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ABSTRACT. If 8 = (Bn)nez is a sequence of positive numbers, then a slant
weighted Toeplitz operator A, is an operator on L?(3) defined as A, = WM,
where My is the multiplication operator on L?(3). When the sequence 8 = 1,
this operator reduces to the ordinary slant Toeplitz operator given by M.C. Ho
in 1996. In this paper, we study some algebraic properties of the slant weighted
Toeplitz operator. We also obtain its matrix characterization and discuss the
adjoint of this operator.

1. INTRODUCTION AND PRELIMINARIES

Toeplitz operators arise in plenty of applications like prediction theory, wavelet
analysis and solution of differential equations. These operators were introduced
by O. Toeplitz [7] in the year 1911. Subsequently many mathematicians like
Devinatz [10], Abrahmse [3], Brown and Halmos [1] came up with different gen-
eralisations of Toeplitz operators. In 1995, Ho [2] introduced the class of slant
Toeplitz operator having the property that the matrices with respect to the stan-
dard orthonormal basis could be obtained by eliminating every alternate row of
the matrices of the corresponding Toeplitz operators. Villemoes [3] associated
the Besov regularity of solutions of the refinement equation with the spectral ra-
dius of an associated slant Toeplitz operator and Goodman, Micchelli and Ward
[9] showed the connection between their spectral radii and conditions for the
solutions of certain differential equations being in Lipschitz classes.
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However these studies were made in the context of the usual Hardy spaces H?
and HP and the Lorentz spaces L? and LP. Meanwhile, the notion of the weighted
sequence spaces H?((3), L*(/3) and their generalisations came up. Shields [1| made
a systematic study of the shift operator and the multiplication operator on L?(3).
Lauric [6] studied the Toeplitz operators on H?(3). Motivated by the increasing
popularity of the spaces L?(3), H?(3) and the multidirectional applications of the
slant Toeplitz operators, we introduced [5] the notion of slant weighted Toeplitz
operators. In this paper we further investigate the properties of these operators.
The study of weighted Toeplitz operators and that of slant weighted Toeplitz
operators is supposed to be meaningful not only to specialists in the theory of
Toeplitz operators, but would also be of interest to physicists, probabilists and
computer scientists. We begin with the following preliminaries:

Let B = {0, }nez be a sequence of positive numbers such that fy = 1, 0 <

" < 1forn>0and 0 < O < 1 for n < 0. Also let @ be bounded.
n+1 n—1 n
Consider the spaces [0], [1].

o

2o {10 = 3w faeClili= Y <o)

n=—0oo n=—oo

and

12(5) = {f<z> =Yt an € CIFR = 3 JanB2 < oo}.
n=0

n=0
Then (L?*(8),] - ||g) is a Hilbert space [6] with an orthonormal basis given by
k
en(z) = c and with an inner product defined by
B ) kez
< DS b> = b

Further, H?(3) is a subspace [0] of L?(3). Now, let

1%(5) = {¢<z> = S 0|6I3(8) C L¥(8) and I cER

n=—oo

such that ||¢f]lg < c|f|lg for all f e LQ(ﬁ)}.

Then, L>(3) is a Banach space [(] with respect to the norm defined by

1]l = inf{cl[|¢f]ls < cllflls for all f € L*(5)}.

Let P: L*(3) — H?*(3) be the orthogonal projection of L?(3) onto H?(/3).
Let ¢ € L*>((), then the weighted multiplication operator [1] with symbol ¢,
that is, My : L*(8) — L*(3) is given by

Mgyey(2) = kS > anBuskensr(2).

n=—oo

[e.o]
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If we put ¢1(z) = z, then My, = M, is the operator defined as M.e,(z) =
wregt1(2), where wy, = —;H for all kK € Z, and is known as a weighted shift [1].
k
Further, the weighted Toeplitz operator Ty [0] on H?(f3) is defined as

Ty(f) = P(of).

This mapping is well defined, for, if f € H?*(3) C L?*(3), then by definition,
¢f € L*(B) and hence P(¢f) € H*(). The matrix of Ty is :

., Bo Bo Bo 7

aoﬂo a,1ﬁ1 a_9 Bo ot
B B B

iz, Gog Ad-1g

Hence the effect of T, on the orthonormal basis can be described by

[e.9]

Td,ek(z) = é Z an—kﬁneTI(Z)’

n=0
2. SLANT WEIGHTED TOEPLITZ OPERATOR

Let ¢ € L*>°(3). Then the slant weighted Toeplitz operator Ay, introduced in
[5] is an operator on L*(3) defined as A, : L?(8) — L?*(/3) such that

Aper(z) = énzzoo a2n—knen(2).
If W: L*(3) — L*(f3) such that
Wegn(z) = %en(z)

and
Weg,_1(2) =0 foralln e Z,
then an alternate definition of A, [5] is given by

Ay(f) = WMy(f) =W (pf) forall fe L)
The matrix of W is

Bo
— 0 0 0 0
Bo
2!
0 0 == 0 0
e2
B
0 0 0 0 =
B
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Also, ||[W|| = sup P < 1. The adjoint of W is given by
2n
Wre,(z) = P eon(z), neZz
5271

Theorem 2.1. W does not commute with M,.
Proof. Ay = WMy and when ¢ =1,
Al - WM1 - W

But since A; is a slant weighted Toeplitz operator, it must satisfy the character-
ization [0]

M., A = A1 M,
= MW =WM,.

Hence W does not commute with M,. O

Theorem 2.2. The mapping ¢ — Ay s linear and one-to-one.

Proof.

Afag+pp) = W M(ag+pp)
= OzWM¢ —f‘ ﬁWMw
= ozA¢ + ﬁA¢

Hence the mapping is linear.
For one-one ness, let A, = A, where ¢,1 € L>(3). Then

Ap_y =0
=A(p —)e,(2) =0 forall ne”Z
=>WMg-_pen(z) =0 forall neZ
=W(p—1)e,(2) =0 forall ne Z.

On taking n =1,

W(¢—)ei(z) =0
=¢ — 1 =0or ¢ — 1 has only even coefficients.

On taking n = 2,

W(p —)ea(z) = 0
=¢ —1 =0or ¢ — 1 has only odd coefficients.

Hence we conclude that ¢ — ¢ = 0. O

Theorem 2.3. W (¢(2%)) = ¢(z) for all ¢ € L*(3).



PROPERTIES OF THE SLANT WEIGHTED TOEPLITZ OPERATOR 23

Proof. Let ¢ = > a,z" be in L*(3). Then

W(p(z%) =W ( > W?ﬂ)
=W anfanean(2)

= Z anBnen(2)
= Zanz" = ¢(z). O

Lemma 2.4. If f(z) is an L*(3) function, then f(2?) is also an L*(B) function

fﬁ—<M<oof0ralln

b

Proof. Let f(z) = > «,2" be an L*(f3) function.

Then T

1f ()5 = Z ||y < 00

Also, then
= i a2t = i i Bon€an(2)

Hence

172 Hﬁ—Z\ on[* 5,

Z 262 x ﬁzn
< M i o, |32 < 0.

Therefore f(2?) is also an L?*(3) function. 0.

Theorem 2.5. Let % < M < oo for alln. Then

n

(i) W*f e L*(3) if f € L*(B).

(il) WW*f(2) = g(2) where g(z) = Zangz and g € L*(f3).

(iii) W*W f(2) = h(2?) where h(z) = Zagngz and h € L*(33).
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Proof. (i)

Hence,

52
where g(z) = Zanﬁz

Now clearly g(z) € L?(3). Further from Lemma 2.5, g(2%) € L*(3). Hence
W f e L*(B).

Thus WW* f(2) = g(z) where g(z) = > an—5-2".

(i)  W'Wf(z) = W* (W > anz")
= W ( > agnﬁnen(z))
= Z aznﬁn%ff?n(z)

o n 2n
E CLQn—Z
5271

Hence W*W f(z) = h(z?) where h(z) = Za%&z”, nez. O
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3. SLANT WEIGHTED TOEPLITZ MATRIX

Definition 3.1. Let w,, = 6;“ for all n € Z. Then the slant weighted Toeplitz

n

matrix corresponding to the weight sequence (w,,) is a bilaterally infinite matrix
(Aij) such that
Aitlj+2 = L)\ij-
WjWji1

It has been proved [5] that A is a slant weighted Toeplitz operator if and
only if M,A = AM,> where M, is the weighted shift. We now give another
characterization of the slant weighted Toeplitz operator in terms of the matrix

defined above.

Theorem 3.2. A necessary and sufficient condition that an operator A on L?(3)
be a slant weighted Toeplitz operator is that its matriz with respect to the or-

Zk

" B

Proof. Let A, be a slant weighted Toeplitz operator. Then its matrix ();;) is
given by

thonormal basis | ex(2) } 15 a slant weighted Toeplitz matriz.
keZ

Aij = (Agej(2), ei(2))

_ Gi
= a?i—jﬁ_j .
Also,
\ i1
i+1,j4+2 — A2—j o
Bj+2
W;
=N,
WjWj+1
where w,, = 6;“ for every n € Z. Thus the matrix of Ay is a slant weighted
n

Toeplitz matrix.
Conversely, let the matrix ();;) of an operator A on L?*(/3) be a slant weighted
Toeplitz matrix. Then, for all 7,5 € Z,
WjWi+1

(Aej(2),ei(2)) = \ij = Nit1,j+2

(Aejia(2), eir1(2)).

_ U)j’ll)j+1
Wy
Now,
<MZA€j, 61') = <A€j, M;€z>
= <Aej7wiflei71>

= w;_1(Aej, ;1)

W;—1

= (AM 2¢;(2), e(2)).
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Hence M,A = AM .
Thus A is a slant weighted Toeplitz operator. O

Theorem 3.3. (i) The sum of two slant weighted Toeplitz operators is a slant
weighted Toeplitz operator.
(ii) If My is a weighted multiplication operator and Ay is a slant weighted
Toeplitz operator for ¢, in L*°(f3), then MyAy is a slant weighted Toeplitz
operator.

(iii) If ¢ € L>=(B), then Ag2y = Mgy W.
Proof. (i) Let Ay, and Ay, be two slant weighted Toeplitz operators. Then
(Ag, + Ap,) = WMy, + WMy,)
= W(My, + My,)
= WMy, 14,)
= (Ag114)-
(ii) Consider
M. MyAy, = MyM, A,
= MyAy, M,
Hence M,;A, is a slant weighted Toeplitz operator
(iii) We know that M, W = W M,2. We prove by induction on n that

Man - WMZQn

suppose the result is true for n = m.
Then we have M,mW = W M 2m.
Now

Mzm+1W = MZMsz

— MzWMZQ’m

- WMZQ 22m

- WMZ2(m+1) .

Thus M_,»W = W M.,2. for all positive n.
For n = 0, the result is clear.
For n = —1, and odd j, M»We;j(z) =0 = WM,me;(2).
For n = —1, and even j = 2k we get
MaWej(z) = M,-1Weg(2)
B

=M, @ek(z)

ey
62]@ ﬂk

= %’“2; en_1(2). (3.1)

ex—1(2)




PROPERTIES OF THE SLANT WEIGHTED TOEPLITZ OPERATOR 27

On the other hand,
WM znejiy = WM,-2e9,(2)
Bak—1)
Bk
= er—1(2) . (3.2)

From equations (3.1) and (3.2) we get that M, »W = WM,z for n = —1.
Further, using induction we can extend this result to all negative integers n.
Consequently we get that MW = W M _ 2. for all n € Z. This implies further

that

W€2(k71) (Z)

My W = WMy2y forall o= > a,z".
Finally, we get that
Agr) = WM(z2)
= My W . OJ
Theorem 3.4. WAy is a slant weighted Toeplitz operator if and only if ¢ = 0.

Proof.
_ Wi

(WAge;(2), eil2)) = === (W Agespa(2), €1 (2))

= (Ao (2), Whei(2)) = LI (A e; o (2), Wreia (2))

7

R B;
= <ﬁ_j Z aznjﬁnen(Z),Eezi(2)>

)

n=—oo
ijj+1< 1 Bit1
= ———"( —=—— Y aop_j_20nen(2), =—€2+2(2)
(0 63’-1—2 Z " o 7522'-1-2 ’

Gi Gi Binr
= i 02 = {4 j1200i42}

Boi T Byt Paisa '
= Agi—j = Q45—j42 for all 1,] € Z.

Putting ¢ = 0 we get,
Q_j = A—j42.

Hence ag = as, and a; = as,_1 for all n € Z. Now, since Y |a,|*8% < oo, hence
lim a,3, = 0 But 3,’s are positive.

nHIEIOence lim a, = 0.
= ap = a1 = 0
= a, =0 forall ne Z
Therefore ¢ = 0. The converse is obvious. O

Theorem 3.5. AyAy is not a slant weighted Toeplitz operator in general.
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Proof. Let (\;;) and (d;;) be the matrices of A, and A, respectively and let
(7:5) be the matrix of the product A,Ay,. Further let ¢ = > a,2" and

n=—oo

Y = i b,z". Now, [1]

n=—oo

Yij = E )\ik5kj
k=—o0
o0
. ﬁib B
= E A2k O2k—5
_ ﬁk ﬁ]
(0.)
B, )
= 5_ A2k D2k—j
J k=—00
Similarly,
/8 (0]
i+1
Yit+1,542 = a2i+2_kb2k_j_2 taket =%k — 2
B2 A
oo
_ Bin )
= (2;—t02¢—j42
6]4—2 = —o0
Hence,
Wy
Vit1,5+42 # Yij -
WjW;+1

Hence by matrix characterization we conclude that the product is not a slant
weighted Toeplitz operator. O

Next we obtain a condition for the commutativity of the product of two slant
weighted Toeplitz operators.
Theorem 3.6. AsA, = Ay A, if and only if ¢(2*)(z) = ¥(2*)d(z) .
Proof. Let Ay and Ay be two slant weighted Toeplitz operators. Then
Ap) Ay(e) = WMy W Myz)
= WW Mg(z2) My
= WWMg2)2)
= WAs2y0) -
On the other hand
Ay Aoy = WMy W My(o)
= WW Myz2) Myz)
= WWMy(2)40)
= WAy2)002) -
Hence AgAy = AyAy if and only if ¢(2%)1(z) = ¥(22)¢(z). O
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Now we give a necessary and sufficient condition for AyA, to be a slant weighted
Toeplitz operator.

Theorem 3.7. A,Ay is a slant weighted Toeplitz operator if and only if AgAy =

0.
Proof.
AgAy = WMW M,
= WW Mg (z2)4(2)
= WAg2yp(2)

Therefore by Theorem 3.4 we get that WAy .2y, is a slant weighted Toeplitz
operator if and only if ¢(z?) - ¥(z) = 0 if and only if

AgAy, = 0. 0

4. THE ADJOINT OF SLANT WEIGHTED TOEPLITZ OPERATOR

Given the slant weighted Toeplitz operator A4, we now prove some results for

Ay
Theorem 4.1. A} is not a slant weighted Toeplitz operator in general.

Proof. The matrix of A} is given by

B B B B

“ Bo Bo Bo Bo
LB B
B B B B
N,
B2 B B2 B2

Since the above matrix does not satisfy the characterization given in Theorem 3.2,
Aj is not a slant weighted Toeplitz operator. O]

Theorem 4.2. A} is a slant weighted Toeplitz operator if and only if ¢ = 0.

Proof. 1f A} is a slant weighted Toeplitz operator, then for all 7, j € Z, we have,

(A3e5(2)s ei(2)) = (Aesia(2), eina(2))~Lwjn

)

<ﬁj > 52j—kekﬁ¥a€i(z)> = <5j+2 > @2(j+2)—k6k5—?v€i+1(2)>wj'%-
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WjWj+1

i

2
Therefore agj—; = a2j+3_2-< ) for all 4,7 € Z. Putting j = 0, we get

w2

a_; = w—;a,i+3 foralli e Z.

But lim a, = 0 as shown in Theorem 3.4. Hence a,, = 0 for all n € Z. So

n—oo

¢ =0. OJ
Corollary 4.3. There is no non-zero self adjoint slant weighted Toeplitz operator.

5. COMPACTNESS
Theorem 5.1. Ay is compact if and only if ¢ = 0.

Proof. Let A, be compact.
& WMy is compact
& M, is compact
& ¢0=0 0

ACKNOWLEDGEMENT

The authors would like to thank the referee for the valuable suggestions that
improved the original version of the paper.

REFERENCES

1. A.L. Shields, Weighted Shift Operators and Analytic Function Theory, Topics in Operator
Theory, Math. Surveys 13, Amer. Math. Soc. Providence, R.I., 1974.

2. M.C. Ho, Properties of slant Toeplitz operators, Univ. Math. J. 45 (1996), no. 3, 843-862.

3. M.B. Abrahamse, Toeplitz operators in multiply connected domain, Bull. Amer. Math. Soc.
77 (1971), 441-454.

4. A. Brown and P.R. Halmos, Algebraic properties of Toeplitz operators, J. Reine Angew.
Math. 213 (1964), 89-102.

5. S.C. Arora and Ritu Kathuria, Slant weighted Toeplitz operator, Int. J. Pure Appl. Math.
62 (2010), no. 4, 433-442.

6. V. Lauric, On a weighted Toeplitz operator and its commutant, Int. J. Math. Math. Sci. 6
(2005), 823-835.

7. O. Toeplitz, Zur theorie der quadratishen und bilinearan Formen von unendlichvielen, Math.
Ann. 70 (1911), 351-376.

8. L. Villemoes, Wavelet analysis of refinement equations, SIAM J. Math. Anal. 25 (1994),
1433-1460.

9. T. Goodman, C. Micchelli and J. Ward Spectral Radius Formula for Subdivision Operators,
Recent Advances in Wavelet Analysis, ed. L. Schumaker and G. Webb, Academic PRess
(1994), 335-360.

10. A. Devinatz, Toeplitz operator on H? spaces, Trans. Amer. Math. Soc. 112 (1964), 304-317.

! PROFESSOR (RETIRED), DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI, DELHI
110 007, INDIA.
E-mail address: scaroradu@gmail.com

2 DEPARTMENT OF MATHEMATICS, MOTILAL NEHRU COLLEGE, UNIVERSITY OF DELHI,
BeENITO JUAREZ MARG,NEwW DELHI 110 021, INDIA.
E-mail address: ritu.kathuria@yahoo.ac.in



	1. Introduction and Preliminaries
	2. Slant weighted Toeplitz operator
	3. Slant weighted Toeplitz matrix
	4. The adjoint of slant weighted Toeplitz operator
	5. Compactness
	Acknowledgement
	References

