRIUM PROBLEMS 123

FE is uniformly smooth if and only if

lim PE(T)

7—0 T
Let dimE > 2. The modulus of convezity of E is the function dg : (0,2] — [0, 1]
defined by

=0.

due) i=inf {1 = ||| el = llyll = 136 = 12 = il }.

E is uniformly convez if for any e € (0, 2], there exists a § = §(e) > 0 such that if
z,y € Ewith ||z|| <1, [|y|] < 1and ||[z—y|| > ¢, then ||3(z+y)|| < 1-4. Equiv-
alently, E is uniformly convex if and only if dz(e) > 0 for all € € (0,2]. A normed
space F is called strictly conver if for all x,y € E, x # vy, ||z|| = |ly|]| = 1, we
have |[Ax + (1 — Ny|| <1, YA € (0,1).

Let E* be the dual space of E. We denote by J the normalized duality mapping
from E to 2% defined by

J(z) ={f € E" : (z, f) = |llI* = || fI"}.
The following properties of J are well known (The reader can consult [3, 16, 17]
for more details):

(1) If E is uniformly smooth, then J is norm-to-norm uniformly continuous
on each bounded subset of F.

(2) J(z) #0, z € E.

(3) If E is reflexive, then J is a mapping from E onto E*.

(4) If E is smooth, then J is single valued.

Throughout this paper, we denote by ¢, the functional on £ x E defined by
O(x,y) = ||z]]* = 2(z, J(y)) + ||yl]*, Y.y € E.

Let C be a nonempty subset of £ and let T" be a mapping from K into E. A
point p € C' is said to be an asymptotic fized point of T if C' contains a sequence

{z,}52, which converges weakly to p and lim ||z, —Tz,|| = 0. The set of asymp-
totic fixed points of T' is denoted by F (T"). We say that a mapping T is relatively
nonezpansive (see, for example, [1, 5, 7, 11, 15]) if the following conditions are
satisfied:

(R1) F(T) # 0
(R2) ¢(p, Tx) < ¢(p,x), Vo € C, p € F(T);
(R3) F(T) = F(T).

If T satisfies (R1) and (R2), then 7" is said to be relatively quasi-nonexpansive. It
is easy to see that the class of relatively quasi-nonexpansive mappings contains
the class of relatively nonexpansive mappings. Many authors have studied the
methods of approximating the fixed points of relatively quasi-nonexpansive map-
pings (see, for example, [12, 14, 20] the references contained therein).
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A mapping T : C' — C is called quasi-nonezpansive if
|| Tz —x*|| < ||z —z*||, Ve € C, z* € F(T).

It is clear that every nonexpansive mapping with nonempty set of fixed points
is quasi-nonexpansive. Clearly, in Hilbert space H, relatively quasi-nonexpansive
mappings and quasi-nonexpansive mappings are the same, for ¢(x,y) = ||z —
y||?, Vx,y € H and this implies that

¢(p, Tx) < o(p,x) & |[Tx —p|| < |l = pl|, Ve € C, pe F(T).

Examples of relatively quasi-nonexpansive mappings are given in [14].

Let E be a smooth, strictly convex and reflexive real Banach space and let C
be a nonempty closed convex subset of E. Following Alber [2], the generalized
projection Il from E onto C' is defined by

e(z) = argryneiggb(y,x) (x € E).

The existence and uniqueness of Il follows from the property of the functional
¢(z,y) and strict monotonicity of the mapping J (see, for example, [1, 2, 9, 10,

]). If E is a Hilbert space, then Il is the metric projection of H onto C'. From
[10], in uniformly convex and uniformly smooth Banach spaces, we have

(lzll = [lyll)* < d(z,y) < (2]l + [lyl)?, Yo,y € E.

We know that the following lemmas hold for generalized projections.

Lemma 2.1. (Alber [2], Kamimura and Takahashi [10]) Let C' be a nonempty
closed convex subset of a smooth, strictly convex and reflexive Banach space E.
Then

o(x, ey) + o(Uey,y) < d(z,y), Yo e C, Yy € E.

Lemma 2.2. (Alber [2], Kamimura and Takahashi [10]) Let C' be a nonempty
closed convex subset of a smooth, strictly convex and reflexive Banach space E.
Let x € E and z € C. Then

z=Ilcx & (y—2,J(x)— J(2)) <0, Vy € C.

The fixed points set F(T') of a relatively quasi-nonexpansive mapping is closed
convex as a consequence of the following lemma.

Lemma 2.3. (Qin et al. [11], Nilsrakoo and Saejung [12]) Let C' be a nonempty
closed convex subset of a smooth, uniformly convexr Banach space E. Let T be
a closed relatively quasi- nonexpansive mapping of C into itself. Then F(T) is
closed and convex.

Also, this following lemma will be used in the sequel.

Lemma 2.4. (Kamimura and Takahashi [10]) Let C' be a nonempty closed con-
ver subset of a smooth, uniformly conver Banach space E. Let {x,}°%; and
{yn}22, be sequences in E such that either {x,}2, or {y,}°2, is bounded. If
lim ¢(x,,, y,) = 0, then lim ||z, — y,|| = 0.
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Lemma 2.5. ( Xu, [21]) Let E be a uniformly convex real Banach space. For
arbitrary r > 0, let B,.(0) :={z € E: ||z|| <r} and X\ € [0,1]. Then, there ezists
a continuous strictly increasing convex function

g:[0,2r] = R, g(0)=0
such that for every x,y € B,.(0), the following inequality holds:
1Az + (L= Nyl]> < All=[]* + (1= Myl = ML= Ng(l]z —yll)-

Lemma 2.6. (Zegeye et al., [23]) Let C' be a nonempty closed and convex subset
a real uniformly convexr Banach space E, letT; : C — FE, 1 = 1,2, ... be closed rel-
atively quasi-nonexpansive mappings such that N2, F(T;) # 0. Then the mapping

T := J_l(zzo QJTi> : C' — F is closed relatively quasi-nonexpansive mapping
and F(T) = N2, F(T;), where Y2 G =1, >0, ¥i >0 and Ty = I.

For solving the equilibrium problem for a bifunction F' : C' x ' — R, let us
assume that F' satisfies the following conditions:

(Al) F(z,z) =0 for all x € C;

A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y, € C;

(A2)

(A3) for each x,y, z € C, limsupF(tz + (1 —t)z,y) < F(z,y);
£10

(A4)

A4) for each x € C, y — F(z,y) is convex and lower semicontinuous.

Lemma 2.7. (Blum and Oettli, [3]) Let C' be a nonempty closed convex subset of
a smooth, strictly convex and reflexive Banach space E and let F' be a bifunction
of C'x C into R satisfying (A1)-(A4). Let r > 0 and x € E. Then, there exists
z € C such that

1
F(z,y)+—(y—2z,Jz—Jx) >0 forall y € K.
r

Lemma 2.8. (Takahashi and Zembayashi, [18]) Let C' be a nonempty closed
convex subset of a smooth, strictly convex and reflexive Banach space E. Assume
that F : C x C' — R satisfies (A1)-(A4). Forr >0 and x € E, define a mapping
TF : E — C as follows:

1
TrF(x):{ZEC':F(z,y)—k;(y—z,Jz—Jx)ZO,VyEC’}

for all z € E. Then, the following hold:

1. TF is single-valued;

2. TY is firmly nonexpansive-type mapping, i.e., for any z,y € E,
(TFa =Ty, JT e — JT y) < (TFe =Ty, Jo - Jy);

3. F(TF) = EP(F);

4. EP(F) is closed and convex.

Observe that an operator 7' in a Banach space E is said to be closed if x, — x
and Tz, — y, then Tx = y.
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3. MAIN RESULTS

We now state and prove the following theorem.

Theorem 3.1. Let E be a uniformly convex real Banach space which is also
uniformly smooth. Let C be a nonempty closed convex subset of E. For each
k=1,2,...m, let F} be a bifunction from C' x C satisfying (A1) — (A4) and let
{T;}2, be an infinite family of closed relatively-quasi nonexpansive mappings of

C into itself such that F = N EP(F;) N (ﬂ;ﬁl F(T,)) # 0. Let {x,}>2, be
iteratively generated by vy € C, Cy = C, 1 = [l 2y,

Yn = J HanJz, + (1 — ) JTz,), n>1,
Uin = Trfﬁnyn

_ mF
u?,n_T2yn

T2,n

u = Tfm Y
m,n T, I

Wp, = Jﬁl(ﬁl,nt]ul,n + ﬁQ,nJUQ,n + ...+ ﬁm,njum,n>
Cry1 = {w € G p(w,w,) < d(w, x,)}, n > 1,
o, n > 1,

wTH»]. == ch+1

where J s the duality mapping on E and T := J_l(zzio C,»JTi> with Ty = 1
and Y g G =1, >0, Vi > 0. Suppose {a, }72y and {B}oey, k=1,2,...,m
are sequences in (0,1) such that

(i) liminfa, (1 — ;) > 0

(“) Zﬁk,n =1L, n=>1
k=1
(111) {rin 32, C (0,00), (k=1,2,...,m) satisfying liminfry ,, >0, k =1,2,...,m.

Then, {x,}>2, converges strongly to I1pxg.

Proof. We first show that C,, Vn > 1 is closed and convex. It is obvious that
C7 = C is closed and convex. Suppose that C), is closed convex for some n > 1.
From the definition of C,,1, we have that z € C,41 implies ¢(z,w,) < ¢(z, x,).
This is equivalent to

2((2, Jwa) = (2, Jwa) ) < [l = [Juwnl

This implies that C, ;1 is closed convex for the same n > 1. Hence, C), is closed
and convex Vn > 1. This shows that Il . xg is well defined for all n > 0.

n+1

We next show that ' C C,,, Vn > 1. From Lemma 2.8, one has that T* | k =

T‘k,n’

1,2, ..., m is relatively quasi-nonexpansive mapping. For n = 1, we have F' C C' =
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(. Then for each z* € F', we obtain
¢(Qf*, wn) = ¢($*, J’l(ﬂLnJuLn + ﬁZ,nJUZn 4+ ...+ ﬁmynjum’n))

= ||2*||* = 2B1n(z*, Jus ) — 2020 (2", Jug,)

=203 (2™, Jus n) — ... — 2Bmn(T”, Jtmn)

H|BrnJ s + Bom Itz + oo+ Bt 2

2] = 2810 (x*, Jurn) — 2820 (2”, Jusp)

=203 (2™, Jus n) — ... — 2Bmn(T”, Jtmn)

+B1n| [Tt ] |2 + Banl| Juznl |2 + Banl|Juznl |2' (3.2)

IN

Furthermore, using (3.2), we have

(@, wn) = Lrad(x*, Tr) yn) + Bond(x*, T2 yn)

B3, T ya) + .+ Brnd(@®, T y,)
< Bind(x, Yn) + Bond (2", Yn)
+B3n (2", Yn) + - o+ Brn®(2”, yn)
< (", yn) (3.3)

Since E' is uniformly smooth, we know that E* is uniformly convex. Then from
Lemma 2.5 and (3.1), we have

¢($*7 yn) =

IN

<

o(x*, T HanJr, + (1 — ) JTay,))

|2*[)? = 20, (%, J,) — 2(1 — o) (a*, JTx,,)

HnJzn + (1 — ) JTx,||?

[2*||? = 2an(z*, Jzn) — 2(1 — o, ) (™, JTx,)

o[ Jzal[* + (1= an) [[TT2,|[* = an (1 = an)g (|| 20 — JT2,]])
and(z*, xn) + (1 — an)p(a7, Twn) — an(l — an)g([|Jzn — JT2y|[)
O 20) — (1 = ) ([T — I T} (3.4)

So, x* € C,. This implies that ) # F' C C,,, ¥n > 1 and the sequence {x,}°
generated by (3.1) is well defined.
We now show that lim ¢(x,,x¢) exists. From (3.1), we have x,, = Il¢, z¢ which

implies that

n—oo

(xy — 2z, Jxg — Jxp) >0, V2 € C, (3.5)

and in particular

By Lemma 2.1, we have

(xn, o) = ¢(Ilg, w0, 70) < G(p,T0) — PP, Tn)
S ¢(p7 l'())

for each p € F C C,, n > 1. Hence, the sequence {¢(z,,zo)}22, is bounded.

Since z,, = ¢, z¢ and x,,+1 = ¢

i1 To € Cpyr C Oy, we have

gb(.rn,l‘o) < ¢($n+1,$0), Vn > 0.
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Therefore, {¢(x,, xo) }32, is nondecreasing. It follows that the limit of {@(x,,, x9) }22,
exists.

Now, we show that {z,}>°, is Cauchy. By the construction of C,,, we have that
Cn C C and x,,, = llg, ¢ € C, for any positive integer m > n. It then follows
that

¢(xmaxn) - Cb(mmaHCnIO)
< (@m, 20) — ¢(Ilc, o, o)
= O(m,x0) — ¢(Tn,x0) — 0 as myn — 0.
It then follows from Lemma 2.4 that ||z,, — x,|| — 0 as m,n — oo. Hence,

{z,}5°, is Cauchy. Since E is a Banach space and C'is closed convex, then there
exists p € C such that x,, — p as n — oo.

We next show that lim ||z, — T'z,|| = 0. Now since ¢(zy,, x,) — 0 as m,n — oo
n—oo

we have in particular that ¢(x,41,2,) — 0 as n — oo and this further implies

that lim ||z,41 — 2| = 0. Since 2,41 = Il¢,, 2o € Cphy1, we have
n—oo

gb(mn+1,wn) S ¢(In+1a l‘n), vn Z 0.
Therefore,
lim ¢(xy41, wy,) = 0.

n—oo

Since £ is uniformly convex and smooth, we have from Lemma 2.4 that

lim ||z — 2| = 0= lm ||z,41 — wy]].
n—oo n—oo
So,
||z = wall < [J2nis = znll + (|20 — wall.
Hence,
lim ||z, — w,|| = 0.
n—oo

Since x,, — p as n — oo and ||z, — w,|| — 0 as n — oo, we have w,, — p as
n — 00. Furthermore, since J is uniformly norm-to-norm continuous on bounded
sets and lim ||z, — w,|| = 0, we obtain

n—oo

lim ||Jz, — Jw,|| = 0.

Let r := sup{||z,||, || Tx,||}. Substituting (3.3) into (3.4), we obtain
n>1

an(l —an)g(||Jzn — JTx,||) < o(x, 2,) — o(x™, wy,).

But

G(2*, x,) = p(a*wy) = ||za[® = [Jwal]* = 2(", Tz, — Jw,)
< llal® = el 2] + 2{ @, S = T
< [llall = Heall|lzall + llwal) + 201220 = Tl
< lan = wall(llanll + ol ) + 2l 1|2, = Sl
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From lim ||z, —w,|| =0 and lim ||Jx,, — Jw,|| = 0, we obtain
n—oo n—oo

o(x*, z,) — o(x™, w,) — 0, n — oo.

Using the condition lim infa, (1 — a;,) > 0, we have

n—

lim g(||Jx, — JTz,||) = 0.

By property of g, we have lim ||Jx, — JTz,|| = 0. Since J~! is also uniformly
n—oo
norm-to-norm continuous on bounded sets, we have

lim ||z, — T'z,|| = 0.
n—oo

Since 7' is closed and z,, — p, we have p € F(T') = N2, F(T;).

Next, we show that p € NJ*; EP(F}). Since x, — p, we obtain from (3.3), (3.4)
and Lemma 2.4 that y, — p, n — oco. Furthermore, since T,f]: * is relatively
nonexpansive for each k = 1,2, ..., m, we obtain

0<d(p,urn) = 6, T yn) < &(p,yn) — 0.
Then we have from Lemma 2.4 that lim ||p — ug,|| =0, k =1,2,...,m. Conse-
quently, we have that

[tk = ynll < Mtk = Il + [lyn — pll = 0. (3.6)
Also, since J is uniformly norm-to-norm continuous on bounded sets and using
(3.6), we obtain

lim || Jug, — Jyn|| = 0.

Since lim infry, , > 0, then

n—oo

n—oo T‘k7n

0. (3.7)
By Lemma 2.8, we have that

1
Fk(uk,na y) + 7"_<y — Uk,n, Juk,n - Jyn> Z 07 \V/y € C.
k.n
Furthermore, using (A2) in the last inequality, we obtain
1
r_<y — Uy JUk s — JYn) > Fio(y, upp).
k,n
By (A4), (3.7) and ug, — p, we have
Fi(y,p) <0, Yy € C.
Let z; :=ty+ (1 —t)pforallt € (0,1] and y € K. This implies that z; € K. This
yields that Fy(z,p) < 0. It follows from (A1) and (A4) that
0 = Fk(zt7 Zt) < tFk(zt7y) + (]‘ - t)Fk(Ztap)
< tFi(ar,y)

and hence
0 S Fk(ztv y)
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From condition (A3), we obtain
Fi(p,y) 20, ¥y € C.

This implies that p € EP(Fy), k= 1,2,...,m. Thus, p € NJ_, EP(F}). Hence,
we have p € F =N EP(F,) N F(T).

Finally, we show that p = IIrzy. Now by taking the limit in (3.5), we have
(p—2z,Jxg— Jp)y >0, Vz € F.

By Lemma 2.2, we have p = Ilpx. O
Corollary 3.2. Let E be a uniformly convex real Banach space which is also
uniformly smooth. Let C be a nonempty closed conver subset of E. For each
k=1,2, let Fy, be a bifunction from C x C' satisfying (A1) — (A4) and let {T;}32,
be an infinite family of closed relatively-quasi nonexpansive mappings of C' into
itself such that F := Ni_EP(F;)N (ﬂfil F(TJ) # (. Let {x,}5°, be iteratively
generated by vy € C, Cy = C, x1 = g2,
(o= J HanJz, + (1 — ) JT2y,), n>1,

u’l’b = Sf’;‘l’nyn

Wy, = Jf’l(ﬁnjul,n + (1 - ﬁn)JUQ,n)
Cri1 ={w e C : p(w,wy,) < d(w,z,)}, n>1,
To, N> 1,

\ xn—i—l = ch+1

where J s the duality mapping on E and T = J*1<Zfi0 QJT,) with Ty = 1
and Y 0q G =1, >0, Vi > 0. Suppose {a,}o2, and {B3,}52, are sequences in
(0,1) such that

(1) liminfa,, (1 — o) > 0

(11) {ren}, C (0,00), (k=1,2) satisfying liminfry,, >0, k= 1,2.

Then, {x,}>2, converges strongly to Ilpxq.

Corollary 3.3. Let E be a uniformly convex real Banach space which is also
uniformly smooth. Let C be a nonempty closed conver subset of E. For each
k=1,2,....,m, let F}, be a bifunction from C' x C satisfying (A1) — (A4) such that
F =N EP(Fy) # 0. Let {x,}>2, be iteratively generated by xy € C, C; =
C, T = HC1 Zo,

_ QF
(U, = Srlfnxn

_ QF
Ugpy = Srj’nxn

Uy, = S,{‘:n"jnxn
Wy, = Jﬁl(ﬁl,nt]ul,n + ﬁQ,nJUQ,n + ...+ ﬁm,nl]um,n)
Cri1 ={w e C,, : d(w,wy,) < p(w,x,)}, n>1,

\ Tpt+1 = ch_HiL'(), n > 17

where J is the duality mapping on E and > ¢ =1, ¢ >0, ¥i > 0. Suppose
{an 22 and {Ben 2y, k=1,2,...,m are sequences in (0,1) such that
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(1) liminfa,, (1 — o) > 0

n—

(i) > Bkn=1, n>1
k=1
(111) {rin}o2, C (0,00), (k=1,2,...,m) satisfying liminfry ,, > 0, k =1,2,...,m.

Then, {x,}>2, converges strongly to Ilpxq.

10.

11.

12.

13.

14.

15.
16.
17.
18.

19.
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