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ABSTRACT. In this paper we prove a new discrete Hardy type inequality involv-
ing a kernel which has a more general form than those known in the literature.
We obtain necessary and sufficient conditions for the boundedness of a matrix
operator from the weighted I, , space into the weighted I, space defined by

(A ) —Za”f“forallf—{fl P, €l,pyincase 1 < g < p < oo and

;>0. Then we deduce a corresponding dual statement.

1. INTRODUCTION AND PRELIMINARIES

Let 1 < p,q < o0, %—1—5 =land u = {u;}2,, v = {v;}32, be positive sequences
of real numbers, which will be referred to as weight sequences. Let 1 < p < o0.
We denote by [, , the space of sequences f = {f;}32, of real numbers such that

P

o
pv 1= Z luifil? ] < oo.
i=1

Moreover, let (a;;) be a non-negative triangular matrix with entries a;; > 0, if
t>j>1anda;; =0,ifi <j.
We consider an estimate of the following form

[Af g < Cllfllpws VS € lpo, (1.1)
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where the matrix operator A is defined by

(Af); = Zai,jfja i>1, (1.2)
=1
or ’
(Af); = Zai,jfz‘, Jj=1 (1.3)

and C' is a positive finite constant independent of f.

When one of parameters p or ¢ is equal to 1 or oo, necessary and sufficient
conditions of the validity of (1.1) with the exact value of the best constant C' > 0
have been obtained in [8]. In case 1 < p,q < oo inequalities as (1.1) have not
been established yet for arbitrary matrices (a; ;). Instead inequality (1.1) has been
established with certain restrictions on the matrix (a; ;).

When a;; = 1,7 > j > 1, the operators (1.2), (1.3) coincide with the discrete

Hardy operators of the forms (Aof); :== >_ fj, (Aof); == _ fi, respectively. Ref-
=1 i=j
erences about generalizations of the original forms of the discrete and continuous
Hardy inequalities can be found in different books, see e.g. [1].
In [1], [5] necessary and sufficient conditions for the validity of (1.1) have been
obtained for 1 < p,q < oo under the assumption that there exists d > 1 such
that the inequalities

1
C_Z(ai’k + ak,j) S Q; 4 S d(am + (lkﬂ'), 1 Z k Z] Z 1. (14)

hold.

A sequence {a;}2, is called almost non-decreasing (non-increasing), if there
exists ¢ > 0 such that ca; > ay (ar, < cay) forall i > k> j > 1.

In [0] estimate (1.1) has been studied under the assumption that there exist
d > 1 and a sequence of positive numbers {wy}72,, and a non-negative matrix
(b; ;), where b; ; is almost non-decreasing in ¢ and almost non-increasing in j, such
that the inequalities

1
a(bz‘,kwj +ay;) < a;; < d(brw; + ag;), (1.5)
hold for all : > k> 5 > 1.

In this paper we consider inequality (1.1) under the following assumption.

Assumption A: There exist d > 1, a sequence of positive numbers {wy}32,
and a non-negative matrix (b; j), whose entries b; ; are almost non-decreasing in
7 and almost non-increasing in j such that the inequalities

1
E(ai,k + b jwi) < a;j < d(a; g + by jwi), (1.6)

hold for all ¢+ > k > 7 > 1.
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Let a > 0. Let a;; = (b; — d;)®, if i > j > 1, where the sequences {b;}°, and
{d;}32, are such that b; > d;, i > j > 1. If {b;}3°, is a non-decreasing sequence
and {d;};°, is an arbitrary sequence, then the entries of the matrix (a; ;) satisfy
condition (1.5), i.e. a;; ~ (b — bx)" + ayj, ¢ > k > j > 1. In general, the entries
a;; do not satisfy condition (1.6). If {d;}$2, is a non-decreasing sequence and
{b;}32, is an arbitrary sequence, then the entries a;; satisfy condition (1.6), but
in general, condition (1.5) does not hold for the entries of the matrix (a; ;).

Thus, conditions (1.5), (1.6) include condition (1.4) and complement each
other.

We also note that from (1.6) it easily follows that
da;; > a;p, (1.7)

da; j > by jw;, (1.8)

fore >k>j5>1.
A continuous analogue of (1.5)-(1.6) has been considered by R. Oinarov in [3].

Notation: If M and K are real valued functionals of sequences, then we under-
stand that the symbol M < K means that there exists ¢ > 0 such that M < cK,
where ¢ is a constant which may depend only on parameters such as p, ¢ and d.
If M < K < M, then we write M ~ K.

For the proof of our main theorem we need the following well-known result for
the discrete weighted Hardy inequality (see [1], [7]). For the sake of completeness,
we include a statement of such result.

Theorem A. Let 1 < g < p < oo. Then the inequality

(i iﬂjfj

i=1 | j=i

holds if and only if

1

q % 00 P
uf) <C (Z |Uifi’p) VfElp, (1.9)
i=1

p—q

D p(g—1) pq
00 k p—q 00 P—q
_ q p' - "
H= g E U, g v, . Vg, < 00.
k=1 \i=1 j=k

Moreover, H = C, where C is the best constant in (1.9).
We also need the following well-known result (see [1]).

Lemma A. Let v > 0. Then there exists ¢ > 0 such that

J

Y j k y-1 j v
% (Z m) <> B (Z @-) <c (Zm) vj €N, (1.10)
k=1 k=1 i=1 k=1
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for all sequences {Pr}52, of positive real numbers.
Moreover, there exists ¢; > 1 such that

—1 N ¥
o (Z ﬁk) < Zﬁk (Z @) < <kz: 5k> (1.11)
j =j
forall j,k € {1,2,....,N}, N € NU {o0} and for all sequences {Bx}32, of positive
real numbers such that ) b < oo.

2. MAIN RESULTS

Theorem 2.1. Let 1 < g < p < oo. Let the entries of the matriz (a;;) satisfy
Assumption A. Then estimate (1.1) for the operator defined by (1.3) holds if and
only if F' = max{Fy, F»} < 0o, where

- (2 ()

S
2

P pr(g—1)

P— o8] P—q
/ / / /
p =P D, =D
E :Wk Vg Wi Uy
k=i

Q

and

=

a(p—1)

Pq
o0 , , P—q
E p =P q
amvk ui .

k=i

ji
=]

> ()
i=1 \j=1
Moreover F = C, where C' is the best constant in (1.1).

Proof. Necessity. Let us assume that (1.1) holds for a finite constant C. Let
m > 1. Then we take a test sequence f,, = { fix}7>, such that

1 =1

Fone = <Zb,” J> <Zw v; ) 7qw§:_1vk_p/ if 1<k<m,
me,k:O if K > m.

Then

=

p(g—1)

1l = (Zf%%) Z(Z u) (Zwﬁ”vf”) Sy | @
=k

k=1

Substituting f,, in the left hand side of inequality (1.1) and using (1.11) and
(1.8), we deduce that

— m . q—1
HAme >>Zza]kfm,j (Zazkfrrm) Z m,j Zuka]k (Zazkfmz>

k=1 j=k =1

L

mo i m B
>3 s S, (zf) zfmwjzuzbzk zwz (zbm )
j=1 k=1 i=j
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g—1 qg—1

k=i

g—1\ g—1

pP—q

m m
) /o
X E wl v P E wy v "
i=j k=i
p=l (p=1)(g=1)

m j p—q m p—q
. q ..q ' —p
> E :fma% E bj,sus § w; Y,
j=1 s=1 i=j

_p_ p(g—1)
m J P—a m p—a
-3 (Sma) (Ser)
j=1 \s=1 i=j
Le.
pla=1) 7
_ m J ﬁ m pquq ?
A finll g > Z(Zb;{sug> < wfvip> Wl vy
j=1 \s=1 i=j
From (1.1), (2.1) and (2.2) it follows that
) D p(g—1) %
m J bma m / / P ’ /
(o) (L) ] <o
j=1 \s=1 i=j

for all m > 1. Since m > 1 is arbitrary we have that
<.
Inequality (1.1) holds if and only if the following dual inequality
1A gl o1 < Cllgllgru-1s g € lyu

holds for the conjugate operator A*, which is defined by (1.2).
Moreover, the best constants in (1.1) and (2.4) coincide.

Now let m > 1. By taking a test sequence g, = {gmx}7>; such that

a=1 —1)(p—
k p—q m , , (a=De-1) ;)_(]Z 1)
G = | Do uj > ag v uf for 1 <k <m,
i=k

=1
m k H m pP—q a
p - q
E U a; 1 V; U, .
k=1 \j=1 i=k

Imi =0 for k >m,
we have that

‘ =

1Gonllgramr = | D

<ha

m g m J J

o, —p -1 —p' r apd q 4,9

X E Wy, Uy, wi oy > fmgwi D wibiy bj st
j=1 k=1 s=1

(2.3)

(2.4)

(2.5)
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By using (1.10) and (1.7) we have that

i v moi j p'-1
s~ P ~ —p' ~ ~ —p'
1A Gl s = gGmi | 7 > Gy | Y GikGmk v;
=1 1 k=1

3

j= i=1 j=1
/ /
m m j p-l m m j p-1
—~ —~ _p/ ~ pl _p/ —~
> Gmg Y g | D Gk VP Gmg Y alu T (D Gk
j=1 i=j k=1 j=1 i=j k=1
. g-1 (a=1)(p-1) p-1
m m J k P—q m p—q
_ ~ ', —p q p - q
= E :gm,j E :ai,j’Ui E E Usg E ; kY Uy,
j=1 i=j k=1 \s=1 i=k
q—1 ) =1\ P'—1
m m m p—q 7 k p—q
~ p - p v q q
> E :gm,j E :az’,jvi a; ;U; Uy, Usg
=1 i=j i=j k=1 s=1
p—1 1
m m pP—q J P—q
p - q
> E :gm,J <§ a; ;Y ) (E ,uk>
j=1 i=j k=1
. _q9_ q(p—1)
m J rP—q m rP—q
_ q p - q
=D (Z uk> (Z ) ul,
j=1 \k=1 i=j
ie.,
) 9 a(p=1) %%
m 7 P—q m p—q
*o q p - q
A Gl o1 > E , <§ :uk> (E :ai,jvi > Uj . (2.6)
j=1 \k=1 i=j

Since m > 1 is arbitrary, then (2.4), (2.5), (2.6) imply that F» < C. Hence,
(2.3) implies that

F<C. (2.7)

The proof of the necessity is thus complete.

Sufficiency. Let FF < ocoand 0 < f €l,,.
For all j > 1 we define the following set:

Ty = {keZ: (d+1)" < (Af),},
where d is the constant from (1.6) and Z is the set of integers. We assume that
infT; = oo, if T; = ) and k; = inf T}, if T; # (0. We can clearly assume that

(Af), # 0. Without loss of generality, we may assume that @, ; is non-increasing

in j, otherwise we take a;; ~ @;; = sup a;j. Therefore k; < k1. If k; < oo,
J<k<i
then

(d+1)7" < (Af); < (d+1)"WY, j>1. (2.8)

Let m; =0, ky = kypy1 and My = {j € N: k; = ky = kpy, 11}, where N is the
set of natural numbers. Suppose that ms is such that sup M; = ms. Obviously
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ms > mq and if the set M; is upper bounded, then my < co and my = max M;.
We now define inductively the numbers 0 = m; < my < ... < my; < 00, s > 1.
We set mgyq = sup M, where My ={j € N : kj =k, 41}
Let Ng = {s € N: my < co}. Further, we assume that Emen = ngy1, s € Ny,
From the definition of mg and from (2.8) it follows that
(d+ 1) < (Af); < (d+ 1) mg +1 <5 < mgp (2.9)
for all s € Ny. Then

N= U [ms 4+ 1,ms11), where [ms+ 1,mgq) N [my+1,mypq) =0, s # 1L

s€Ny
Therefore
Ms+1
1AFIL. =D > (APl (2.10)
sENg j=ms+1
Ms41
We assume that > =0, if my; = oc.
]:m5+1

There are two possible cases: Ny = N and Ny # N.

1. If Ny = N, then we estimate the left hand side of (1.1) in the following way.
Clearly inequalities ngyq < ngyo < ngyz imply that —ng 3+ 1< —ngy; — 1 for
all s € N. Hence, (2.9), (1.6) imply that

(d4+ 1) = (d 1)+ —d(d + 1) "=+ 1 (2.11)
—Ng nsez+1
< (d+ 1) = d(d+ 1) < (Af), |~ d(AD),.,
= Z ai,ms+1fi_d Z ai,ms+3fi
1=Mg41 1=Ms43
ms+3
Z a; ms+1fl Z [ai,ms-H _dai,ms+3]fi
1=Mg41 1=Ms43
ms43
< Z alms+1fz Z [ (ai,ms+3 +bms+37ms+1wi) _dai7ms+3]fi
1=Ms+1 1=Ms43
Msit3 oo
Z ai,ms+1fi+dbms+3,ms+1 Z wlfl
1=Mg4t1 1=Ms13

Now, by using (2.9) and (2.11), we can estimate the summand on the left hand
side in (1.1) in the following way:

Ms41 Ms41
> > MApju<) ) (@)t
seN j=ms+1 seN j=ms+1

Ms41

= (d+ 1)) (d+1)menDe Yy

seN j=ms+1
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q
Ms+3 [ee)
< § E ai,ms+1fi + dbms+3,ms+1 E Wifi
seN \i=msy1 i=msy3
Ms+1 ms43 Mst1
ey (Far) ¥
J 1,Ms41J 1
]:ms+1 seN i:ms+1 j= =ms+1
oo Ms41
§ q E £, g
+ bms+3,m5+1 wlfl u - Sl + SQ, (212)
seN 1=Ms43 Jj=ms+1
where
q
Ms+3 Ms+1
— q
Sl - § : § : ai,ms+1fi E Uj,
seN \i=ms41 j=ms+1
and
o0 Ms+1
Sy = Z bms+37ms+1 § : wifi E u
seN 1=Ms43 j=ms+1

To estimate S, we apply the Holder Inequality in the inner summand with the
powers p, p' and in the outer summand with the powers p%q, §7 and we obtain

that

a e
Ms43 P Ms43 Mst1
P’ —p’ P
51 < § E A mgyr Vi E |vi fil E u
seN \i=msy1 1=Mg41 j=ms+1
a(p—1) SN\
ms+3 p—q Ms+1 p—q
/
—p § : q
zm5+1vz uj
sEN = m5+1 Jj=ms+1
q
Ms43 P
. P—q
£ P o q
E : E |Ulfl| < (FQ) P ||f| pu* (213)
sEN i=ms41
By (1.11) and (1.7) we can estimate F» as follows:
a(p—1) »
Ms43 p—q Ms+1 p—q
- / /
_E ’ E : p —p E : q
Fy = ai:ms+lvi u;
seN \i=msyi1 Jj=ms+1
a(p—1) q
Ms+3 p—q Ms+41 Ms+1 —q

P’ —p’ q
<<E E @ gy 1 Vi E E uk U

seN 1=Msyt1 Jj=ms+1 k=j
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q a(p—1)
Ms+1 Ms+1 p—q 00 P—q
/ /
p =P q
<> > Z“k > a u
seN j=ms+1 = 1=Mgs41

qa(p—1)

(Z“k) (Zam ) a ul = Fj0. (2.14)

By (2.13) and (2.14) we deduce that

S < F{I £l (215)
Ms4+1
Next we introduce the sequence {A;}32, such that A; =b¢, .. > uf,

i=ms+1
Jj=msz3and A; =0, j # mgy3, s € N. Hence, we can rewrite Sy in the following
form:
q

Sy = Z Z w fi bgnsmvms“ Z i = Z (Zw1f1>

sEN \ i=msy3 i=ms+1

Thus, by Theorem A, we have that

Sy < H| f|2 (2.16)

PV’

where

p(g—1) Pa
p—q

= Z (ZA ) - (ik w?lvj_p/> wzlvk_p/ : (2.17)
7 J]=

By Assumption A, b, ; is almost non-decreasing in ¢ and almost non-increasing in
7, and accordingly,

k M1
A= D Y 2 W<
i=1 m:gflk j=ms+1 (2.18)
<D D g Zb% .
ms43<k j=ms+1
By combining (2.16), (2.17) and (2.18), we obtain
S0 < FOIfIL,. (2.19)
Thus, from (2.10), (2.12), (2.15) and (2.19) it follows that
[Af g < Fllfllpw, £ 20, (2.20)

i.e inequality (1.1) is valid and we see that the best constant in (1.1) C' < F.

2. If Ny # N, ie. max Ny < oo and Ny = {1,2,...,50}, so > 1. Therefore

ms, < 0o and mg,; = co. We assume that » =0, if £ >nand ) = >, if
s=k s=k s=1
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k < 0. We have two possible cases: ng,+1 < oo and ng,41 = 0o. We consider
such cases separately:

1) If ngy41 < 00, then from (2.10) it follows that

Ms41 Mms+1
1AFIL. =D > (APl —Z > (A (2.21)
s€ENp j=ms+1 s=1 j=ms+1
S0—3 Ms+1 Ms+1
=3 3 @Aantud+ Z Y. (ANjul =6+ I,
s=1 j=ms+1 s=sp—2 j=ms+1

If I; # 0 then we estimate [; using (2.11) and the previous proof for the case
Ny = N. Hence, we obtain

L < F[f]12 . (2.22)

By using (2.9) and applying the Hélder Inequality with the powers p, p’ and
with the powers %q, B we obtain the following inequality

Mms+1 Ms+1
§ § (Af)iuf < E § (d + 1)nentba (2.23)
s=s0—2 j=ms+1 s=s0—2 j=ms+1
Ms41 Ms+1
_ q —Ns+19
=(d+1) E (d+1)7" E uf < g (Af )iy g uj
s=sp—2 j=ms+1 s=sp—2 j=ms+1
S0 o0 Ms41
= E § az‘,ms+1fi g U
s=s0—2 \i1=Mst1 j=ms+1
4 (1
7
S0 o) p oo Ms41
P’ —p’ p q
< E § A mgyq Vi E |vi fil § U
s=s0—2 \i1=Ms41 1=Ms41 j=ms+1
a(p—1) -

P P

S0 oo p—a Ms+1 P—q
/ /
p —-p q
S Z Z alivm8+1 Ui Z UJ

s=s0—2 \i=ms41 j=ms+1

q
P

S0 )
x| D0 D0 kil | < E) L.

§=80—21=Mg41

Using (1.11) and (1.7) we can estimate F, as follows:

a(p—1) »

50 00 L Ms41 p—aq
T _ P’ -p' q
Fo= 3 | 2 @ >

j:ms+1

50 [e'e] P—a Ms41 Ms+1 q
' - q
<< Z Z ai’ms+1 UZ Z Z u U/]

s=s0—2 I=Mgq1 j=ms+1
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q a(p—1)

Ms41 Ms41 P—q (%) p—q
p’ —p' q
DS Zuk > al; uf

s=s0—2 j=ms+1 1=Mst1

. 4 alp—1)
oo J p—q o0 p—q pg
S () (Saw) wemr e
j=1 \k=1 i=j
From (2.23) and (2.24) we obtain
b < FIS 12, (2.25)

From (2.21), (2.22) and (2.25) we have (2.20).

2) If ngy41 = oo, which means that k,,, 11 = oo, then we have k; = oo and
TTLSO

T‘j = @, lfj Z mSO + 1, 1e (Af)] = 0, lfj Z m50+1 and (Af)] = Zamfi,
=]

1 < j < mg,. Therefore ms < co and so > 2. Then from (2.10) we have

Ms41 so—1 Ms+1
1AMl =22 D (ANjuy =" > (AN (2.26)
s€ENpy j=ms+1 s=1 j=ms+1

Similarly, we can exploit (2.26) to prove (2.20). Then (2.20) together with (2.7)
implies that C' &~ I’ and thus the proof is complete. 0

It is known that inequality (1.1) holds if and only if the dual inequality de-
fined by (2.4) holds for the conjugate operator A*, which coincides with operator
defined by (1.2). Moreover, the best constants in (1.1) and (2.4) coincide.

Therefore by using Theorem 2.1 with p/,¢’,v~! and v~ replaced by ¢, p,u and
v, respectively, we obtain the following dual version of Theorem 2.1:

Theorem 2.2. Let 1 < g < p < oo. Let the entries of the matriz (a;;) satisfy
Assumption A. Then estimate (1.1) for the operator defined by (1.2) holds if and
only if F* = max{F}, F;} < oo, where

a(p—1) _q %
p—q oo p—q
q,,.49 q,.49
E : E :bz] ] E :wkuk w; Uy )
=1 k=i
. plg—=1) P %
o] 7 P—q o8} P—q
* —p’ q ,49 —p’
Fy = E g v; E ay. Uy, v;
i=1 \j=1 k=i

Moreover F* = C, where C' is the best constant in (1.1).
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3. APPLICATION OF THE MAIN RESULTS

Our main results can be used to derive other inequalities. We consider an
additive estimate of the form

||Af||q,u <C (Hf“pv + HAOJCHp,p) , Vf 20, (3'1)
where the matrix operator A is defined by (1.2) and the operator Ay is defined

by (Aof), := ﬁ;lfj, i>1
=

We assume that the weighted sequences v and p satisfy the following conditions

v >0,k > 1,Zpk<oo.
k=1

We denote by Ayp; the difference ¢; — ¢; 1 and we set

-1
on = min (Z v{p/> (Z p”) , o =0,

i=k

\\H

for all n > 1.
Next we introduce the following result of R. Oinarov [2] on the equivalence of
inequalities (2.17) and (1.1) which we exploit below.

Theorem C Let 1 < p,q < co. Let the entries of the matriz (ay;) of the operator
A be non-negative and non-increasing in i, i.e. Qi1 < Qrq, f K> 1,1 > 1.
Then inequality (3.1) holds if and only if the inequality

(Zwk (Zaszz) )1 <C<ka (sok — b 1>1p>;, F>0 (32

holds. Moreover, C' ~ C, where C and C are the best constants in (5.1) and
(53.2), respectively.

By exploiting Theorem C, we obtain the following statement:

Theorem 3.1. Let 1 < ¢ < p < oo. Let the entries of the matriz (a;;) satisfy
Assumption A. Then inequality (3.1) holds if and only if E = max{FE;, Es} < o0,
where

b—g
q(p—1) q Pq

Z(Zb Asz?]) p (Z@@g) wh? :
k=1

=1

p pP—9q

ZA@ (Z kuk) -

Moreover E ~ C, where C' is the best constant in (3.1).



126 ZH. TASPAGANBETOVA, A. TEMIRKHANOVA

Proof. We set sup a;x = a;;. Obviously,

j<k<i
a;; <G ;. (3.3)
According to (1.7) we have
da; j > sup a;p = ;. (3.4)
j<k<i

From (3.3) and (3.4) it follows that a;; ~ @; ;. The matrix operator (A}”)

b
(A

i

a; jf;, 1> 1, is equivalent to the operator A, i.e. (Af), < (Aif) < d(Af), or
1 K2

), ~ (/flvf>Z for all f >0, ¢ > 1. Then inequality (3.1) is equivalent to

1A g < Cr ([ fllpw + A0 llpp) ¥V >0, (3.5)

Moreover, C' = (4, where C' and C} are the best constants in (3.1) and (3.5),
respectively. It is easy to see that the entries of the matrix (a;;) satisfy the
following condition a;; > a;, ¢ > k > j > 1. Then according to Theorem C
inequality (3.5) holds if and only if the inequality

oo k q % o —p
(zuz (zf)> <, (zf,f (a51) ) oG9
k=1 1 k=1

1=

3=

holds. Moreover, C; ~ Cy, where C is the best constant in (3.6).

Since (3.5) is equivalent to inequality (3.1), inequality (3.6) is equivalent to
inequality (3.1). By Theorem 2.2 inequality (3.6) (and, thus, (3.5) and (3.1))
holds if and only if £ = max{F,, E»} < oc.

Hence, the proof is complete. |
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