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p-POWER QUASICONCAVITY OF A REARRANGEMENT
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Communicated by C. P. Niculescu

ABSTRACT. We define the p-power quasiconcave function and show relation-
ships between p-power quasiconcave fundamental function and r.i. spaces like
Lorentz space and Marcinkiewicz space.

1. INTRODUCTION

Let E be a rearrangement invariant function space (or r.i. space, in short),
which consists of measurable functions defined on a measure space (€2, %, u). The
general theory on r.i. space can be found in [1]. In this paper, we focus on r.i.
space defined on a positive real line with Legesque measure since our objectivity
is to investigate relationships between the fundamental function ¢ = ||x04/l &
and some geometric properties of a space E. We say a positive function ¢(t) on
the positive real line is called quasiconcave if ¢(t) is positive and nondecreasing
and ¢(t)/t is nonincreasing. In [0], it has been revealed that the necessary and
sufficient condition of a positive function ¢(t) is a fundamental function of r.i.
space p(t) that is quasiconcave and ¢(0) = 0. The followings are the known
results of a positive concave function ¢(t) on [0, 00) and their proof can be found

in [3] and [5].

Property 1.1. A positive function ¢(t) is equivalent to a positive concave func-
tion if and only if

t
©(t) < C'max (1, ;) ©(s) for all s,t > 0.
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In particular, when C' = 1, there exists a concave function ¢(t) such that

P(t) < p(t) < (t).

Indeed, we can find a concave function which is equivalent to a given quasicon-
cave function.

Property 1.2. If p(t) is positive and everywhere finite on (0, c0), which satisfies
o(ty - ta) < p(t1) - p(t2), then we get

1
o g et) _ . logp(t)
t—oo  logt 1<t logt

Ql

and
1 1
ogp(t) _, log(t)

i
t—0 logt t<1 logt
Furthermore, we have —oco < a < @ < o0.

&)

Definition 1.3. For a given positive, everywhere finite function ¢(¢) on (0, 00),
we define the function D,(s), which is called the dilation function of ¢(t), by

D(s) = sup A

When ¢(t) is quasiconcave, it is easy to show that D,(s) is everywhere finite
and satisfies the submultiplicativity condition of Property 1.2. Therefore, we
can define the following two indices, which were introduced by Zippin for the
fundamental function ¢g(t) of r.i. space E (see [3]).

Definition 1.4. Let ¢(f) be a positive quasiconcave function. We then define
two indices, 7(p) and r(p), which will be called the upper and lower indices of

o(t), by
1

i Og D‘P(t) — lnf log D‘P (t)

t—oo  logt 1<t logt
. log Dy (1) log D, (1
. log D, (t og D (t

p— 1 —_— E———
t(@) tl—{% 10g t ()S<t<1 log t

The following simple facts are also mentioned in [3] for the case of a fundamental
function @g(t) and [3].

Property 1.5. Let ¢(t) be a quasiconcave function. We then have
) 0<r(p) <7F(¢ ) <1

i) r(p) +7(p) =
ii) If U(t) is equlvalent to ¢(t), then 7(V) = 7(¢) and (V) = r(yp).

Property 1.6. Let ¢(t) be nondecreasing and D,(s;) < s; for some s; > 1.
Then there exists a concave function W(¢) which is equivalent to ¢(t).
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2. p-POWER QUASICONCAVE FUNCTION

Definition 2.1. Let () be a positive quasiconcave function on [0, 00). We say
that o(t) is p-power quasiconcave with a constant C' if it satisfies

ngp(ai) < CpP <Z ai> ) for all a; in [0, 00). (2.1)
i=1 i=1

In particular, if ¢(¢) is concave and satisfies (2.1), we say that ¢(t) is p-power
concave with a constant C'.

It is clear that the concave function z/? is p-power concave. In the following, we
consider some conditions, which are useful in showing the existence of nontrivial
p-power quasiconcave functions.

Lemma 2.2. i) If o(t) is a p-power quasiconcave function with a constant
C, then o(t) is also q-power quasiconcave with a constant C/P when p < q.
ii) Let p(t) satisfy (2.1) and Y(t) be a positive nondecreasing function. Then
e(t)W(t) also satisfies (2.1).
ili) Let p(t) be a positive p-power quasiconcave function on [0,00). If U(t) is
equivalent to p(t), then W(t) also satisfies (2.1).

Proof. i) It is clear since || - ||;, > || - ||z, for p < ¢. Indeed, we have
n 1/q n 1/p n
(ol <fSoml <omo(3a).
i=1 i=1 i=1

Hence,

Z¢q(ai) < QP (Z CLi) ‘

i)

Z(pp(ai)\llp(ai) < (Z gop(ai)> P ( Gi)
(e

iii) Suppose that Cyp(t) < ¥(t) < Cop(t). Then,

D oUP(a) < Y ChePla;) < CF-CpP ( ai)
=1 =1 =1

co(@)e (S

3
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Theorem 2.3. Let ¢(t) be a positive quasiconcave function with 7(¢) < 1 and
w(t) be a quasiconcave function. If W(t) = p(t)w*(t) for 0 < a <1 —T7(p), then
U(t) is quasiconcave. Furthermore, if p(t) is p-power quasiconcave, there exists a
concave function ®(t) which is also p-power quasiconcave and equivalent to V(t).

Proof. By Property 1.6, it is enough to show that W(¢) is nondecreasing and
Dy(s1) < s, for some s; > 1. Since ¢(t) and w(t) are quasiconcave and « is
nonnegative, W(t) is nondecreasing. In order to show that Dy(s;) < sq, for some
s1 > 1, take € such that a +€ < 1—7(p). With this €, choose s; sufficiently large

such that D, (s1) < s;”* from the definition of upper index of ¢. Then, for all
t >0,
(Slt
p(t
(s
¥
(s17)
p(t)
since w(t)/t is nonincreasing and « is nonnegative,

D¢(31)s‘f‘

){w(sit) 1
Hw(t) e
{w(
(

1t> w Slt)/Slt}a(Slt)a

Ofw(t)/tyoe

«
1

'
¥
Y

IN

S

I

VAN

since 7(¢) +a+€ < 1 and s; > 1. This implies that Dy(s;) < s; for some s; > 1.
Hence, ¥(t) is quasiconcave and p-power quasiconcave by Lemma 2. 2. ii. The
existence of a concave function which is equivalent to W(¢) is also obtained by
Property 1.1 O

The above theorem tells us that for a given p-power quasiconcave function ¢(t),
we can construct another p-power quasiconcave function which is nonequivalent
to ¢(t). The next example is a p-power concave function which is not equivalent
to 2'/?. The following concave function has 1/p as its lower and upper indices.
Thus, the converse of Property 1.5-iii) is not true.

Example 2.4. Let p > 1 be fixed. Define

1 0<t<l1
p(t) =
1+logt 1<t

Define U(t) = t'/P¢(t). We now compute the dilation function Dy (s) of W(t).
When s > 1, a simple calculation shows that

st/p 0<t<1/s

= ¢ sY/P(1 4 log st) I/s<t<1
sP(1+logst)/(1 +1logt) 1<t
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Therefore,

Dy = sup{W(st)/ ()}

o<t
= sup sYP(1+logst) = sP(1 +logs).
1/s<t<1
From this, we get
_ _ 1/p
() Slg?o [log {s"/?(1 +log s)} /log s]

= 1/p+ lim log{l +logs}/logs =1/p
$§—00

Since 1/p is strictly less than 1 and W(#) is nondecreasing, we take o such that
(V) = 119 < a < 1. We then have Dy(s) < s* < s for s > 1 hence there is a
concave function W(¢) by Property 1.6. When s < 1, we get

st/p t<1
= ¢ sY/P(1+logt) 1<t<1/s

sYP(1 +1logst)/(1 +1logt) 1/s <t

U(st)
()

Thus, by computation,

Dy(s) = supW(st)/W(t)

0<t

= sup U(st)/U(t) = s/

0<t<1

Therefore, (V) = 1/p. Finally, ¥(t) is not equivalent to t1/P gince W(t) is not
equivalent to t'/7. Also, W(t) is p-power concave by Lemma 2.2,

Theorem 2.5. Let ¢(t) be a p-power quasiconcave function with a constant C
and a lower index r(p). Then, 1/r(v) < p.

Proof. By taking t for each a; in (2.1), we get
D, (1/n) < CY? (1/n)"/? .
Dividing both sides by log (1/n) < 0, we get

Dy, (1/n) _ (1/p)logC  (1/p)log(1/n)
log (1/n) — log(1/n) log (1/n)

Letting n go to oo, we have r(¢) > 1/p. O

From this result, we know that if ¢(t) is p-power quasiconcave, then we have p > 1
by Property 1.5. We now consider conditions under which a given quasiconcave
function ¢(t) is p-power quasiconcave.

Lemma 2.6. Let ¢(t) be a positive quasiconcave function with r(¢) > 0. Then
there exists a constant 1 < C' and a positive quasiconcave differentiable function
U(t) with U(0) = 0 such that

p(t) < W(t) < Co(t)
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and

1 W(t dv W (t

c t dt t
Proof. Define ¥(t) = Ot@dm and let ¢(z) = ﬁ,

U(t) is nondecreasing and we show that @ is nonincreasing. We have, for
t1 < tg,
() 1 /tl go(:c)dx
tl tl 0 xr
t1
> 1 SD(tl)dx _ 80(151).
thhJo 4 t

Thus,

U(ty) = /OtQ £ 4o

— /Vt1 de_i_/tz @dl'
< W(t)+ (pitl)(@ —t1)

< U(t)+ qjitl) (ta —t1)

- z—jlll(tl).

Therefore, we have shown that W(¢) is qusiconcave. We now show that W(¢) is
equivalent to ¢(t). Since r(¢) > 0, we know that 7(¢) < 1 by Property 1.5. We
take « such that 7(¢) < a < 1. By definition of 7(¢), there exists M > 1 such
that

Dz(s) < s for s> M.

Now, let ¢ be fixed and let § = tM. If x is in (0,t) we have M < 2. Thus we get

w2 =)

and
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We then have

N TC S (L
B 1—a@(t)_1—och ‘

Now take C' = % then we have the right inequality.

For the left inequality, the nonincreasing property of @ gives

t tdr todr
“”@:%:/O%S/om:w

it av(t) _ »(t)
By definition of W(t), we have === = £=. Thus,

Zuy <o =1- 0 <)

and we get the result by dividing the above inequality by .

25

OJ

Theorem 2.7. Let p(t) be a quasiconcave function with r(¢) > 0. Then there

exists a finite p such that o(t) becomes a p-power concave function.

Proof. By Lemma 2.2, it is enough to show that U(t) = fot @dw satisfies (2.1)

since W(t) is equivalent to ¢(t) by Lemma 2.6. First, we want to show that

WP(t)

is nondecreasing for some finite p. Note that W(¢) is differentiable. We then have

g(ww>:zme@ww—ww
dt t

- 20 - vy

> \ij; ®) {pllgt) — \If(t)} by Lemma 2.6
UP(E) (p

T (E - 1)
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Hence, for 1 < C' < p < o0, % (%) > (0 and so w is nondecreasing. We now

show that W(t) satisfies (2.1).
v (2n) - 2efe(zn) /2]
> Zai {WP(a;)/ai}

= Z TP (a;).
O

Theorem 2.8. Let ¢(t) be the fundamental function of r.i. space E.
i) Suppose that ¢(t) is pi-power quasiconcave. If E satisfies an upper q-
estimate, then q < p.

ii) Suppose that p(t) = ﬁ

cave. If E satisfies a lower q estimate, then q > py where 1/py + 1/py = 1.

is equivalent to V(t) which is py-power quasicon-

Proof. i) Since p(t) is p1-power quasiconcave and the fundamental function
of r.i.-space, there exist constant C; and Cs such that

inl/pl < p(n) < Cyn'/d
Ch

for all integers n. Thus we have ¢ < py.
ii) Since ©(t) is equivalent to the po-power concave function, there exists Cs

such that )
1 1 1 1\ 7
(1)) <)
n n n n

By the lower ¢ estimate property, we have Cy such that

90(1) < Cy (1>1/q.

n n

1 1 1_(1/172) 1 1 1/q
al) =) =)
3 n n n

for all integers. Thus, we have 1/¢ <1 — (1/p2) = 1/ps.

Thus,

3. MAIN RESULT

We now apply the p-power quasiconcave property to some r.i. space like Lorentz
space and Marcinkiewicz space. Although there are several versions of these
spaces, we take Sharpley’s version with minor modifications [7]. Let f be a
real valued function defined on [0, co) with Lebegue measure p. The distribution
function of f, denoted by A¢(t), is defined by p ({z : | f(x)| > t}). We define f*(¢)
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is the non- 1ncreasmg, rlght continuous function which is equimeasurable with f

and f**(t) =1 fo
For an expllclt formula of f*(t), we have f*(t) =inf{y > 0: Ap(y) <t} [1].

Definition 3.1. Let ¢(t) be a quasiconcave function on [0, 00) with 0 < r(¢)) <
() <land 1 < ¢ < oc.
The Lorentz space Ay, is the set of all measurable functions f such that f*

exists and )
oo d q
1 fllay, = {/0 (f* ()0 (t))" %} < o0.

The Marcinkiewicz space M, is the set of all measurable functions f such that

1£llar, = sup () F7(t) < 0.

By definition, we can easily show that | f|/s,, and | f[/a, are equivalent to
I flla v and |.fll a1, respectively when ¢ and ¢ are equivalent. It is well known

that [) f*(z)de = SUp,,(my=t J4 | fldzr (See page 64 in [3]). Thus we have an
alternate form of || fllas, :

I, = sup PV [ 171

w(E)

For the space Ay 4, we have also useful form of its norm

i, = { [ roser 23

which is equivalent to || f[[s, , (see [7, Theorem 2.3]).
We now introduce some functional which is convenient to compute the norm
in Ay ,. We modify the proof in Sharpley’s version of Lorentz space (see [3, 7]).

Lemma 3.2. i) Let f be an element in Ay 4. Then, the functional

1713, = { / m((f*(t))‘ldw}l/q

is equivalent to || f||a,, -
ii) The fundamental function @y, , in Ay 4 is equivalent to P(t).
iii) If f € Ay 4, we have

1S, = {q [ v dy}l/q.

Proof. i) By Lemma2.6, ¥(t) has an equivalent quasiconcave differentiable

function ¥(t) = f(f “dx and we can renorm Ay, by replacing ¢(t) with
U(t). Thus we may assume, for some constant C,

Le) _dv, )
ot SaET
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Then, by the improper Stieltjes integral, we have

{1718,,}" = w0 oy [ @yas
+0
since 0 < r(¢), it is easy to get 1813(1) P(s) =0,

- [Croram o

t

Since Zyi(t) < gyt - dlg—it) -t < qui(t), we have

q * *
S, < AR, <dlfIL,, -
C v,q V,q q

Thus HfH%Aq is equivalent to || f[|a,,-

. . 0 t q 1/(] . .
i) Since ||X[0¢]HA¢’Q = {fo dy } = 9(t), the fundamental function DAy, 18

equivalent to ¥(t).

iii) Since simple functions are dense in Ay, (see [2, 7]), we show the result
for a simple function f = "7 | a;xa,, where {4;} are pairwise disjoint
measurable sets. Without loss of generality, we may assume a; > -+ > a,.
Define d; = Z;zl u(A;) and dy = 0. Then, we have

di a1 <y<a
)‘f(y):{o a1+<y

Hence,

- { / m(f*(t))de}l/q

. 1/q
_ {Z o [9(d;) — wq<di1)0]}

On the other hand,
00 1/q
(o [Tt i)
0

= {9U(da)ad + ¢ (dy)(ad ) — al) + -+ 9(dy) (af — )}

. 1/q
_ (Z al [Y(d;) — z/ﬂ(du)])

= |IfIIx,,

OJ

Theorem 3.3. If () is p-power quasiconcave with constant C, the space Ay,
satisfies a lower-p-estimate for 1 < g < p.
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Proof. Since a lower estimate is metric invariant, we use the equivalent functional
Hf“?\w , by Lemma 3.2. Let {f:} be elements in A, , with pairwise disjoint support.

Note that >0 Ar(y) =AD", fi(y)-
By Lemma 3.2, we have

n » 1/p n oo v/ 1/p
{E(Hffﬂh,q)} = (XU e )
n 0o p/q 1/p
~ [ n a/p 1/q
< |/ {;wwﬁ(y)} iy
since i I fillz, < ifi when r < 1
B . v 1/q
<

o n a/p
/ {cw me” dy

since v is p-power quasiconcave

o (Cplnelf)

= ([ Osepyar)
>

— Or

0
Ayq

Theorem 3.4. Let ¢(t) be quasiconcave such that QZ(t) = % is g-power quasi-

concave with constant C. Then M, satisfies an upper p-estimate where %—i—% =1.

Proof. Let {f;}, be a set of measurable functions with disjoint supports { E; }1-,
respectively. Let E be any measurable set in [0, 00). Define F; = A[) E;. Since
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each E;’s are disjoint, we know > | p(F;) < p(E). Thus

YWE) [, wE) & [,
w(E) /Ezf = B Z/Ef
U(u(E)) u(Fi) o,
S B 2 ey e
n 1/q m 1/p
¥ (u(E) W) Y "
< B {;(wm(m))} {;”f’”m}
L PE)

. - aN /a9 ¢ m 1/p
{Z{z<zu<ﬂ>> } {Zufiué’v,w}
. . n 1/p
E ~
- 2e) {Z¢ <Zﬂ<F>>} {Z IIfill%}
)

n n 1/p

n(E) ¢ (3o, p(Fy))

n 1/p
i
< ofsow}
i=1
since @ is nonincreasing and > | u(F;) < p(E)

We thus have

n l/p
| <cC { Hfi\lﬁ@} :
Mpsi i=1

The following are easily obtained from the above theorems.

i=1

Corollary 3.5. Weak L, satisfies an upper p-estimate.

Corollary 3.6. Let 1(t) be a quasiconcave with 7(¢) < 1. Then there exists p
such that 1 < p < oo and M, satisfies an upper p-estimate.
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