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ON THE CONVEXITY OF CERTAIN INTEGRAL OPERATORS

VASILE MARIUS MACARIE'* AND DANIEL BREAZ?

Communicated by K. Gurlebeck

ABSTRACT. In this paper we consider the classes of starlike functions of order
«, convex functions of order o and we study the convexity and a-order convex-
ity for some general integral operators. Several corollaries of the main results
are also considered.

1. INTRODUCTION AND PRELIMINARIES

Let U = {z € C: |z] < 1} be the unit disk of the complex plane and denote by
H(U) the class of the olomorphic functions in U. Consider A = {f € H(U) :
f(z) =2+ a2® +azz®+---, 2 € U} be the class of analytic functions in U and
S={fe€A: fisunivalent in U}.

Consider S* the class of starlike functions in unit disk, defined by

S*:{fEA:Re(Z]{;;)) > 0, zEU}.

Definition 1.1. A function f € S is a starlike function of order o, 0 < av < 1
and denote this class by S*(«) if f verifies the inequality
2f'(2)

Re <W) >a, (zel).

Denote with K the class of convex functions in U, defined by

K:{fEA: Re(zﬁléiz))+1>>0, zEU}.
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Definition 1.2. A function f € S is convex function of order a, 0 < o < 1 and
denote this class by K(«) if f verifies the inequality

2f"(2) )

Re +1)>a, (z€U).
S et

Definition 1.3. A function f € A is said to be in the class R(«) if Re(f'(2)) > a,

(ze€U).

It is well known that K(«) C S*(a) C S.
Frasin and Jahangiri defined in [1] the family B(u,a), p >0, 0 < o < 1 so
that it consists of functions f € A satisfying the condition

5\ #
f’z(—) —1‘<1—a, zeU). 1.1
& (15 (=€ V) (11)
For ;1 = 0 we have B(0,a) = R(«) and for p = 1 we have B(1,a) = S*(a).
In this paper we will obtain the order of convexity of the following integral
operators:

H,(z) = /OZ ﬁ (tefi(t))% dt, (1.2)

H(z):/oz i (@)étnw-l)dt, (1.3)
o = [ TLthor-ar, (14)

i=1
where the functions f;(t) are in B(u;, ;) for all i =1,2,---  n.

Lemma 1.4. [2](General Schwarz lemma). Let the function f be reqular in the
disk Up = {z € C : |z| < R}, with |f(z)| < M for fixed M. If f has one zero
with multiplicity order bigger than m for z =0, then

M
|f(z)] < e 2] (2 € Ug).
The equality can hold only if
M
f(z)zele'ﬁ'zm7

where 6 is constant.

2. MAIN RESULTS

Theorem 2.1. Let fi(z) € A be in the class B(p;, i), i >0, 0 < a; <1 for
alli=1,2,---,n. If |f;(2)| < M; (M; >1, z€ U) foralli=1,2,--- ,n, then
the integral operator

Ho(z) = /0 IT (tef®) " at
=1
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is in K(§), where

5_1—21% (14 (2 — o) MM

and S|y - [1+ (2 —a)M"] <1, y;€Choralli =1,2,---n
=1

Proof. Let f; € A be in the class B(u;, a;), n; >0, 0 < o; < 1. It follows from
(1.2) that

2 Sy S i) S S vifi(2)
H’VL(Z) = / tizl’y ei=1'y dt a.nd H?”L(Z) g Zi:l’y 67‘.:1’\/ .
0

Also
i*l zfz
H(z) = 25 A [Zv + ZZ% ]
Then
4 f!
HTIL/(Z) B Z;% + z ;fylfz(z)
H'(z) z
and, hence
2H,(2) ~ - - :
() 2 ufE| <Yl 1D Il - 1)
" i=1 i=1 i=1 i=1
- - z \" fit) \"
< Vil + 12] - %"fz'lz( ) ‘( ) 2.1
;IIII;II ()f@-(z) . (2.1)
Applying the General Schwarz lemma, we have filz )‘ < M;, foralli =1,2,--
z
Therefore, from (2.1), we obtain
H’// z i .
’7@‘}‘ ’71 i ( ) 'MZ-M, zeU). 2.2
ZI | ZI B ( ) (2.2)
From (1.1 ) and (2.2), we see that
H//
Zm 14+ (2—a)M"]=1-0.
This completes the proof. O

Letting M; = M for all t =1,2,--- ;n in Theorem 2.1, we have

Corollary 2.2. Let f;i(z) € A be in the class B(p;, «;), i >0, 0 < oy <1 for
ali =12 n If|fi(x)| <M (M2>1, z€ U) foralli =1,2,--- ,n, then

the integral operator
:/ H (tefi(t))% dt
0 =1
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is in K(§), where

5—1—2]% [(2 — ay) M* + 1]

and " |yl - [(2 — ai)M# +1] <1, ;€ Choralli=1,2,---n
=1

Letting p; = 0 for all e = 1,2,--- ,n in Corollary 2.2, we have

Corollary 2.3. Let fi(z) € A be in the class R(a;), 0 < a; < 1 for all i =
1,2,--+ ,n. Then the integral operator defined in (1.2) is in K(9), where

6—1—Z|% — ;)

and Y |vilB—a;) <1, y, €Choralli=1,2,--- n
i=1

Letting y; = 1 for all © = 1,2,--- ,n in Corollary 2.2, we have

Corollary 2.4. Let f; € A be in the class S*(o;), 0 < a; < 1 for all i =
L2, n. If|fi(z2)] <M (M > 1, z € U) for all i = 1,2,--- ,n, then the
integral operator defined in (1.2) is in K(0), where

521—Z|%|~[1+(2—%)M

and Y vl -1+ 2—a)M] <1, y;€Cloralli =1,2,--- ,n.
i=1

Letting a; =0 =0 for all t = 1,2, --- ,n in Corollary 2.4, we have

Corollary 2.5. Let f; € A be starlike functions in U for alli =1,2,--- ,n. If
Ifi(z)| < M (M > 1, z€ U) for alli = 1,2,--- ,n then the integral operator

defined in (1.2) is convezr in U, where Y |vi| =
i=1
1,2,--,n

Theorem 2.6. Let fi(z) be in the class B(u;, «;), i > 1, 0 < a; < 1 for all
i=1,2 . n If|f;(2)| <M; (M; >1, z€ U) for allz— 1,2,--- . n, then the
integral operator

B fxw)% 51
— SR T (B g
) /0“( t

is in K(9), where

- {WIZ M“’_1+1]+n|ﬂ—1|}

d%’i (2= a)MP 4+ 1] +nlf—1] <1, §€C\ {0}.
=1

1
——~ y eCforali=
oM 1 orat
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Proof. Let f;(z) be in the class B(u;, ), i > 1, 0 < a; < 1, for all i =
1,2,--+ ,n. It follows from (1.3) that

H'() 1 AG)e-h() 1 S =) - 1)
H(z) p z2f1(2) 6] 2 fn(2) z
and
zH"(z R (z) 2
H(z) B 2 ( 7i(2) ) +nf -1,
So that
zH”( 1 = Zf’
U (L (2 V]| (22)
SW;(]CZ(Z)(MZ)) ‘( . ) —|—1)+n|ﬁ—1|. (2.3)
Applying the General Schwarz lemma, we have fiiz) < M;, (z € U) for all
i=1,2,--+ ,n. Therefore, from (2.3), we obtain
H//

<o (70 ()

From (1.1) and (2.4), we see that

MM 4 1) +n|3—1|, (z € U). (2.4)

zH"(z)
H'(z)

< \%IZ [(2— )M+ 1] +nlf-1=1-4
=1

This completes the proof. O
Letting M; = M for all t = 1,2,--- ,n in Theorem 2.6, we have

Corollary 2.7. Let fi(z) be in the class B(pi, i), u; > 1, 0 < oy < 1 for all
i=1,2,- n If|fi(z)|] <M (M>1, 2z€U) foralli=1,2,--- ,n, then the

integral operator
T fxw)é -
= t" dt
= [
is in K(§), where

§=1- {%’i (2= ) M* "+ 1] +n|B — 1|}
=1
1 n

and B S2—a)MFt+1]+n|8—1] <1, e C\ {0}

Letting 6 = 0 in Corollary 2.7 we have
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Corollary 2.8. Let fi(z) be in the class B(p;, i), ; > 1, 0 < oy < 1 for all
i=1,2,---n. If|fi(z)| <M (M>1, z€U) foralli =1,2,--- ,n, then the
integral operator defined in (1.3) is convex function in U, where

|B|Z DMM T4 1] 408 -1 =1, B€C\{0}.

Letting u; = 1 for all ¢ = 1,2,--- ,n in Corollary 2.7, we have

Corollary 2.9. Let f;(z) be in the class S*(a;), 0 < a; < 1 foralli=1,2,--- .n
If|fi(x)| <M (M >1, z€U) for alli =1,2,--- ,n, then the integral operator
defined in (1.3) is in K(0), where

- l|ﬁ|Z +”’6‘1']

d%’i(?)—aiwrn\ﬂ—l] <1 for all B C\ {0}.
=1

Lettingn =1and oy =0 =0 for all i =1,2,--- ,n in Corollary 2.9, we have
Corollary 2.10. Let f(z) be a starlike function inU. If |f(z2)]| < M (M >

1, z € U) then the integral operator fo ( : ) t9=1dt is convex in U, where

Theorem 2.11. Let fi(z) be in the class B(u;, o), i > 1, 0 < o < 1 for all
i=1,2,---,n. If|fi(z)| < M; (M; > 1, z€ U), for alli =1,2,--- ,n then the

integral operator
~ [ Ty ar
0 =1

is in K(J), where
§=1—8-1]-) (2—a;)M!"™"
i=1
and |3 —1]- 32— a)M" ' <1, geC.
i=1
Proof. Let f;(z) bein the class B(p;, ), ; > 1, 0 < oy < 1foralli =1,2,---  n.
It follows from (1.4) that

G”(Z B f/ Z
G'(z) f-1) Z (2)
and, hence
< |51 (Z 7(2) (f()) | '(f“) ) (2.5




ON THE CONVEXITY OF CERTAIN INTEGRAL OPERATORS 189

Applying the General Schwarz lemma, we have f,(z)‘ < M;, (z € U) for all
z
i=1,2,--- ,n. Therefore, from (2.5), we obtain
zG”(z) n ( > )Mi .
<|1p-1 iz M)z e 2.6
G <181 (Z & (75 26)
From (1.1) and (2.6), we see that
2G"(2) & 1
<|B-1]- 2 —q;) MM =1-0.
G'(2) |~ 18 | 121( ;) i
This completes the proof. O

Letting M; = M for allt = 1,2,--- ,n in Theorem 2.11, we have

Corollary 2.12. Let fi(z) be in the class B(pi,o;), pi > 1, 0 < a; <1 for all
i=1,2,--- n. If |fi(2)| <M (M >1, z € U) then the integral operator

6(z) = / Ty

is in K(§), where

§=1—8-1]Y (2—a;)M""
1=1

and |8 —1|>2(2 —a;)M*1 <1, geC.
i=1

Letting 6 = 0 in Corollary 2.12 we have

Corollary 2.13. Let fi(z) be in the class B(pi,o;), pi > 1, 0 < a; < 1 for all
i=1,2,--- n. If|fi(z)| <M (M > 1, z € U) then the integral operator defined
in (1.4) is convex function in U, where

81 = ——

, B eC.
(2-0@)M“i71

i=1
Letting u; = 1 for all : = 1,2,--- ,n in Corollary 2.12, we have

Corollary 2.14. Let fi(z) be in the class S*(ai), 0 < a; < 1 for all i =
1,2, n. If |[fi(z2)| < M (M > 1, z € U) then the integral operator defined in
(1.4) is in K(0), where

S=1-16-13 2 a)
=1

and |f—1]>.2—-«a;) <1, peC.
=1

Lettingn =1and a; =0 =0 for all i =1,2,--- ,n in Corollary 2.14, we have
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Corollary 2.15. Let f(z) be a starlike function in U. If |f(z)| < M (M >
1, z € U) then the integral operator [ f(t)?~*dt is convex in U, where |5 — 1| =

1
> b e C.
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