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ABSTRACT. We consider the Banach space X = (R?, || - ||) with a normalized,
absolute norm. Our aim in this paper is to calculate the modified Neumann-
Jordan constant C' ;(X) and the Zb&ganu constant Cz(X).

1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space with the unit ball Bx = {x € X : ||z|| < 1} and the
unit sphere Sx = {z € X : ||z| = 1}. Many geometric constants for a Banach
space X have been investigated. In this paper we shall consider the following
constants;

lz + yl* + llx — yI?

Cns(X) =sup {

) 0.0},

2(||z )1 + llyll?)
2 o2
|z +yllllz =yl
Ca(X) =sup{ ny€ X, (0,y) 4 (0,00}
|z]1% 4[|y

The constant Cy;(X), called the von Neumann-Jordan constant (hereafter re-
ferred to as NJ constant) have been considered in many papers ([3, 8, 10, 2]
and so on). The constant Cl ;(X), called the modified von Neumann-Jordan
constant (shortly, modified NJ constant) was introduced by Gao in [5] and does
not necessarily coincide with Cy;(X) (cf. [1, 4, 7]). The constant Cz(X) was
introduced by Zbaganu ([15]) and was conjectured that Cz(X) coincides with
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the von Neumann-Jordan constant Cy;(X), but Alonso and Martin [2] gave an
example that C;(X) # Cz(X) (cf.[6, 9]).

A norm || - || on R? is said to be absolute if ||(a,d)| = |(|al,|0])|| for any
(a,b) € R? and normalized if ||(1,0)]| = ||(0,1)]| = 1. Let AN, denote the family
of all absolute normalized norm on R?, and ¥, denote the family of all continuous
convex function ¢ on [0, 1] such that ¢(0) = ¢(1) = 1 and max{1—t¢,t} < ¥(t) <
1forall 0 <t¢<1. Asin [11], it is well known that ANy and W, are in a one-to-
one correspondence under the equation ¥(t) = ||(1 —¢,¢)|| (0 < ¢ < 1). Denote
| |l be an absolute normalized norm associated with a convex function ¢ € V.

For 1, ¢ € Uy, we denote ¢ < ¢ if (t) < o(t) for any t in [0, 1]. Let

t t
M; = max () and M; = max %—(),
0=t=1 1)y (t) 0st<1 (1)
where 19(t) = [[(1 — ¢,t)]]2 = /(1 —¢)? + 12 corresponds to the ly-norm. In

[11], Saito, Kato and Takahashi proved that, if v > 1)y (resp. ¥ < 1), then
Oy (€2, - |l4) = M? (resp. M3)

We put X = (R?,|| - ||4) for ¢ € ¥5. Our aim in this paper is to consider the
conditions of ¢ that C;(X) = Cz(X) or Cns(X) = Cl,(X).

In §2, we consider the modified von Neumann-Jordan constant. We prove
that if ¢ < ¢y, then C;(X) = Cns(X) = MZ. If o) > 1)y, then we present the
necessarily and sufficient condition that Cly; (R?, || - [|l¢) = Cny (R? || - ||4) = M3
Further, we consider the conditions that C,(R?, || - ||l¢) = Cns(R% || - [ly) =
MZM?2. In §3, we study the Zbaganu constant. First, we show that, if ¢ > s,
then Cz (R, ]| - |ly) = Cns(R% || - |lg) = MP. If ¢ < 1)y, then we give the
necessarily and sufficient condition for that Cz (R%, || - ||4) = Cns (R%, ]| - [l¢) =
Mj3. Further we study the conditions that Cz(R% || - ||y) = Cns(R: || - |ly) =
MEM3. In §4, we calculate the modified NJ-constant C;(X) and the Zbaganu
constant C'z(X) for some normed liner spaces.

2. THE MODIFIED NJ CONSTANT OF R?

In this section, we consider the Banach space X = (R?| - ;). From the
definition of the modified NJ constant, it is clear that Cl ;(X) < Cyy(X). In
this section, we consider the condition that Cl ;(X) = Cn;(X).

Proposition 2.1. Let 1) € Uy. If 1) < 1hg, then Cly;(X) = Ons(X) = M3.
Proof. For any x,y € Sx, by [ |, Lemma 3],
lz+ yll% + llz =yl < lle+ylls + o -yl

=2 (llzllz + llyll2)
< 2M; ([l + llylly) = 4M;.

Now let 19 /1) attain the maximum at ¢t = ¢y (0 <ty < 1), and put

(]_—t(), to), Yy = @/}(to)(l_to’ —t0>
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Then z,y € Sx and

4(1 — to)* + 4¢3
¥(to)?

V2 (to)?

¥(to)?

which implies that C';(X) = M3. By [11, Theorem 1], we have this proposition.
0J

If ¢ > 4y, by [11, Theorem 1], then Ciy;(X) = MZ. We now give the necessarily
and sufficient condition of Cy ,(X) = M?.

Theorem 2.2. Let 1 € Wy such that 1 > 1by. Then C'y;(X) = M2 if and only
if there exist s,t € [0,1] (s < t) satisfying one of the following conditions:

(1) ¥(s) = ¥a(s), ¥(t) = vo(t) and, if we put r = LEELHEE then 2 —

lz+yll5 + llz =yl =

=4 = 4M2,

Y(l-r) _ M
P2 (1-7) 1
. t)s s)t T
(2) (s) = Was), G(t) = ¢a(t) and, if we put r = EELELL then 20 —
v(A-r) _ M
do(l—r) — 1

Proof. (=) Suppose that C};(X) = M. First, for any z,y € Sx, by [I1,
Lemma 3], we have

Iz + 1l + Nl =yl < Mz +ylls + [l = yll2)
= 2M7 ([l2[3 + [lyl3)
< 02 (ol + 2 = 4012
Since X = (R?,|| - ||y) is finite dimensional,

z+ylZ + |z —yl?
Chut) = Rl )

Therefore, C'y ;(X) = M7 if and only if there exist x,y € Sx (z # y) such that
lz+ I3 + llz =yl = 407

From the above inequality, the elements z,y € Sx (z # y) satisty ||z|ly = ||z]2 =
L [yl = llyll2 =1 and

e+ yllo _ lle = ylls
letylz ~ eyl

Since || - || is absolute and z,y € Sx (v # y) satisy ||z|2 = [yl = 1, it
sufficient to consider the following three cases:

= M.

— o

S

1(i) There exist s,t € [0,1] (s # t) satisfying x = w%(s)(l —s,8) and y =
mol—61).
(ii) There exist s,t € [0,1] (s < t) satisfying x = ¢21(s)(1 —s,8) and y =

w;(t)(—l +t,t).
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(iii) There exist s,t € [0,1] (s > t) satisfying # = 1= (1 — s,5) and y =

. ¥a(s)
mo(—1+t1).
Case (i). We may suppose that s < ¢t. Then there exist a, 3 € [0, Z] (o < 3) such

2
that

1 1
x = 1—s,8) = (cosa,sina), y = 1 —t,t) = (cos 3,sin ().
ORI AEREOR )
Since ||z||2 = ||y|l2 = 1, we have
1—s 1—t s t a+p3 . a+p
rT+y= + ) + = || + y||2(cos ,sin .
By [13, Propositions 2a and 2b], we remark that
1-—s S 1-—1¢ s o t
Pa(s) — Ya(t)” ha(s) T ()
Since x — y is orthogonal to = + y in the Euclidean space (R?, || - ||2), we have
(1—3 1—t s t )
r—y= - ) -
Ua(s)  a(t) Yals) ()
a+pf—-m . a+f—m
= ||z — y||2(cos ,sin )
2 2
i = ylla(sin 222 — cos 25
Yll2 2 ) 2 .
Thus we have
a+pB . a+p
e+ il =l + ylbllteos 2 sin C 2P,
a+ 3 . a+ 0 sinaTJrﬁ
= ||z + CoS ——— +sin .
H y”Z( 9 9 )w(COSaQLﬂ—i—SinaTw)

Since ||z + yl|y, = Mi||z + y||2, we have

a+p . a+p sin —a;ﬁ
M, = (cos —— + sin .
1= 2 2 )w(cos 218 4 sin —a;ﬂ)
i ot
: _ sin s — Ye)tt(t)s _ ()
Putting r = — Q;BJF;H =33 then it is clear that r = MO0 and M, = OR

We also have

. a+f a+ 3 COS_a;ﬁ
xr — = ||lT — Sin -+ cos .
[z = ylly = Il = yll2( 9 9 W(COS a;ﬁJrSinaTw

Since ||z — y||ly = Mi||z — y||2, we similarly have

a4+ p a+ 3 COSQT—W (1l —r)
M, = (s + cos = )
1= (sin 2 2 ﬁb(sin%g + cos 442 Yo(1 —7)
Case (ii). Then there exist a € [0, 3] and 3 € [, 7] such that
1 1
r=——(1—s,s8) = (cosa,sina), y = ——(—1-+1,t) = (cos 3,sin 3).
L ST DL )
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Since [|z|]2 = ||y|l2 = 1, we have
1—-s 1—-t s t a+p . a+p
P 0 T ) Gl Ty Yo Ty e
By [13, Propositions 2a and 2b], we remark that
1-3s5 S 1—t¢ S o t
Pa(s) — a(t)” va(s) T aha(t)
Since x — y is orthogonal to = + y in the Euclidean space (R?, ]| - ||2), we have
l—-s 1—-t s t

= (GE TR0 e 6E)
a+pB—m Sinoz—l—ﬁ—w

)

= [l = yll2(cos

2 ’ 2
o — lla(sin & i)
= ||z — sin — COs )
Y2 92 ’ 2
Since cos 222 > 0 and sin aw > 0, we have
a+p . a+p
o+ yllo = [fz + ylll(cos 2 sin ST,
a+pB . a+p sin "T*ﬁ
= ||lx + COS -+ sin .

Since ||z + y||y = Mi||z + y||2, we have

a—+ 0 a4+ sin M
My = (cos + sin
1= 2 )w(cos M + sin 222 ‘”6)
SIHM . . S S I
Putting r = m, then it is clear that r = % and M, = lé((r).
We also have
o a+p a+ [ cos &8
T — = ||z — sin + cos
2 =yl = lle = sll( e e
Since ||z — y||ly = Mi||z — y||2, we similarly have
Ca+p a+ 0 cos‘”‘—% P(1l—r)
M; = (sin ——— + cos = .
1= 2 2 )d}(sin#%—coso%ﬁ Po(l —1)
Case (iii). There exist s,t € [0,1] (s > t) satistying x = m(l — s,5) and

y= 1(t)( 1 +t,t). Then, we put so =t and ¢ty = s. We define xg, yo in Sx by
1

¥(s0)
Then we can reduce Case (ii).

(«<=). If we suppose (1) (resp. (2)), then we put z = ¢1(S)(1 s,s) (resp.
x = w%(s)(l —s,8)) and y = w%(t)(l —t,1) (resp. y = ()( 14 t,t)). Then
we have [[z]ly = |lzll = 1, [lylly = [lyll2 = 1, [lz + ylly = Millz + y|l2 and

Ty = (1 —50,50), Yo = (=1 +to,to).

1
Y(to)
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|z — yl|ly = Mi||x — yl|a. Hence it is clear to prove that C'y,(X) = M}. This
completes the proof. O

We next study the modified NJ constant in the general case. If ¢ € ¥, then
by [11, Therem 3], we have

max{ M, M;} < Cn;(X) < MEM;.
However, by Theorem 2.2, there exist many v € ¥ satisfying ¢ > 1), such that
C]/VJ<X) < max{Mlz, M22} = CNJ(X)

From [11, Theorem 3], Cy;(X) = MZM3 if either /1), or 5/ attains a maxi-
mum at ¢ = 1/2. Then, we have the following

Proposition 2.3. Let ¢ € Uy and let ¢(t) = (1 —t) for allt € [0,1]. If ¥ /1o
attains a mazimum at t = 1/2, then Cly;(X) = Cn(X) = MZM;.

Proof. Suppose first M; = 1(1/2)/15(1/2). Take an arbitrary ¢ € [0, 1] and put

1 1
Then z,y € Sx and
2 1 221 1

Therefore we have

lz + yll3 + lle —ylly 2, oy V(1/2)°
“’4 L= {2t -1 +1} e
- 2L

_ () 9(1/2)° ) a¢a(t)?
V()2 a(1/2)2 ()

Since ¢ is arbitrary, we have Cl ;(X) > M?M; which prove that C,(X) =
M2M2. O

In the case that My = 19(1/2)/1(1/2), Cly;(X) does not necessarily coincide
with M2M2. However, we have the following

Theorem 2.4. Let ¢ € Uy and let (t) = (1 —1t) for allt € [0,1]. Assume that
My = 1h9(1/2)/1(1/2) and My > 1. Then C'y;(X) = MEM3 if and only if there
exist s,t € [0,1] (s < t) satisfying one of the following conditions:

(1) ao(s) = Marp(s), wo(t) = Ma(t) and, if we put r = %, then
Y(r) = Mis(r).

(2) o(s) = Mah(s), a(t) = Marh(t) and, if we put r = %, then
Y(r) = Miho(r).
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Proof. (=). For all z,y € Sx, we have
lz+ yll}, + llo = yll}, < M7 (o +yl3 + e = yl3)
= 2M7 ([l2[3 + llyl3)
< 2MP M5 (||l + [lyll7,) = 4M7 M.
From this inequality, C'y;(X) = M?M2Z if and only if there exist z,y € Sy (z #
y) such that
o+ g+ oz — gl = AMEME.
Suppose that Cy;(X) = M?MZ. Then, the elements z,y € Sy (z # y) satisfy
l2lle = llyllz = Mz, [z +ylly = Millz +ylla, ||z = yllw = Millz =yl
Since || - || is absolute, it is sufficient to consider the following three cases:
(i) There exist s,t € [0,1] (s # t) satisfying = = wés)(l —s,8) and y =
1
2oL —t.1).
(ii) There exist s,t € [0,1] (s < t) satistying x = (15 (1 —s,s) and y =
(=1 +t,1).

<

P(t)

(ili) There exist s,t € [0,1] (s > t) satisfying z = d)(ls)(l —s,8) and y =
ﬁ(q +t,1).

As in the proof of Theorem 2.2, we can prove this theorem. This completes
the proof. 0

3. THE ZBAGANU CONSTANT OF R?

The Zbaganu constant Cz(X) in [15] is defined by
=+ yllllz — vl
Calx) =sup | ry X, (xy) 0.0}
]I+ lly[I?

Then it is clear that Cz(X) < Cyn,(X) for any Banach space X. In this section,
we consider the condition that Cz(X) = Cns(X) for X = (R?,|| - ||,). Then, we
have the following

Proposition 3.1. Let ¢ € Uy, If ¢ > 1y, then Cz(X) = Cns(X) = ML

Proof. For any z,y € X,
2llz +yllullz —ylly < llz+yllf + llz =yl
< ME (= +yll3 + |z = yll3)
= 2M7 ([l23 + llyll2)
< 2M7 (=15 + llyll3) -

Since 1 /19 attains the maximum at t = 5 (0 < ¢ty < 1), we put x = (1 — 1¢,0)
and y = (0,tg), respectively. Then we have

2 4+ yll7 + |z — yll7, = 20(to)?
= 2M7s(to)?
= 2M7 (|lz]|7 + lyll3) -
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Since |l + ylly = ¥(to) = [l — yly, we have

2z + yllylle = ylls = llz +yll5 + lz = yll3
= 2M7 (||} + lyll3) -
Therefore we have
o+l =slls _ o
lzl% + [yl
which implies that Cz(X) = M?. O

We next consider the case that ¢ < 1)5. We remark that the Zbaganu constant
Cz(X) is in the following form;

Al ||yl
Cz(X) = sup{
A0 =S e g+ o — ol
Then we have the following
Theorem 3.2. Let i) € Uy, Assume that ) < 1by. Then Cz(X) = M3 if and

only if there exist s,t € [0,1] (s < t) satisfying one of the following conditions:
(1) 9(s) = vals), ¥(t) = va(t) and, if we put r = S then 2 =

r,y € X, (z,y) # (0,0)}.

i _ P(s)+(t) 7 ¥(r)
da(l=r) — 2

w(f?ﬂ)wfsiw: Pa(s), Y(t) = o(t) and, if we put r = %, then 12)2(—(:)) =
da(l=r) — T2

Proof. For any =,y € X,
dllllsliylle < 2 (21 + lyl5)
< 2 ([l=ll2 + llylI2)
= |z +yll3 + llz — yll3
< M (e +yllg + = ylly) -

Since X = (R?,|| - ||y) is finite dimensional,
Co(x) =maxd el Xy 2 0.0
Iz +ylly, + llz =yl

Then Cz(X) = M3 if and only if there exist z,y € Sx (z # y) such that

Aallolylly e
2 2 — M2
2 +ylly, + llz = yll3

From the above inequality, ||z|2 = ||z|ly = [lyll¢ = ||lyll2 and

lz+yll [z =yl
lz+ylly Nz —yly
Hence we may assume that

= M2

l2ll2 = llzlle = l[ylle = llylls = 1.
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As in the proof of Theorem 2.2, it is sufficient to consider the following three
cases:

() There exist s,t € [0,1] (s # t) satisfying x = w%(s)(l —s,8) and y =
wz( (1 —1 t>

(1) There exist s,t € [0,1] (s < t) satisfying = = 21(8)(1 —s,8) and y =
wQ ( 1+1t,t).

(111) There exist s,t € [0,1] (s > t) satisfying z = w;(s)(l —s,8) and y =
ha(t )( 1+, t)

As in the proof of Theorem 2.2, we can similarly prove this theorem. 0

We next study the Zbaganu constant C'z(X) in general case. If ¢ € U, by |
Theorem 3], then we have

max{M;, M3} < Cz(X) < Cns(X) < MM;.

)

However, by Theorem 3.2, there exist many ¢ € ¥ satisfying ¢ > 15 such that
Cz(X) < Ons(X) < max{M?, M3}.

From [11, Theorem 3], Cn;(X) = MZM3 if either 1)/1, or 1, /1) attains a maxi-
mum at ¢ = 1/2. Then, we have the following

Proposition 3.3. Let v € Uy and let (t) = (1 —t) for all t € [0,1]. If
My =22 then Cz(X) = Cwy(X) = MZM3.

o(1/2)

Proof. From the definition, we have Cz(X) < Cy;(X) = M}M3. Take an arbi-
trary ¢ € [0,1] and put x = (¢,1 —¢) and y = (1 —¢,¢). Then ||z|y = ||ylly = P(t)
and 2 +ylly = (L, Dlls = 20(1/2), 2 — glly = 12t — 1,1 — 20y = 212t —
1|1)(1/2). Hence we have

Aty _ 20kl +Iyl)
ool + e —ylE ~ T+ ol + T — o
. vy
(1 + @t — D7) 9(1/2)
by
20,120 (1/2)°

U0 12 ()
a(t)? (1/2)? “a(t)?
Since t is arbitrary, we have Cz(X) > M7M3. Therefore we have Cz(X) =
MZM?2. This completes the proof. 0J

In case that My = 9(1/2)/12(1/2), we have the following theorem as in the
proof of Theorem 2.2 and so omit the proof.

Theorem 3.4. Let ) € Uy and let 9(t) = y(1—t) for allt € [0,1]. If My = 252

and My > 1, then Cz(X) = MEM3 if and only if there exist s,t € [0,1] (s < t)
satisfying one of the following conditions:
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(1) wa(s) = Mayp(s), t2(t) = Matp(t) and, if we put r = %; then
U(r) = Miths(r).
w<<2>) wf\% =( )]\42¢(3); o) = Mop(t) and, if we put r = S then
r)= 1P T).

4. EXAMPLES

In this section, we calculate Cy;(X) and Cz(X) of some Banach spaces X =
(R?, ]| - ||ly), where ¢ € U. First, we consider the case that ¢ = 1.

Example 4.1. Let 1 <p < oo and 1/p+1/qg =1. We put ¢t = min(p, q). Then
2_
Chy(R2, [ |lp) = Cz(R% [] - [|,) = Cna (B2 || - [|,) = 27 2
Suppose that 1 < p < 2. Since 9, > 1y, we have Cz(R?,|| - ||,) = 251 by
Proposition 3.1. On the other hand, as in Theorem 2.2, we take s =0 and t = 1.

Since r = YOO — L and My = 4,(1/2)/12(1/2) = 272, by Theorem 2.2,

we have Cly (B2, || - [,) = M? =207,
If 2 < p < oo, then we similarly have, by Proposition 2.1 and Theorem 3.2,
2_
Oy (B2 || - [lp) = C2(R?, || - [I,) = COna (R, || - [l,) = 277"
In [14, Example], C. Yang and H. Li calculated the modified NJ constant of
the following normed linear space. From our theorems, we have

Example 4.2. Let A > 0 and X, = R? endowed with norm

1, 9)llx = ([, 9] + Al 9) ).
(i) If 2 < p < g < o0, then Oy (X)) = Chy (X)) = Cz(X)) = gidr.
(i) If 1 < p < g <2, then Cv (X)) = Cly s (X)) = Cz(X)) = Z5220
To see this, first, we remark that (p,q) is not necessarily a Holder pair. We
define the normalized norm || - ||$ by

o _ Nz y)lla

T, =0,
Then ||-||{ is absolute and so put the corresponding function vy (t) = [|(1—t,)||3.
(i) Suppose that 2 < p < g < oo. Since ¥, < 1y, by Proposition 2.1, we have

Cni(X)) = Chy (X)) = MZ = 22%1—1;2/,1 On the other hand, in Theorem 3.2, we

take s = 0 and ¢ = 1. Then we have r = 1/2 and “22 — M, Thus we have

. y ¥a(1/2)
p q
Cz(Xn) = M3 = 25055

(i) Suppose that 1 < p < ¢ < 2. Since 1) > 19, by Theorem 2.2 and Proposition

3.1, we similarly have (ii).

Example 4.3. Put
o(t) (0<t<1/2),
(2-V2)t+v2-1 (1/2<t<1).
Then Cly,(R%, || - [ly) < C2(R?, || - [ly) = Cns (R[] - ly) = 2v2(V2 — 1).
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In fact, ¢ € ¥y and the norm of || - ||, is
ViePP+ > (lal = [b])

(vV2=1)lal + 8] (lal < b]).

Since ¥ > 105, by Proposition 3.1, we have Cz (R?, || - [|4) = M? = 2v/2 (V2 — 1).

We assume that Cly;(R? || - ||4) = M. By Theorem 2.2, we can choose r €
[0, 1] such that Ji((?) = 121;((1:2) = M. This is impossible by the definition of .
Therefore we have CY,(R?, || - [l,) < M.

Example 4.4. Let 1/2 < 8 < 1. We define a convex function 93 € ¥y by

YPp(t) = max{l — t,¢, B}
By [I1, Example 4], we have

(@, 0)[ly =

B2+ (1B 1
O s ) =3 P2 el sl
2+ (1—5)) (B € (L1,
Indeed,
1 Be 3 7l
M, =
1 {ﬁgﬁjﬁ; =15 =V28 (B€ (1)
- 0a(B) _ 1
_ 72 _ = 22 211/2
M, 05(3) 5{(1 B)+ B
If 1/2 < 3 <1/4/2, then 1 < 1P9 and so, by Proposition 2.1, we have
2 1 — 2
Ches (B | ) = 2 = EEE=E)

By Theorem 3.2, we have Cz(R?, || - ||y,) < M3.

Assume that 1/v/2 < 3 < 1. Since M, = 3&%3’ we have, by Proposition 2.3,

Chg R || - llys) = MPM5 = 2(8 + (1 - B)°).
On the other hand, we take s = f and t =1 — (8 in Theorem 3.4. Then we have
r= w(ﬁgp((lﬁgiﬁlfi%sﬁ)ﬁ = 1/2. By Theorem 3.4, we have

Cz(R?, | - lyy) = MY M5 = 2(6° + (1 - B)°).

Example 4.5. We consider 13 in Example 4.4 in case of § = 1/ V2. Then we
have

Chns (B2, |- llys) = Ona (B2 || - [ly,) = M3 = 2v2(vV2 - 1).

On the other hand, we have Cz(R?, || - ||y,) = M5 = 2v2(v/2 - 1).
For this 13, define a convex function ¢ € ¥, by

{ Up(t) (0<t<1/2),
£) =

Ua(t) (1/2<t<1).
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As in Example 4.2, we similarly have
(- ) < Ohvs (B2 -l = Cns(®2 ] - ) = 5 = 22 (V2 —1).

Acknowledgement. The second author is supported in part by Grants-in-
Aid for Scientific Research, Japan Society for the Promotion of Science (No.
23540189). The authors would also like to thank the referees for some helpful
comments.

REFERENCES

1. J. Alonso, P. Martin and P.L. Papini, Wheeling around von Neumann-Jordan constant in
Banach Spaces, Studia Math. 188 (2008), no. 2, 135-150.
2. J. Alonso and P. Martin, A counterexample for a conjecture of G. Zbaganu about the
Neumann-Jordan constant, Rev. Roumaine Math. Pures Appl. 51 (2006), 135-141.
3. J.A. Clarkson, The von Neumann-Jordan constant for the Lebesgue spaces, Ann. of Math.
(2) 38 (1937), no. 1, 114-115.
4. J. Gao, A Pythagorean approach in Banach spaces, J. Inequal. Appl. (2006), Art. ID 94982,
1-11.
5. J. Gao and K. Lau, On the geometry of spheres in normed linear spaces, J. Austral. Math.
Soc., 48(1990), 101-112.
6. J. Gao and S. Saejung, Normal structure and the generalized James and Zbaganu constant,
Nonlinear Anal. 71 (2009), no. 7-8, 3047-3052.
7. J. Gao and S. Saejung, Some geometric measures of spheres in Banach spaces, Appl. Math.
Comput. 214 (2009), no. 1, 102-107.
8. P. Jordan and J. von Neumann, On inner products in linear metric spaces, Ann. of Math.
(2) 36 (1935), no. 3, 719-723.
9. E. Llorens-Fuster, E.M. Mazcunan-Navarro and S. Reich, The Ptolemy and Zbaganu con-
stants of normed spaces, Nonlinear Anal. 72 (2010), no. 11, 3984-3993.
10. M. Kato and Y. Takahashi, On sharp estimates concerning von Neumann-Jordan and James
constants for a Banach space, Rend. Circ. Mat. Palermo, Serie II, Suppl. 82 (2010), 1-17.
11. K.-S. Saito, M. Kato and Y. Takahashi, Von Neumann-Jordan constant of absolute nor-
malized norms on C2, J. Math. Anal. Appl. 244 (2000), no. 2, 515-532.
12. Y. Takahashi and M. Kato, A simple inequality for the von Neumann-Jordan and James
constants of a Banach space, J. Math. Anal. Appl. 359 (2009), no. 2, 602-609.
13. Y. Takahashi, M. Kato and K. -S. Saito, Strict convezity of absolute norms on C? and direct
sums of Banach spaces, J. Inequal. Appl., 7(2002), 179-186.
14. C. Yang and H. Li, An inequality between Jordan-con Neumann constant and James con-
stant, Appl. Math. Lett. 23 (2010), no. 3, 277-281.
15. G. Zbaganu, An inequality of M. Radulescu and S. Rddulescu which characterizes inner
product spaces, Rev. Roumaine Math. Puers Appl. 47 (2001), 253-257.

DEPARTMENT OF MATHEMATICAL SCIENCES, GRADUATE SCHOOL OF SCIENCE AND TECH-
NOLOGY, NIIGATA UNIVERSITY, NIIGATA, 950-2181 JAPAN.

E-mail address: mizuguchi@m.sc.niigata-u.ac.jp

E-mail address: saito@math.sc.niigata-u.ac.jp



	1. Introduction and preliminaries
	2. The modified NJ constant of R2
	3. The Zbaganu constant of R2 
	4. Examples
	References

