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ABSTRACT. In this paper we investigate conditions under which a holomor-
phic self-map of the unit disk induces a composition operator Cy with closed
range on the weighted Bloch space Biog. Also, we introduce a new class of
functions the so called Fiog(p, ¢, s) spaces. Necessary and sufficient conditions
are given for a composition operator Cy to be bounded and compact from Bjog
t0 Flog(p, ¢, 8). Moreover, necessary and sufficient conditions for Cy from the
Dirichlet space D to the spaces Fiog(p, g, s) to be compact are given in terms
of the map ¢..

1. INTRODUCTION AND PRELIMINARIES

Let A = {z € C: |z] < 1} be the unit disk in the complex plane C, OA it’s bound-
ary, H(A) be the class of all analytic functions on A and dA(z) the normalized

area measure. For each w € A, let ¢,,(z) denote the M&bius transformations of
A

w—z
Yu(z) = T a. for z € A.

Let Aut(A) be the group of all conformal automorphisms of A. The pseudo-
hyperbolic distance between z and w is given by o(z, w) = |¢.(w)|. The pseudo-
hyperbolic distance is Mobius invariant, that is,

o9z, gw) = o(z,w),
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MOBIUS INVARIANT SPACES 139

for all g € Aut(A), the Mébius group of A, and all z,w € A. It has the following
useful property:

1—(o(z,w))* = = (1= [zl (w)].
For 0 < av < 00, the spaces of all analytic functions f on A such that

[/l = EEIX(l — 2| (2)] < o0,

(1 — =) — Jwp?)

11— zw|?

are called a-Bloch spaces (see [27]). The space B! is called the Bloch space B

(see [1]).

The classical Dirichlet space D is the space of all functions f € D such that

112 = /A /(=) PdA(z) < oo

For p,s € (0,00), =2 < ¢ < oo and ¢+ s > —1. An analytic function f: A — C
defined in the unit disk A belongs to the spaces F'(p,q, s) (see [20]) if

sy =519 [ PP = 2P0 0)dAG) < o0

where ¢(z,a) = log m is the Green’s function with logarithmic singularity at

a € A, where ¢,(2) = ==, for z € A. For more information about F(p,q, s)
spaces, we refer to [20].

For 0 < a < o0, the space of analytic functions f € A such that

1l = sup (1 = ) (log 1 172 < o

is called weighted a-Bloch space By, (see [10]). If o = 1 the space By, is just the
weighted Bloch space Bjog. The little weighted Bloch space By,  is a subspace of

Bjy, consisting of all f € Bj, such that
lim (1 — |z lo
tim, (1~ [+ (tog 1 L7 2 .

Now, let 0 < h < 1,0 <6 < 27, and
Q(h,0) ={re" : 1—h<r<1} and |t —0| < h},
S(h,0) = {re" : |re" —re®| < h}.
A positive measure p on A is a Carleson measure if there is a constant A with
w(S(h,0)) < Ah, where 0 <h <1 and 0 <6 < 2.

For 0 < s < oo, we say that a positive measure i defined on A is a bounded
s-Carleson measure (see [5, 26]) provided p(S(7)) = O(|I]*) for all subarcs I of
OA, where |I| denotes the arc length of I C A and S(I) denotes the Carleson
box based on I, that is,

1
S(I)=¢z€A: —e[ 1—|z|<|‘
|| 2
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If w(S(I)) = o(|]°) as |I| — 0, then we say that u is a compact s-Carleson
measure.
A positive Borel measure p on A is called an s-logarithmic, p-Carleson measure

(p,s > 0) if
uSD)log
u
1o 117
In [28] it is proved that p is an s-logarithmic, p-Carleson measure on A if and
only if

2 S
log —— "(2)Pd <
sup(loe =) [ Ietlelpaute) < o

Definition 1.1. For p,s € (0,00), =2 < ¢ < o0 and ¢ + s > —1, a function
f € H(A) is said to belong to Fiog(p, g, s) if

(g o
s = S0 /m|f<z>| (1= |z (og ) aA(:) < oo

By the same proof as done in [26] and for 1 < p < 00, —2 < ¢ < 00, 1 < 5 < 00,
it is easy to see that Fi.(p, ¢, s) are Banach spaces under the norm

Hfuﬂog@,q,s):rf<o>\+sup(1og ){ [ repa- ey <z,a>dA<z>}’l’.

a€A

Remark 1.2. The interest in the Fiog (p, q, $) spaces arises from the fact they cover
some well known function spaces, it is immediate that Fi,g(2,0,1) = BMOA,
(see [3, 8]). Also, Fiog(2,0,p) = Qf,,, where 0 < p < oo (see [11]).

The composition operator Cy : H(A) — H(A) is defined by Cy, = f o ¢.
There have been several attempts to study compactness and boundedness of com-
position operators in many function spaces (see e.g. [1, 2, 6, 7,9, 10, 13, 14, 15,

, 18, 30] and others). There are also some studies in several complex variables

(see e.g. [21, 24, 29] and others). Most of the previous work in the theory of com-
position operators dealt with their compactness, relating it to classical function
theory. On the other hand there are some studies of closed range composition
operators (see [12, 19, 31, 32] and others).
In this paper, we determine when the composition operator Cy has a closed range
on the weighted Bloch space By,, and we give a set of necessary conditions and
a partial converse for C;, on the weighted Bloch space B,e. Also, we charac-
terize boundedness and compactness of the composition operators Cy : B,
Fog(p,q, s). Finally, we consider the composition operators from the Dirichlet
space D into Fig(p, g, s) spaces.

—

Recall that a linear operator T : X — Y is said to be bounded if there exists
a constant M > 0 such that ||T'(f)||ly < M]||f||x for all maps f € X. Moreover,
T : X — Y is said to be compact if it takes bounded sets in X to sets in Y
which have compact closure. For Banach spaces X and Y of H(A), T is compact
from X to Y if and only if for each bounded sequence {z,} € X, the sequence
{Tz,} €Y contains a subsequence converging to some limit in Y.
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Two quantities Ay and By, both depending on an analytic function f on A,
are said to be equivalent, written as Ay ~ By, if there exists a finite positive
constant C' not depending on f such that for every analytic function f on A we
have:

1
—By < A; <CBy.
o =01 = f

If the quantities Ay and By, are equivalent, then in particular we have Ay < oo
if and only if By < oc.

2. COMPOSITION OPERATOR WITH CLOSED RANGE ON Bj,; SPACE

Let ¢ be a holomorphic self-map of the unit disk A. We write G = ¢(A), and
75(2) is defined by

(1 [212) (1o 122) 16/ (2)
(1~ 16(=)P) (o8 = 257)

Yoneda in [25] proved the following results:

To(2) =

Theorem 2.1. Let ¢ be a holomorphic function taking A into A. Then Cy is
bounded on Biog if and only if

( (1 - |2P) log =2
sup
cea\(1— ’¢(Z)|2)10g1,|¢2w

Lemma 2.2. If Cy is bounded on Biog, then for all f € Biog,

Il < K sup(t = o) (tow 1= )L @)l w € 6

|w]?

6] <+

for some constant k.
Now, we give the following result:

Theorem 2.3. If Cy is bounded below on Biog, then there exist positive constants
e, with r < 1 such that, for all z € A, o(¢(2), z) < r where

Q. ={z€ A |15(2)| > ¢}

Proof. Since Cy : Bi,g — Biog is bounded below, then there is a constant £,
log2 < k < 1 such that

1Cs f 1B = Kl |51,
for f € Byog, for each w € A, let
w—z  w—¢0)

Jol?) = T ~ T w00

Clearly, f,(z) is a bounded and continuous analytic function on the closed unit
disk and so is in By joe. Moreover an easy computation gives || fu|liog > 1. Thus

HC(Z)fUJHBlog Z kawHBlog 2 k;
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On the other hand, we also have

(1 128 (108 = )€t G

= (= ool ) (108 T o)

and Cyf,,(0) = 0. Then there is a point z,, € A such that

2
1 — |z|?
k
3

ICofullsn, > (1- rzw|2>(log )\(C¢fw)’(zw)!

1
> 2 Cofulls, =

So, we obtain that

2 k
(L= loulo)P) (108 = 0 = 5
Thus,
(1= lenoP) (s =2 )= 5,
then,
putp < 2=,
Let r = /&2 < 1 and e = Y220 Noting o(w, ¢(z)) = lpu(@(zu))], we

conclude that
o(w,d(zy)) < r and |74(zy)| > €.

This completes the proof.

Theorem 2.4. If for some constants 0 < r < %, and € > 0, for each w € A,
there is a point z, € A such that

o(w, p(zw)) <r and |T4(zw)| > €,
then Cy : Biog — Biog s bounded below.

Proof. Let u = ¢(0). Then ¢ = ¢, 0 p, 0 ¢. Let p = ¢, 0 ¢. Thus ¢(0) = 0, and
Cyp = CyCy,. Since @, is a Mobus transform, C,, is isometry on Bj,e. So we need
only to prove that Cy, is bounded on By,,. Moreover v still satisfies the conditions
of the theorem. In order to prove that C is bounded on By, space it suffices to
prove

||C¢f||log > ka
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for some constant k£ > 0 and all f € By, with || f|lioe = 1. To do this, let f € Biog
with norm || f|/ioe = 1. For each 2, € A, we have

(1= |2 (108 1) (Co )

E

= (1= Jo*) (o8 =) [P D[ )
- (=) ) (log =) P (1o 2 . ,
= W (o ey 1~ 1) e ) L WD o)

(1 [2P) (log 1-27)
(1~ [P (8 120
2

1— |¢(z)|2) ’f,<¢(z))’|7_w(2)"

Since || flliog = 1, noting that |[flleg = [f(0)|+ [ £l then |[ ], = (1=[f(0)]),
there is a point w € A such that

= (1= [¥(2)*) (log )£ ((2))] ) ¥/ (2)]

2
1—|(2)]?

= (1= [¥(2)*) (log

2
1—|w]?

-
2

(1 — |w[?)(log ) f/(w)] > (1 —3——=)(1 — | £(0)]),

Ip
where 0 < r < % and 1 — 45— < 1. By Theorem 2.2, we have

(0= 10w =)l ) = (0 ) g 1) 7))

S 30.(27 w)”f o (pwHBlog'

Thus whenever o (¢(z,), w) < r < 3, we have that

(1= 10(0) ) (08 Tyl (00
> (1= fuf’) (o8 =) ()] = Bo(0(z).0)(1 = [£(O))
> (1= fuf’) (108 =) ()] = 3r(1 = |F(O))

So,
1C: fllog = 1£(1(0))] + (1 — |2[*) (log %W) (Cyf)(2)]
> 1£(0)] + (1 = [¥(2)]*) (log %) | (0(2))|| 7|, for all = € A.
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In particular,

ICofllos > L£GHO))] + (1 = |2F) (o8 =) | (o)

> FO)]+ 21301~ [fO)) > S (1 - 3).

Let k = 2 ¢ (1 — 3r). We have proved that

Cy flhog > K, whenever ||fllog =1

This completes the proof.

3. COMPOSITION OPERATORS ON Flos(p, q, ) SPACES

Now we characterize the weighted logarithmic a-Bloch spaces Bjj, by the

weighted Fiog(p, ¢, s) spaces. The obtained result improve some previous results
due to Stroethoff [22] and Zhao [26].

Theorem 3.1. If 0 < p < oo, —2<qg<o00, 1<s<ooanda:q%2with
q+ s > —1. Then the following statements are equivalent:

(A) feBg,
(B) f € Fiog(p. ¢, 9)-

(©) sup(log 4 ) L PP 277201 = () dAL) < o
(D) sup(1og ) o 7L = o)z, )dA(2) < 0

Proof. The proof is similar to the main results in [22, 27], so it will be omitted.

Theorem 3.1, will be needed to study composition operators between Fi,q(p, g, s)

and weighted B, spaces.

Lemma 3.2. Let 0 < a < oo, there are two functions fi, f2 € By, such that
C
[f1(2)] + [ f2(2)] =
TR EET—"
where C' s a positive constant.
Proof. The proof of this lemma is similar to that of Lemma 3.1 in [ 1] or Lemma 2.2

in [16] with some simple modifications, so it will be omitted.
We need the following notation.

o (L= =720~ puP)
vufapsia) = (tog s ) [10GP T gt A

for 0 < p,a < oo and 1 < s < co. Now, we will give the following theorem:
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Theorem 3.3. Let 0 < p,a < oo let 1 < s < oo. If ¢ is an analytic self-

map of the unit disk, then the induced composition operator Cy maps B, into
Frog(p, ap — 2, s) boundedly if and only if
sup @y (a, p, s;a) < 0. (3.1)

a€EA

Proof. Let f € B, with |[f||se, <1, then in view of Theorem 3.1 , we obtain

For the other direction we use the fact that for each function f € B

HCd)f”Flog(p ap—2,s)

SUP(log ) /Al(focb)’(Z)lp(l = 2" = [wa(2)[7)*dA(2)

a€A

izﬁ(bg ) /Aif’ PG (P = 2272 (1 = [pa(2)*) dA(2)

; (1= 1oP)7 (1 = gu(2) P’
P sup| lo p dA
171z, aeE( BT T )/‘¢ 6 (o 2 )

115, 8161£>CI>¢(a Dy 85 a)

log» the analytic

function Cy(f) € Flog(p, ap — 2,s). Then using the functions of Lemma 3.2 we
get the following:

v

IV

>

>

{||C¢f1||F'lo pap 25 + ||C¢f2||1})710g(p7o¢p275)}

2 p
2P su log ————
E{( ST |a|2)

< [ [itrroarer it erIp] - 120 - ea)Praac) |

2 p
su log ————
aeﬁ{ ST |a|2>

<[ [|<f1<¢(z>>| " |<f2<¢<z>>\]p|¢'<z>\P<1 Pyl m<z>12>8dA<z>}

sun (1o » 1—!ZI )" = [@alA*)
C aeg(l g— > / |6/(2)] By T o dA(z)

C sup ®¢(a,p,s;a).
acA

Hence Cy is bounded, then (3.1) holds. The proof is completed.

Now, we describe compactness in the following result.
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Theorem 3.4. Let 0 < p,a < o0 and let 1 < s < oco. If ¢ is an analytic self-
map of A, then the induced composition operator Cy : Bi, — Fog(p,ap —2,5) is
compact if and only if ¢ € Fog(p,ap — 2, ) and

lim sup @4 (v, p, s;a) = 0. (3.2)
r—1 aEA

Proof. Let Cy @ Bit, — Fiog(p, ap — 2, s) be compact. This means that
¢ € Flog(pa ap — 27 3)'

@

Let fn(z) = Z. Since [ fallsg, <M (M = ) and f,(z) — 0 as n — oo, locally
uniformly on A, then by the compactness of Cy, ||Co(fn)llFRo,pap—2.s) — 0 as
n — oo. This means that for each r € (0,1) and for all € > 0, there exist N € N

such that if n > N, then
v s (1og 1 ) 1P~ )P ) <&
where Q, = {z € A, ]qb(z)

sup(log 1) [ I0PG =10 - lea@PraAR) < (3

Let now f with |[f|se, < 1. We consider the functions f(z) = f(tz),t € (0,1).
Then f; — f uniformly on compact subset of the unit disk as ¢ — 1 and the

family (f;) is bounded on B, thus

I(feo¢) = (fod)ll = 0.
Due to compactness of Cy we get that, for ¢ > 0 there is a ¢ € (0,1) such that

sup(tog = ) [ IR = 150 - eu()PraaG) <

ac€A
where Fi(¢(2)) = (f 0 @) (2) = (fr 0 ¢)'(2). Thus, if we fix ¢, then

Zgg(log ) / (F 0 0 (P — |27 2(1 — [pa(2) PY*dA(2)

| > r}, if we choose r so that (NP rPV=D) = 1, then

IN

2P sup (log
a€EA

) [ IR = 1Py = ol P dA
+2psup(1og ) / (0 6) (2)P(L — s 2(1 = [a () *dA(2)

acA
€2 + 2| fill-
X SHIA) (10g ) / |¢ |p |Z|2)Oép—2(1 o |(,0a(Z)|2)SdA(Z)
ac
2" + 62p|ft||H°°7

IN

IN

ie.,

sup(log ) [ 170 erGIPa =10~ )Py aAC)

acA
< e2(1+ |l oo),
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where we have used (3.3). On the other hand, for each || f[[zz < 1 and e >0,
there exists a 0 depending on f, e, such that for r € [0, 1),

sup(log ) / (F o8V (2P — 22 2(1 — lpa(2)/2)dAG) < . (3.4)

acA

Since Cy is compact, then it maps the unit ball of Bjj, to a relatively compact
subset of Flog(p, ap — 2,s). Thus for each ¢ > 0 there exists a finite collection
of functions fi, fa,..., f, in the unit ball of B  such that for each ”fHBfgg <1,

log
there is k € {1,2,3,...,n} such that

2 g p 2\ap—2 o P 2\s > €
sup(log =2 ) [ 1RGP 227721 = oA <

where Fi(¢(2)) = (f 0 ¢)'(2) = (fr 0 9)'(2).
Using also (3.4), we get for 6 = 1211?<}{n5(fk’8)andr € [4,1), that

sup(log ) [ o0y @PO = 2P 2 = o) PriA) <<

a€A

Hence for any f, || f|] sy, < 1, combining the two relations as above we get that

sup(log 12 ) [ 70 /P R0~ fon(e)P)aAC) < 22
a€A

Therefore, we get that (3.2) holds.

For the sufficiency we use that ¢ € Fioz(p, ap—2,s) and (3.2) holds. Let {f,, }nen
be a sequence of functions in the unit ball of Bi,, such that f, — 0 as n — oo,
uniformly on the compact subsets of the unit disk. Let also r € (0,1) and
®, ={z € A,|¢p(2)| <r}. Then

an o (bH;;'log(p,ap—Q,s)

2| £ (6(0))
o sup(log ) / (a0 @) (P — [2P)P2(1 — |oul2) ) dA(2)

a€eA

IN

+ 2 sup(log 1_—|a|2> /Q |(fn 0 @) (2)P(1 = [2) 77 (1 = |pa(2)[) dA(2)

a€EA
= 2L+ L+ 1)

Since f, — 0 as n — 00, locally uniformly on the unit disk, then I; = | f,(¢(0))]
goes to zero as n — oo and for each € > 0 there is N € N such that for each
n > N,

L, = sup(log
a€EA

) L e o pa = 12 = [Py aar

S ||QS||F'10g p ap— 25)
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We also observe that

I = sup(log ||2) [ 1t o0y @PQ = P72 = feula) Py dae
2

)/W()w |z|>ap2<1—|so<>r> 2A(:).
o, (1—6(2)]?)(log —2ze)"

IN

T sup(log

= |af?

Under the assumption that (3.2) holds, then for every n > N and for every ¢ > 0
there exists ry such that for every r > ry, Is < €. Thus if ¢ € Fiog(p, ap — 2, 5),
we obtain

||fn qb”F'log(p,ap 25) S 2p {O + € ||¢||Flog(p704p 25 + 6} S 80

Combining the above, we get that ||C¢<f”>||ﬂog (p.ap_2.s) — 0 asn — oo, which

proves compactness. The proof of our theorem is therefore established.

Now we consider the composition operators from the Dirichlet space D into
Fog(p, g, s) spaces. Our result is stated as follows.

Theorem 3.5. Let2<p<oo,l1<s<oo,—2<qg<ocandq+s>—1. If o is
an analytic self-map of A, then the composition operator Cy : D — Flog(p, q, s) is
compact if and only if

Ihlm Hccb%paHFlog (p.g,s) = 0- (3.5)

Proof. Assume that Cy : D — Flog(p,q,s) is compact. Since {¢, : a € A} is
a bounded set in D and ¢, — a — 0 uniformly on compact sets as |a|] — 1, the
compactness of Cy yields that

Hcd)(pa”Flog(ple)s) - O as |a’ - 1

Conversely, let {f,} € D be a bounded sequence. Since f, € D C B, for z € A

1. 14|z
)l < sup o (14 w1 )

Hence, {f,} is a normal family. Thus, there is a subsequence {f,, }, which con-
verges to f analytic on A and both f,, — f and f, — f’ uniformly on compact
subsets of A. It is easy to show that f € D. We replace f by C,f, we remark
that Cy is compact by showing

|Csfri = CofllFrogpgs) — 0 as [k] — oc.
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We write

|’C¢90“H]IJ’1og(pq 5)

:sup(log1_| 2) [ eae 0P - Ry a)a

acA
=sup| 1o ’ 1——|a|) P 212Y9 05 (5. a .
_aeAp<l g1_| |2> / |1—CL(;5( )|2p| ( )| ( ‘ | ) ) ( ) )dA( )

—up [ SR (g o, ) i)

acA JA |1 - aw|2p

Here,
a,p,q,S 2 P / p—2 2\q s
Nigg 07 (9, w) = logl——|a]2 > 18P - 129 (2, a)
z€¢~H(w)

is the counting function. Thus (3.5) is equivalent to

lim sup/m( NEP (6, w)) dA(w) = 0.

laj=14en Ja |1 —aw|?

Hence by [5] or [23], for any € > 0 there exists J, where 0 < § < 1, such that for
0<h<dandallaeA,

sup/ N2 (¢, w)dA(w) < € h?,
S(h,0)

a€A

where S(h,0) is a Carleson box. For F,, (2) = f, (2) — f'(2), the mean value
property for analytic functions f; and f’ yields that

Folt) = S L P04,

Then by Jensen’s inequality (see [20] theorem 3.3), we have

. S 2)[PdA(z
P = 2 [ P24

Note that if \w 2l < L ‘w‘ , then we have that w € S(2(1 — |z|),0) and also

(1_‘11”')2 < (1_|Z|)2 (see | ]) Then, by Fubini’s theorem (see [20] theorem 8.8), for
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Fo (2) = f1,(2) = f'(2), we deduce that

sup [ 17, (w) N{é;“”( w)dA(w)
ac

021615/(1_| |)/ 0 NigZ @ (¢, w)dA(w)dA(2)

2 p
= C log — =
supf (106 5

LG
X/|Z|>1—§ (1= 121)? Js@a—|=p0 Nigg (&, w)dA(w)dA(2)

2 p

+C log ——

225{ ( B1- |a|2)

) o ()] g
/Mq_ T ), st o (o) dALw)dA( )}'

For one hand, since f,,,f € D C B, 2<p <ooand F, (2) = f} (2) — f'(2), we
have

IN

IN

op [ mCE NEP (6, w)dA(w)dA(2)
a€A |z\>1—% (1 - |ZD S(2(1—|z|),0)

< e Psup / IFy (2)P(1— |2])2dA(2)
a€A |z\>1—g
< <Ol = fl s [ B ()PAAG)

[ASYAN |z\>1—§

5C||f7lk - f||zlzj’_2||fnk - f||2D
eCill fu, = I

IAIA

where C' and () are positive constants. On the other hand,

p
ap [ o2l N2 (6, w)dA(w)dA(:)
|2[<1-5 5(2(1—|z1),0)

ach s (1—12])?

Csup/ANl‘f)é’qS(¢7w)dA(w) /|z|<1—5 |E,, (2)[PAA(2)

a€A
< eC,

IN

for n large enough and since F,,, (2) = (f, (2) — f'(2)) — 0 uniformly on

{z € A:|z] <1—2}. Therefore, for sufficiently large k, the above discussion
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gives

1C fri = C¢f||ﬂog (.0:5)

. sup(log ) [ 106/ = (7 0 Y P(L~ P’ a)aA()

a€EA

~ sup [ |f;k(2) PP = [£2)INEP (6, w) dA(w) < C.

acA
It follows that C is a compact operator. Therefore, the proof is completed.
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