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ABSTRACT. In this paper we consider the ideal of Cohen p-nuclear multilinear
mappings, which is a natural multilinear extension of the ideal of p-nuclear
linear operators. The space of Cohen p-nuclear m-linear mappings is charac-
terized by means of a suitable tensor norm up to an isometric isomorphism.

1. INTRODUCTION AND NOTATION

The theory of operator ideals, as it was introduced by A. Pietsch in the linear case,
is well established, as the reader can see in the excellent monographs [0, 13]. In
[12], Pietsch sketched an m-linear approach to the theory of absolutely summing
operators and since then a large number of papers has followed this line, e.g., [I,

, 9, 10]. The multi-ideals ./\/;)m of Cohen p-nuclear multilinear mappings between
Banach spaces were defined by Achour and Alouani in [1] as a natural multilinear
extension of the classical ideal of p-nuclear linear operators [5]. These multi-
ideals has many good properties, e.g. the Banach multi-ideal, Pietsch Domination
Theorem, Kwapie’s factorization, etc. Also, we refer to [1] for the relation between
Cohen p-nuclear multilinear mappings and other classes of p-summing multilinear
mappings, such as p-semi-integral, dominated, multiple (or, fully), strongly and
absolutely summing mappings. For more details concerning the nonlinear theory

of absolutely summing operators we refer to [1]-[1], [7]-[1 1] and references therein.
The aim of this paper is to obtain characterizations of MJ" (Xy,---, Xp; Y') of
Cohen p-nuclear multilinear mappings from X; x --- x X,,, into Y.

Our paper is organized as follows:
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In the first section, we recall important results and definitions to be used later.
In section 2, by using the full general Pietsch Domination Theorem recently
presented by Pellegrino et al in [1 1], we prove the Pietsch-type theorem for Cohen
p-nuclear multilinear mappings. As a conesequence of our Theorem, we show that
the space of Cohen p-nuclear (1 < p < oo) m-linear forms is coincide withe the
space of p-semi-integral multilinear forms.

Finally, in section 3, we introduce a reasonable crossnorm &+ such that the
space NJ" (X1, -+, Xon; Y™) of Cohen p-nuclear m-linear mappings is isometric
to the dual of X; ® --- ® X, ® Y endowed Wpp+).

Now, we fix the notation used in this paper. Let N denote the set of natural

numbers, X, Xy,---,X,, and Y denote Banach spaces over K (real or complex
scalars field), we denote by L (X, -+, X,,;Y) the Banach space of all contin-
uous m-linear mappings from X; x --- x X,,, to Y, under the norm ||T| =

sup || T(x1,--- ,2m)||, where By, denotes the closed unit ball of X}, (1 < k <

xkeBxk

m). If Y = K, we write £ (X3, --,X,,). In the case X; = -+ = X, = X,
we will simply write £(™X;Y’). The symbol X; ® --- ® X,, denotes the alge-
braic tensor product of the Banach spaces Xy,---,X,,. By Xi1®, - ®,X,, we
denote the completed projective tensor product of Xi,---, X,,. Recall that ev-
ery m-linear operator T' € L(Xy,---,X,,;Y) has an associated linear operator
Ty € L(X 1@y -+ @, X,n; Y) given by

TL(x1®...®$m):T(x1’... ’I‘m)

forall 27 € X; (1 <j<m).
For 1 < p < oo, let [, (X) be the Banach space of all absolutely p-summable

sequences (7;);Z; in X with the norm [|[(z:)2, [, = (32 Hlep)% We denote by
i=1

I (X) the Banach space of all weakly p-summable sequences (;),~, in X with
the norm ||(:E,)fil||pw = igp ||(g0(xi))fil||p, where X* denotes the topological
pebx*

dual of X. When the sequences are finite (with n terms) we write [ and 7
instead of [, and I}, respectively. When p = oo we let ||(z:);2, ||, = sup [z,
ie., I2(X) = lo(X). We know (see [0]) that [, (X) = [ (X) for some 1 < p < o0
if, and only if, dim (X) is finite.

Let 1 <p < oo and (¥;),<;c, €, (V). We know (see [10, Lemma 2.1]) that

1@r<iall,, = swo O IB@HINP = swp |55 Wicicall, - (L)
’ B i1 yEBy

s
BEBy*x

From now on, if 1 < p < oo, the symbol p* represents the conjugate of p. It
will be convenient to adopt that £ = 0 for any p > 0.

The concept of p-nuclear (or Cohen p-nuclear) linear operators was introduced
by Cohen [5].
Let 1 < p < oco. A continuous linear operator u : X — Y is Cohen p-nuclear
(notation: u € N, (X;Y)) if there is a positive constant C' such that for all
(z;)i_; C X and (y;)i, C Y*, we have
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[ (), ¥ D r<icall, < Cll@)1cicall,,, sup (7 W), (1.2)

).

(or by (1.1): H u(zi), y;) 1<z<n||1 < C|(xs) 1<z<n|| H(y;“) <i<
The infimum of the C' defines a norm n, on N, (X; Y)

We say that T € £ (X4, , X,,;Y) is p-semi—integral if there exists a constant
C > 0 and a regular probability measure y on the Borel o—algebra B(Bx; X - - - X
Bx: ) of Bxr X -+ x By endowed with the weak star topologies J(X;-‘, X;),1<
7 < m, such that

p*.w

||T<x1,---wm)}|s0</3 ; o1(2Y) - o (@™ da(pr, -, pm)7 (1.3)

for every 27 € X; and j = 1,--- ,m. Notation: T' € Ly, (X1, -+, Xmm;Y). The
infimum of the C defines a norm ||.||; , on the space of p-semi-integral mappings.

It is well known [1, Theorem 1] that T' € Ly, (X1, -+, X,,;Y) if and only if
there exists C > 0 such that

LS \

(ZHT (zf, -2 1 sup (Z|¢1 (xll)(bm(m;n)’p)%
i=1 i=1

QSJEBX’E‘J‘:lv"Wm =
g =

2. COHEN P-NUCLEAR MULTILINEAR FORMS

The main results of this section are a Domination Theorem and a characteri-
zations of the space of Cohen p-nuclear m-linear forms (N} (Xy,---, Xpn), ).
The definition of Cohen p-nuclear m-linear is due to Achour—Alouani [1].

Definition 2.1. An m-linear operator 7" : X; x --- x X,, — Y is Cohen p-
nuclear (1 < p < oo) if, and only if, there is a constant C' > 0 such that for any
- ,2d € X, (1< j<m),and any y}, - ,y; € Y*, we have

=1

< ( sup Z |1 (2} ;n)|p)% 1) <i<

WEBX* i=1

(2.1)

prw’
1<]<m

Again the class of all Cohen p-nuclear m-linear operators from X; x - - - x X, into
Y, which is denoted by /\/;;” (X1, -+, Xn;Y), is a Banach space with the norm
ny' (T'), which is the smallest constant C' such that the inequality (2.1) holds.
For p =1, we have N7" (X1, -+ , X3 Y) = L1 (Xq, -+, X0 Y).

The m-linear version of the Grothendieck—Pietsch Domination Theorem is the
following result.
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Theorem 2.2. (Achour—Alouani) An m-linear operator T : X1 X ---x X,,, — Y
is Cohen p-nuclear (1 < q < o0) if and only if there is a constant C' > 0 and
there are probability measures pj on K;,j=1,--- m+ 1(with K; = BX; forj =
1,--+,m and K,,;1 = By=), so that for all (x',--- 2™, y*) € Xy x---x X, xY*
the inequality

(T (@) ) <
I K i@ ([ 1l dima ()

J

15 valid.
We also have the following result:

Theorem 2.3. Let 1 <p <oo. A mapping T € L (X1, -+ ,Xm;Y) is Cohen p-
nuclear if and only if there exist a constant C' > 0, and Borel probability measures
p1 on Bxs X -+ X Bys , pa on By, such that

(T (@) )

= C(/B 5 (2 o) - (@, o™ | dpa (- ™))

x </ )

forall (zt, - 2™ y*) e Xy x -+ x X, x Y*.

P i) (2.2)

For the proof of the Domination Theorem we use the full general Pietsch Dom-
ination Theorem recently presented by Pellegrino et al in [11].

Let X3, -, X,,,Y and Fy,--- | E} be (arbitrary) non-void sets, H be a family
of mappings from X; x --- x X, to Y. Let also K, .., K; be compact Hausdorff
topological spaces, G1,- -+ , Gy be Banach spaces and suppose that the maps

Rj:K;j X Ey X+ X Ep, xGj —[0,+00) ,j=1,---,t
S:HXE XX E,xGyx--xG —[0,+00)
satisty:
(1) For each z' € Ey and b € G, with (j,1) € {1,--- ,t} x{1,--- ,k} the mapping

(Rj)at.. ohp : Kj — [0, 400) defined by (R;) 1. ¢ 5(¢;) = Ri(pj, at, -+, 2% b)

is continuous.
(2) The following inequalities hold:
{ Rj(@j? xlv T 7xk777jbj> < anj(SOj, .2?1, T axk? bj)
S(f,at, - ak aqbl o abt) > aq o S(f,at, -k bt b
for every p; € K;,2' € By (with I € {1,--- ,k}),0 < n;,; < 1,07 € G; with
j=1,---,tand f € H.
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Definition 2.4. If 0 < py, -+ ,p;, ¢ < 00, with % = 1%1 + -+ —, a mapping
f: Xy x---xX,, — Y in H is said to be Ry, -- ,Rt-S—abstract (P15 Pe)-
summing if there is a constant C' > 0 so that

1

<Zn:5’(f7lev"'>xzvbzlf" bt ) <CHSHP (iRJ Pj, L z?"'vrzabz) )pj
i=1

j= ISOEK =1
forall z3, - - - ,xZGES,b{,--- 0 € Gyyne Nand(s,j) € {1, -, k}x{l,--- ,t}.

Theorem 2.5. [I1] A map f € H is Ry, -+, Ri-S-abstract (p1,-- -, pt)-summing
if and only if there is a constant C' > 0 and Borel probability measures p; on K;
such that

; 5
S(faxla"' 7Ik7bla"' 7bt) S CH (/ Rj(@ja‘rla"' 7'Ik7bj>pjd:uj>
j=1 \"

forallzt € By le {1,--- k} and ¥ € G with j =1,--- L.
Proof of Theorem 2.3. By choosing the parameters

t=2,r=m
E.=X.,r=1,--
KlzBXi‘X"'XBX,*n anngsz**
GlzKandGzz

H=L(Xy, -, XmY)
q=1,p1=pandp2=p*

S(T,:Ij‘l,'-- 7$mabay*) ‘b’|< ( ’ )7y >|
Ri((et, o, 9™), (2t a™),b) = [b] \<96 0 ) (™, ™)
\ RQ(% (xla"' 7xm) >_‘<y §0>|

we can easily conclude that T : Xy x --- x X, — Y is Cohen p-nuclear if and
only if T'is Ry, -+ , Ryy1— S abstract (p, p*)-summing. Theorem 2.5 tells us that
Tis Ry, -+, Ryni1-S abstract (p, p*)-summing if and only if there is a C' > 0 and
there are probability measures p; on Kj,j = 1,2, such that

S(T,l‘l, U >xm7bay*) <

1 1
C (le Ri(p,at, - ,xm,b)pdm)p (fK2 Ry(p,xt, - - ,xm,y*>p*du2>" :
i.e;
’<T($1,--- 7xm)7y*>‘
<O (o M0 a7, Idul) (Jo.. 1

and we recover (2.2).
We can deduce the following corollary, which is a straightforward consequence
of (1.3) and Theorem 2.3.

1
P

dﬂz)

Corollary 2.6. In the previous theorem if we take Y = K, then
NI (X, X)) = Loy (X1, Xon)

We need to introduce the property concerning the class of p-semi-integralm-
linear operators.
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Proposition 2.7. a) [3, Proposition 2]. Let p > 1 and let

_sup ST )P

X;-‘ i=1 j=1
1<j<m

0 ( me 1<1<n P+

where the infimum is taken over all representations of u € X1 ® --- ® X,, in the
form

u:i)\iaz}@---@x
i=1

wz’thn,mEN,xg eX;NeKi=1,--- nj=1---,m

Then the function o, is a reasonable crossnorm on X; @ -+ @ X,,.

b) [3, Proposition 7]. The space of p-semi-integral m-linear forms

(Lsip (X1, Xon) s Nl s isometrically isomorphic to (X; @ -+ @ Xy, 0p(u))
through the mapping T — ), where Yr(z' @ -+ @ ™) = T(zt,--- ,2™) for
every,x? € X;,7=1,---,m.

On the other hand, by Corollary 2.6 and Proposition 2.7, alternatively, we
obtain the representation of the space of Cohen p-nuclear m-linear forms as the
dual of the tensor product endowed with the o,-norm.

Corollary 2.8. The Cohen p-nuclear m-linear forms (NJ* (X1, -+, Xp) , ) is
isometrically isomorphic to (X, ®---®@ Xy, 0p(u))* through the mapping T — 9,

where Yrp(z' @ - @ a™) = T(xt, -+ ,2™) for every,a? € X;,7=1,--- ,m.

3. TENSOR NORMS RELATED TO COHEN P-NUCLEAR MAPPINGS

We introduce a reasonable crossnorm on X; ® --- ® X,, ® Y so that the topo-
logical dual of the resulting space is isometric to (N)" (X1, , X;n; Y) ).
For 1 §p§00,1:1%+1% andue X;®- - ® X, ®Y, we consider

W(pypr) (u) = inf ” 1<z<nH SUP Z H ‘<xz,gp ” yl)1<z<n

X* i=1 j=1
1§]<m

p 9

where the infimum is taken over all representations of u of the form

u=Y Nt} ® - Qr"Quy;
i=1
Withxg ceX,,uueY, eK i=1,---,n,j=1,---,mand n,meN.
Proposition 3.1. Wy« is a reasonable crossnorm on X, ® --- ® X, ® Y and
€ < W(pypr), where € denotes the injective tensor norm on X, ®@ --- ® X, ®Y.

Proof. 1f

u=Y Nz ® - Q2" ®y;

=1
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we have

e(u) = SUP{ 2 ot (i) ™ (@)U (yi) | ¢ € Bx;, ¥ € By~

IA

[Cdicicall || sup X It ad) o™ @ ely:)

QOjEBX* JWEByx 1=1

IN

H()\i)lgignH sup ZH K»’%WH f" Sup I ( (yz‘))lgignﬂp*

(pJEBX*Z 15=1 YEBy =
1<g<m

= H()‘i)lgignH Sup ZHK%W]H |

GBX* i=1j=1

¥,
1<]<m
Hence €(u) < Oy ().

Given u,v € X1 ® ---® X,, ® Y, for any 6 > 0, we can find a representations
of v and v of the form

U=y T Q- QI @y, v=y iz Q2 b,

i=1 i=1

such that

[Ohcicall L = T l[(@)1cicall L =1

sup (i |901 (3711) e @m(xl‘n)lp) < (&(p;p*) +9),

QOJEBX* 7j:17"' s =1
J

1
F

o < @y + 07

sup (Z|<P (i) SOm(ZZ”)IP) < (@) ),

J

H Yi) l<z<n

1
o

S( (pp)+5)

Then it follows that

D=

- - - - - 1
Wpip) (U4 v) < (Wi (1) + D) (V) + 20) 7 (Wpipe) (1) + Dpipe) (V) + 20) 7"

= (W) (W) + D) (v) + 25) 7 (@) (W) + Dipe) (V)
which shows the triangular inequality. The other conditions are easily verified.
Hence wp,,+) is anormon X; ® -+ ® X, @ Y.

It is easily seen that G (2t @ - @ 2™ @ y) < |zt --- ||la™]| . [y for every
e X;,j=1,--- ,mand y € Y. To show that

101 @ -+ @ ¢ @ p(u)|| < [|pull - - [|Gmll 1] -
Let #/ € X;,y € YV,j = 1,---,m. Now if ¢; # 0,¢; € X0 € Y* and u =
ST izl ® -+ ® 2™ ® y;. Then by Holder’s inequality we get

=1
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|1 @ -+ @ P ® Y(u))
=@ @ov(d Nal - @ @y

i=1

< Z | Xigr () - - - (270 (1) |

) m A
< [[O)r<icall_ llenll-- ||¢my|||¢||H cbm(xz)(w(yz))
1<i<n

|61 || [omll 1]

1

S H¢1H H¢m” ”wH || 1<z<n” Sup ZH ‘<‘CE2790 | yl)1<z<nH

X =1 j=1
1<_7<m

Therefore we obtain that

01 @+ @ o @ Y(u)| < |l - [[mll |91 @pipey (),

and we have shown that @(p;p*) is a reasonable crossnorm. O

Remark 3.2. 1) Note that when m = 1, in particular, the norm &, is reduced
to the Cohen norm w, on X; ® Y (see [5, pagel80]).

2) In the previous proposition if we take Y = K then we identify X; ®- - -® X, @ K
with X; ®---® X,,, and in this case the corresponding reasonable crossnorm will
be denoted by w,(u), which is described as follows:

wp(u) = inf H 1<1<n|| SUP Z H ’<$z7 90 l

TEBxr =1 j=1
1<J<m

"d

where the infimum is taken over all representations of u € X; ® --- ® X,,, in the
form
u=> \rl® @
i=1
3) It follows from the definitions of w,(u) and o,(u) that w,(u) = o,(u) for every
ue X1 ® - ® Xy,

Follows the ideas if [2, Theorem 4.8] and [3, Proposition 2] we prove the fol-
lowing result. This result characterizes the space of Cohen p-nuclear mappings as
the topological dual of the space of the tensor product (X;®- - ® X, @Y, @pp+))
up to an isometric isomorphism.

Theorem 3.3. Let X1,---,X,, be Banach spaces. Then, for every Banach space
Y, the space (NJ" (X1, -+, Xo; Y*) ,n") is isometrically isomorphic to (X,®- - -®
X @Y, D(pp))* through the mapping T — r, where Yr(z!' @ -+ @ 2™ @ y) =
T(zt -+ ,2™)(y) for every, 2’ € X;,j=1,--- ,m and y € Y.

Proof. 1t is easy to see that the correspondence
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T E/\/;)m (X1, Xy YY) = r € (X1® - @ Xin @Y, Wipyp))*

defined by

Yr(at @ @2 @y) =T(x', - 2")(y)
for every ,27 € X;,j=1,--- ;mand y €Y,
is linear and injective. To show the surjectivity let ¢ € (X1®--- @ X, @Y, Wppe))*
and consider the corresponding m-linear mapping Ty, € £ (Xq, -+, X;; Y™), de-
fined by Ty (2!, ,2™)(y) = ¢Y(2' @ - @2 ®y), for 2/ € X;,j=1,--+ ,m and
yey. '
Let us consider ] € X;,j=1,---,m,i =1,--- ,n and y; € Y**. For appropriate
Ai € K, with [A\;| =1,i=1,--- ,n, we have that

=1

Y alal @ war oy
=1

= W _dal @@l @)

=1

< 19l @y (Z )‘ixz‘l ® Q1" ® yi)
i=1
< [l H 1<Z<nH sup ZH |<xz’90 >} ‘ yi) 1<i<n

X* i=1 j=1
1<]<m

< [[¥]I( SUP ZHK%NP | yz)1<z<nH

X =1 j=1
1<]<m

which shows that T, € NJ* (X1, - -+, Xpp; Y*) and 0" (Ty) < |[9]] .
Conversely, if T'is Cohen p-nuclear from X; x - - - x X, into Y*, we define a linear
functional on X; ® --- ® X,,, ® Y by

¥y (1) = z NT(2h, -2 (),

Py

foru = > Nz} ® -+ ® 2" @ y;, where m € N, \; € K,xz € X,y € Y,i =

i=1
1,---,n,j=1,---  m. Hence, by Holder’s inequality it follows that
|¢T(u)| H()‘%>1§z§nHOOZ|<T(Izl7 ’xm)’y2>|

T) () szical|_( supiﬁwwzﬁ,w\pﬁu@i)”

L)DEBX*’L 1j=

IN

IA

p*w
1<]<m

This shows that 9. is W(y,+)-continuous and [[¢r|| < np*(T). O
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Corollary 3.4. The Cohen p-nuclear m-linear forms (NJ* (X1,- -+, Xp) , ') is
isometrically isomorphic to (X1®- - ® Xy, wp(u))* through the mapping T — ¥,

where Yr(x' @ - @ a™) = T(zt,- - ,2™) for every, 2’ € X;,5=1,--- ,m.

Proposition 3.5. Let Xq,---,X,, andY be Banach spaces. Then, a multilinear

mapping T @ Xy x -+ x Xy, — Y 1s Cohen p-nuclear if its associated linear
mapping T : X, ® - @ X,, = Y, given by T(z' @ --- @ 2™) = T(zt,--- ™)
for every a7 € X;,7 =1,--+ ,m, is w,-continuous and p-nuclear. In this case we
have:

11| < n(T) < ny(T). .
Conversely, if T € N;”(Xl, <o, X YY), then the associated linear mapping T is
wp-continuous, that is, Tel(X,® - ® X, wp); Y). In this case we have:

Il < ||7] < ().

LU(X1©-@Xm,wp);Y)

Proof. Suppose that T € L((X1®- @ Xy, wy); Y'). Then, by (1.2) and Corollary
3.4, it follows that

1 m *
H<<T (25 )’yi>>1§i§n 1
=S (Tate--oam),u)
=1

<m(@) s Yo @ @) izl
L,DGB(X1®M®Xm7up)* i=1
— 1, (T) sup OIS (@l a7 I h<iznll

SEBN (X1, Xm)mB) =1

n

1 *
<nmp(T)  sup (@) o™ @ )7 (5 rsisn
pI€Bx = 1<iSm 2]

prw ?

which shows that T € NJ*(X1,- -, X,n; Y) with np*(T) < n,(T). The fact that
|T|| < ny(T) follows from Definition 2.1.
To show the converse, suppose now T' € NJ* (X1, - -+, X;n; Y). By Corollary 4.5(i)
in [1], T'is p-semi-integral and [|T']|,; , < ny*(T'); hence Proposition 8(b) in [3] and
Remark 3.2 shows that

7@ < 1Tl 0(w) < 0 (T (),

s1,p

and so T is w,-continuous with HTH ‘ < ny*(T). Finally, since w,
c

X1®“'®X'm7wp);y)

is a reasonable crossnorm, it readily follows that ||T']| < Hf” )
L((X18@Xmwp)Y)
which completes the proof.

O

We do not know if, in general, T € L((X; ® -+ ® X, w,);Y) whenever T €
-/\/;;m(Xla T 7Xm7 Y)
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