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ABSTRACT. In this paper we have established the fixed point theorem of self
maps for (1, ¢)-weak contractions in cone metric spaces. Also our result is
supported by an example.

1. INTRODUCTION AND PRELIMINARIES

In 1997 Alber and Guerre-Delabriere [1] introduced the notion of the weak con-
traction. They proved the existence of fixed points for single-valued maps sat-
isfying weak contractive condition on Hilbert spaces. Rhoades [23] showed that
most results of [1] are still true for any Banach space. The weak contraction was
defined as follows

Definition 1.1. A mapping 7 : X — X, where (X, d) is a metric space, is said
to be weakly contractive if

where z,y € X and ¢ : [0, 00) — [0, 00) is continuous and nondecreasing function
such that ¢(t) = 0 if and only if ¢t = 0.

In fact Banach contraction is a special case of weak contraction by taking
o(t) = (1 — k)t for 0 < k < 1. In this connection Rhoades [23] proved the
following very interesting fixed point theorem.

Theorem 1.2. [23] Let (X,d) be a complete metric space, and let A be a ¢-weak
contraction on X. If ¢ : [0,00) — [0,00) is a continuous and nondecreasing
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function with ¢(t) > 0 for all t € (0,00) and ¢(0) =0, then A has a unique fived
point.

We seen some common fixed point theorems in [9, 25, 26, 27, 5, 21] and num-
ber of hybrid contractive mapping results in [1, 24, 14, 28]. Recently Dutta
and Chaudhary [12] generalized weak contraction by using concept of alternating
distance and proved existence and uniqueness of the fixed points.

Huang and Zhang [19] generalized the notion of metric spaces by replacing the
real numbers by ordered Banach space and define cone metric spaces. They have
proved the Banach contraction mapping theorem and some other fixed point
theorems of contractive type mappings in cone metric spaces. Subsequently,
Rezapour and Hamlbarani[29], Ilic and Rakocevi¢ [15, 10] studied fixed point
theorems for contractive type mappings in cone metric spaces. In this paper
we proved some fixed point theorems for expansion mappings in complete cone
metric spaces.

Let E be a real Banach space and P a subset of E. P is called a cone if and
only if:

(i) P is closed, non-empty and P # {0},
(ii)ax + by € P for all z,y € P and non-negative real numbers a, b,
(iii) PN (=P) ={0}.

Given a cone P C E, we define a partial ordering < with respect to P by z <y
if and only if y —x € P . We shall write z < y if x < y and x # y; we shall
write z < y if y —x € intP, where intP denotes the interior of P. The cone P
is called normal if there is a number K > 0 such that for all x,y € F,

0 <z <y implies ||z|| < K||y]|. (1.1)

The least positive number K satisfying the above is called the normal constant of
P, see [19]. In [29] the authors showed that there are no normal cones with normal
constant M < 1 and for each £ > 1 there are cones with normal constant M > k.
The cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is, if {x, },>1 is a sequence such that x; < 25 <--- <y
for some y € E, then there is € E such that lim,,_. ||z, — x| = 0.

The cone P is regular if and only if every decreasing sequence which is bounded
from below is convergent.

Lemma 1.3. [29] Every regular cone is normal.

In the following we always suppose that F is a real Banach space, P is a cone
in E with intP # () and < is partial ordering with respect to P.

Definition 1.4. Let X be a non-empty set and d : X x X — E a mapping such
that

(d)0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if z =y,

(d2)d(z,y) = d(y, z) for all z,y € X,

(d3)d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space [19)].
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Example 1.5. Let E=R?>, P ={(z,y) € F: 2,y >0}, X =Randd: X x X —
E defined by d(z,y) = (|x — y|, a|x — y|), where a« > 0 is a constant. Then (X, d)
is a cone metric space [19)].

Definition 1.6. (See [19]) Let (X, d) be a cone metric space, z € X and {x, },>1
a sequence in X. Then

(i){xn}n>1 converges to  whenever for every ¢ € E with 0 < ¢ there is a natural
number N such that d(z,,r) < cfor alln > N. We denote this by lim,, ., ©, = z
or x, — .

(19){@n}n>1 is said to be a Cauchy sequence if for every ¢ € E with 0 < ¢ there
is a natural number N such that d(z,,z,,) < c for all n,m > N.

(131)(X, d) is called a complete cone metric space if every Cauchy sequence in X
is convergent.

Lemma 1.7. [16]. If P is a normal cone in E, then
(1) If 0 <z <y and a > 0, where a is real number, then 0 < ax < ay.
(17) If 0 < x, < Yy, for n € N and lim, x,, = x,lim,y, =y, then 0 <z < y.

Lemma 1.8. [18]. If E be a real Banach space with cone P in E, then for
a,bce E

(1) Ifa < b and b < ¢, then a < c.

(i7) If a < b and b < ¢, then a < c.

Definition 1.9. [17]. Let (Y, <) be a partially ordered set. Then a function
F :Y — Y is said to be monotone increasing if it preserves ordering, i.e., given
z,y €Y,z <y implies that F(z) < F(y).

Let f,g : X — X be mappings with f(X) C ¢g(X). Let zy € X be arbitrary.
Choose x; € X such that f(xg) = g(z1). This can be done since f(X) C g(X).
Continuing this process, having chosen z,, € X, we choose x,,; € X such that
f(zn) = g(xnsr) for all n € N. (f(x,)) is called an f-g-sequence with initial
point zg.

Definition 1.10. [13] Let f,g : X — X be mappings. If y = f(z) = g(z) for
some z € X, then z is called a coincidence point of f and g, and y is called a
point of coincidence of f and g.

Definition 1.11. [13] The mappings f,g : X — X are weakly compatible if, for
every z € X, holds: f(g(z)) = g(f(x)) whenever f(z) = g(z).

Lemma 1.12. [3] Let f and g be weakly compatible self-maps of a set X. If f
and g have a unique point of coincidence w = fxr = gx, then w is the unique
common fized point of f and g.

Recently Choudhury and Metiya [I 1] established following result,

Theorem 1.13. Let (X, d) be a complete cone metric space with regular cone P
such that d(x,y) € intP, for x,y € X with x #y. Let T : X — X be a mapping
satisfying the inequality

d(Tz, Ty) < d(z,y) — ¢(d(x,y)) for v,y € X
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where ¢ : intP U {0} — intP U {0} is a continuous and monotone increasing
function with

())o(t) =0 if and only if t = 0;

(i1)p(t) < t, fort € intP;

(i73) either ¢(t) < d(z,y) or d(z,y) < ¢(t), for t € intP U{0} and z,y € X.
Then T has a unique fixed point in X .

In this paper we generalize above theorem, for this, we need following definition

Definition 1.14. Let ¢, ¢ : IntP U {0} — IntP U {0} be two continuous and
monotone increasing functions satisfying

(a) ¥(t) = ¢(t) = 0 if and only if t = 0,

(b) t —(t) € PU{0},0(t) < t, for t € intP.

2. MAIN RESULTS

Theorem 2.1. Let (X,d) be a complete cone metric space with regular cone P
such that d(x,y) € intP, for x,y € X withx #y. Let T : X — X be a mapping
satisfying the inequality

where Y, ¢ are defined in Definition 1.11 and 1 satisfies

(D)t +t2) < 9(t) +P(ta) for ti,ta € IntP;
(17) either ¥(t), p(t) < d(z,y) or d(x,y) < ¥(t),d(t), for t € intP U {0} and
x,y € X. Then T has a unique fized point in X.

Proof. Let zy € X, then T'zy = x1, in this way we obtain a sequence {z,} such
that T'x,, = x,,1 for all n > 0. If for some z, = x,,1, then x, is fixed point of
T. Now we assume that z, # x,,, for n € N. By the given condition we have,

(d(2n, 2n11)) = (d(Trn 1, Tn))
< Y(d(@n-1,2n)) — P(d(2n-1, 7))
< P(d(Tn-1,2n))-
Since 1 is monotone increasing, we deduce that
d(xp, Tps1) < d(Tp_1,xn)

It follows that the sequence d(x,, z,+1) is monotone decreasing. Since cone P
is regular and 0 < d(z,, zp41), for all n € N, there exists r € P such that

A(2n, Tni1) — T 8S T — 00
Since ¢, 1 are continuous and
U(d(@n, Tp41)) < P(d(@n-1,20)) = (d(T0-1,20))
we have by taking n — oo
P(r) < P(r) — o(r)

which is a contradiction unless r = 0. Hence d(x,, z,41) — 0 as n — oo.
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Let ¢ € E with 0 < ¢ be arbitrary. Since d(zp,zn11) — 0 as n — oo, there
exists m € N such that

P(d(@m; Tmi1)) < G(¢(c/2)).
Let B(zp,c) = {x € X : ¥(d(zm,x)) < c}. Clearly, z,,, € B(zy,,c). Therefore,
B(zp, c) is nonempty. Now we will show that Tx € B(z,,¢), for x € B(zy,c).
Let € B(x,,c). By property (ii) of ¢, we have the following two possible cases.
Case (i): ¢(d(z, Tm)) < ¢(c/2),d(d(x, 7)) < d(c/2) or
Case (ii): ¢(c/2) < ¢(d(z, xm)), ¢(c/2) < Y(d(x,x,,)). Here we have,
Case (i):

Y(d(Tx,2p))

S
—~

(d(Tz, Txy,) + dx,Tx,y,))

(d(z, 2m)) — cb(d(ff m)) + (d(znTzm))
( V(d(@m, Tmt1))

0/2))
)

AN NN N CIA A

Case (ii):

<Y(d(Tz,Txy,)+ dznTx))

< P(d(z, om)) — od(x, 2m)) + Y(d(2mTTm))

< Pld(z, am) — d(c/2) + 9(6(c/2))
)

(- oz, 2m) = o(c/2), P(d(z, Trm)) < ¢(d(c/2)))

In any case Tz € B(xp,c) for x € B(x,,,c). Therefore, T is a self mapping
of B(xy,,c). Since z,,, € B(xp,c) and Tz, = x,,n > 1, it follows that z, €
B(xp,c), for all n > m. Again, ¢ is arbitrary. This establish that {z,} is a
Cauchy sequence. From the completeness of X, there exists x € X such that
T, — x as n — 0o. Now,

U(d(zn, Tx)) = Y(d(Tzn-1, T))

< Y(d(zn-1,7)) — d(d(Ty-1,7)).

Taking n — oo, we have,
U(d(z, Tx)) < 0.
But ¢(d(x,Tz)) > 0. This implies that d(z,Tx) = 0 and x = T'z. That is z is a
fixed point of T
If y € X, with y # x, is a fixed point of T. Then ¢(d(z,y)) € intP and so
U(d(z,y)) =Tz, Ty)
< ¢(d(z,y)),
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which is a contradiction and hence d(z,y) =0, i.e. x =y. O]

Let (X, d) be a cone metric space and let f,g: X — X be two mappings. For
every z,y € X let

Mjy(z,y) = {d(g(x), 9(y)),d(f(z),g(x)),d(f(y),g(y))}-

Definition 2.2. [¢] Let P be an order cone. A nondecreasing function ¢ : P — P
is called a ¢-map if

(i) (0) =0 and 0 < ¢(w) < w for all w € P\ {0},

(ii) w € IntP implies w — ¢(w) € IntP,

(ili) lim, e ¢"(w) = 0 for every w € P\ {0}.

Definition 2.3. Let f,g: X — X be a pair of mappings is said to be a weakly
¢-pair, if
d(f(x), f(y)) < o(2),

for some z € My (x,y), for all z,y € X.
Di Bari and Vetro [3] proved following theorem

Theorem 2.4. Let (X,d) be a cone metric space, let P be an order cone and let
f,g9: X — X be a weakly ¢-pair. Assume that f and g are weakly compatible with
f(X) Cg(X). If f(X) or g(X) is a complete subspace of X, then the mappings
f and g have a unique common fixed point in X. Moreover for any xg € X, every
f-g-sequence (f(x,)) with initial point xy converges to the common fized point of

f andg.
We have generalized the weakly ¢-pair by defining weakly (1, ¢)-pair as follows
Definition 2.5. Let f,g: X — X be said to be weakly (¢, ¢)-pair if

v(d(fz, fy)) < ¥(2) = ¢(2) (2.1)

for some z € My (x,y), for all z,y € X, where ¢y : P — P and ¢ : intP U {0} —
intP U {0} are continuous functions with the following properties:

(i) ¢ is strongly monotonic increasing,

(ii) ¥ (t) = 0 = ¢(t) if and only if £ = 0,

(ili) ¢(t) < t, for t € intP and

(iv) either ¢(t) < d(z,y) or d(z,y) <t, for t € intP U {0} and z,y € X

Choudhury and Metiya [10] proved following result

Lemma 2.6. Let (X,d) be a cone metric space with regular cone P such that
d(z,y) € intP, for x,y € X with v #y. Let ¢ : intP U {0} — intP U {0} be a
function with the following properties:

(i) ¢(t) = 0 if and only if t =0

(13)p(t) < t, fort € intP and

(i) either ¢(t) < d(z,y) or d(x,y) < ¢(t), fort € intPU{0} and x,y € X. Let
{z,} be a sequence in X for which {d(x,,,+1)} is monotonic decreasing. Then
{d(zn, xns1} is convergent to either r =0 orr € intP.
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Theorem 2.7. Let (X,d) be a cone metric space with reqular cone P such that
d(z,y) € intP, for all x,y € X with x #y. Let f,g: X — X be weakly (¢, ¢)-
pair. If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have
a unique point of coincidence in X. Moreover, if f and g are weakly compatible,
then f and g have a unique common fized point in X.

Proof. Let xp € X and construct (f(z,)) be a f-g-sequence with initial point
xo. If f(z,) = f(xn—1) for some n € N, then f(z,,) = f(z,) for all m € N
with m > n and so (f(z,)) is a Cauchy sequence. Therefore we consider that

f(z,) # f(zp_1) for alln € N.
We have for all n > 0,

77b(d(f$n-l—1: fxn-i-Q)) < ¢(Z) - ¢(Z)

where z € Mf,g(l‘n_H, xn+2) = {d(f$n7 fx’n-i-l)a d(f$n+1a fxn)7 d(fxn-i-Qa fmn-I—l)}'
If z=d(frni1, fTnie), then we have

P(A(fonir, [Tng2)) S P(A(fTnir, fTni2)) = G(d(fTni, fTns2)). (2.2)
)

Using a property of ¢ and ¢, the inequality (2.2) hold if and only if d( fx,, 41, frnio) =
0 and fx,11 = fTuy0, a contradiction. Now if z = d(fz,, fr,i1), then,

w(d(fxn+17 fxn+2>) S ¢(d(f$n, fanrl)) - (b(d(fxna fanrl))' (23)
Using a property of ¢, we have for all n > 0,

Y(A(frni1, frng2)) < YA(frn, froi)),
which implies that

d(fTns1, [Tni2) < d(frn, frna),

since 1 is strongly monotone increasing. Therefore, {d(fx,, fr,11)} is a mono-
tone decreasing sequence. Hence by Lemma 2.6, there exists an » € P with either
r =0 or r € intP, such that

d(fxn, frne) — 1 asn — oo. (2.4)
Letting limit as n — oo in (2.3), using (2.4) and the continuities of ¢ and ¢,
U(r) < (r) — o(r)
which is a contradiction unless » = 0. So we must have,
d(fxn, frai) — 0 as n — oo. (2.5)

Now we claim that {fz,} is a Cauchy sequence. If {fz,} is not a Cauchy se-
quence, then there exists a ¢ € E with 0 < ¢, such that Vnyg € N, dn,m € N
with n > m > ng such that d(fz,,, fx,) <£ ¢(c). Hence by a property of ¢,
o(c) < d(fxm, fx,). Therefore, there exist sequences {m(k)} and {n(k)} in N
such that for all positive integers k,

n(k) > m(k) > k and d(fTmg), [oam) = O(c).
Assuming that n(k) is the smallest such positive integer, we get
A(fTm(ky, fTnr)) = 6(c)
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and
d(fxm(k)a fxn(k)—l < ¢(C>
Now,
P(c) < d(frmmys [Tnr)) < A [Ty, fTni)—1) + d(fTnm)=1, fTnm))
that is,
o(c) < d(frmm), framw)) < o(c) + d(fTnm)—1, fTnr))-
Letting k& — oo in the above inequality, using inequality (2.5), we have
Jim d(fem), fram) = o). (2.6)
Again,
A(fTmmys Framy) < A(fTmys fmuy+1) + AfTm@y+1, [Tnmy+1) + A fTnmy11s fTnm)
and
d(fﬁm(k)H, fxn(k)Jrl) < d(ffm(k)H, ffm(k)) + d(fwm(k% fxn(k)) + d(fxn(k)a fl”n(k)ﬂ)

Letting k — oo in the above inequalities, using (2.5) and (2.6), we have

lim d(fxm(k)Jrl’ fxn(k)Jrl) = ¢(C) (27)

k=00
Putting = @41 and y = Tppy41 in (2.1), we have
A(fTm)+1, [Tn11) < P(2) — 0(2)
where
2 € Myg(2,y) = {d(9Tmr)+1, 9Ta(r)+1)s Af Ty +1 9Tm(r)+1),
d(f$n(k)+1, 9$n(k)+1)}
= {d(f2m@py, Frnm) A Tmiky 115 [om)),
d(fTnik)1s fonm))}-

Case.l If 2z = d(fxm@w), frnw) and letting £ — oo the above inequality, using
(2.6), (2.7) and the continuities of and ¢, we have

(9(c)) < P(¢(e)) — d(o(c)).

[i only true for ¢(c) = 0. This implies ¢ = 0, a contradiction to 0 < c.
Case.2 If z = d(fZm@)+1, [Tm@)) and letting k& — oo the above inequality,
using (2.6), (2.7) and the continuities of ¢ and 1, we have

b(6(c)) < ¥(0) — ¢(¢(0)) = 0.

This implies that ¥ (¢(c)) = 0 = ¢(c) = 0 = ¢ = 0. It is again a contradiction.
Case.3 Similarly in case.2 we get a contradiction.
Therefore {fz,} be a Cauchy sequence in g(X). Since g(X) is complete, there
exists a ¢ € g(X) such that {fz,} — ¢ as n — oco. Since ¢ € g(X), we can find
p € X such that gp = ¢q. Now, putting x = 2,41 and y = p in (2.1), we have

Wd(frnia, fp)) < P(2) — 0(2),
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where 2 € My (Tni1,p) = {d(fzn, gp), d(fTni1, fn),d(fp, gp)}. Now
Case.l If z = d(fx,, gp),then

V(d(f s, [P) < V(d(f2n, gp)) — G(d(f2n, gp)),

Letting limit n — oo, we have

Y(d(q, fp)) < ¥(d(g,q) — ¢(d(q,q)),

ie. $(d(g, fp)) < 0. By definition of 4, ¥(d(g, fp)) > 0, s0 we have p(d(q, fp)) =
0 implies fp = q = gp.
Case.2 If z = d(fxpi1, fz,), then

w(d<fxn+17 fp)) < 2/)(d(fanrly fxn)) - (b(d(fanrl: fxn))a

Letting limit n — oo, we have

Y(d(q, fp)) < ¥(d(g,q)) — ¢(d(q,q)),

i.e. ¥(d(g, fp)) < 0. By definition of ¢, 1(d(q, fp)) > 0, so we have ¥(d(q, fp)) =
0 implies fp = q.
Case.3 If z = d(fp, gp), then

V(A(frni1, fp) < (d(fp, gp)) — ¢(d(fp, gp)),

Letting limit n — oo, we have

Y(d(q, fp)) < (fp,q)) — o(fp, q)).

This is contradiction if (d(fp,q)) # 0. Hence d(fp,q) = 0 and fp = q. Therefor
we have

q= fp=gp.

Hence p is a coincidence point and ¢ is a point of coincidence of f and g.
We next show that the point of coincidence is unique. For this, assume that
there exists a point r in X such that z; = fr = gr. Then, from (2.1),

(d(fp, fr)) < ¢(z) — ¢(2) (2.8)

where z € {My4(p,r) = {d(gp, gr), d(fp, gp), d(f7, gr)}.
Casel. If z = d(gp, gr), then from (2.8)

U(d(g, z1)) < P(d(g, z1)) — o(d(g, z1)),

it is only true for d(q, z;) = 0. Hence ¢ = z.
Case2. If z = d(fp, gp), then from (2.8)

Y(d(q,z1)) < ¢(d(q,q)) — ¢(d(q,q)) =0,

i.e. d(q,z1) <0. But d(g,21) > 0. Hence g = z.
Case3. If z = d(fr, gr), then from (2.8)

¥(d(g, 21)) < ¥(d(z1,21)) — ¢(d(z1,21)) = 0,
i.e. d(q,z1) <0, but d(q,z) > 0. Hence d = 2.
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Therefore, ¢ is the unique point of coincidence of f and g. Now, if f and g are
weakly compatible, then by Lemma 1.12, z is the unique common fixed point of
f and ¢g. Hence the roof is completed. O

Example 2.8. Let X = [0,1]U{2,3,---}, £ = R? with usual norm, be a real
Banach space, P = {(x,y) € E : x,y > 0} be a regular cone and the partial

ordering < with respect to the cone P, be the usual partial ordering in E. We
defined : X x X — F as

(|$_y|7|$_y|)7 lfﬂfaye[Oal]#U?éy
dz,y) =< (r+y,z+y), if at least one of x or y ¢ [0, 1] and x # v,
(0,0), if x =y.

for z,y € X. Then (X,d) is a complete cone metric space with d(x,y) € intP,
for z,y € X with x # y. Define ¢, ¢ : intP U {0} — intP U {0} as

- (tlth)a iftl,th [071]7
Uty t2) = { (t1,£2)  for otherwise.

1
ﬁ,@ if t1,ty € [0,1],
P(t1,t2) = % 12

2 5 =) for otherwise.

Let T : X — X be defined as

1,.2 :
_Jx—g2? ifzel0,1],
Tx_{x—l, if v €{2,3---}.

Without loss of generality, we assume that = > y and discuss the following cases.
Case 1. For z,y € [0,1]. Then

P(d(Tz, Ty)) =

@y —9) — 5 (@@ -9
(d(a0)) — o(d(z. )

Case 2. For xz € {3,4,---}. Then, If y € [0, 1]
1
1 1
— _ 1 .2 _ 1 = 2)
<x Ty 2y L Ty 2y

< <x+y—1,x+y—1>.
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Ifye{2,3---}
d(Tz,Ty) =d(z — 1,y — 1)
= (x+y—2,x+y—2>
<(z4+y-1lz+y—1).
Therefore

(d(Tz, Ty)) <

<

(2+y— 1% (@+y—1))
(e+y=Da+y=-1)@+y-@+y-1)
(x+y)2—1,(x—l—y)2—1>

(2492 = 1/2.(x +y)* ~1/2)

(e + 92 (@ +)?) = (1/2.1/2)

(d(z,y)) — o(d(z,y)).
Case 3. For x =2 and y € [0,1]. Then, Tz = 1, and

d(Tz,Ty) = (1 —(y— %y2), 1—(y— %y2)> < (1,1).

A\

A
S N N N e N N

So, we have
V(d(Tz,Ty)) < ¢(1,1) = (1,1).
Again d(z,y) = (2+y,2 + y) So,

v(d(x,y)) = od(z,y) = (2+9)% 2+ 9)?) - 6(d(x.y))
= (e+9%@+9?) - 5y)
Z(;+4y+y2,g+4y+y2>
(1,1)

= ¢(d(Tz, Ty)).
Now it fulfills the requirement of Theorem 2.1 and 0 is the unique fixed point
of T.
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