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ABSTRACT. In this paper, we consider the ranks of four real matrices G;(i =
0,1,2,3) in MT, where M = Mo+ Mji+ Msyj+ Msk is an arbitrary quaternion
matrix, and Mt = Gy + G1i + Gj + Gsk is the Moore-Penrose inverse of M.
Similarly, the ranks of four real matrices in Drazin inverse of a quaternion ma-
trix are also presented. As applications, the necessary and sufficient conditions
for MT is pure real or pure imaginary Moore-Penrose inverse and N? is pure
real or pure imaginary Drazin inverse are presented, respectively.

1. INTRODUCTION

Throughout this paper, we denote the real number field by R, the set of all
m X n matrices over the quaternion algebra

H = {ao + a1i + agj + ask | i* = j* = k* = ijk = —1, ap,a1,a,a3 € R}

by H™*"  the identity matrix with the appropriate size by I, the conjugate trans-
pose of a matrix A by A*, the column right space, the row left space of a matrix A
over H by R (A),N (A), respectively. The Moore-penrose inverse of A € H™ "

denoted by A, is defined to be the unique solution X to the four matrix equations
(i) AXA=A, (i) XAX = X, (ii1) (AX)" = AX, (iv) (XA)" = X A.

Let A € H™ ™ be given with IndA = k, the smallest positive integer such that

r (AkH) =r (Ak) . The Drazin inverse of matrix A, denoted by AP, is defined to
be the unique solution X of the following three matrix equations

(i) A" XA = AF (1) XAX = X, (i1i) XA = AX.
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Suppose

be a quaternion matrix, where M; € R™*" N, € R™*™ = 0,1,2,3, and let

My —M, —M, —M; Ny =N, —N, —Nj

— | oMy My My |~ | N Ny Ny —N,

M=\ v M o |V N -N, N, N, |0 (2
My M, —M, M, Ns Ny —N, N

and the Moore-Penrose inverse of M, the Drazin inverse of N are denoted by
MT:G0+G1Z+G2]+G3]€,ND:D0+D11+D2j+D3k, (13)

respectively, where G; € R™*™ D, €¢ R™*™ ¢ =0,1,2, 3.
Moore-Penrose inverse of matrix is an attractive topic in matrix theory and

have extensively been investigated by many authors (see, e.g., [1]-[11]). Drazin
inverse is also one of the important types of generalized inverses of matrices,
and have well been examined in the literatures, (see, e.g., [1]-[2], [13]-[16]). For

example, Campbell and Meyer gave a basic identity on Drazin inverse of a matrix
in [1]

L. Zhang presented a characterization of the Drazin inverse of any nxn singular
matrix and proposed a method for solving the Drazin inverse and an algorithm
with detailed steps to compute the Drazin inverse in [13].

As well known, the expressions of G;, D; (i = 0,1,2,3) in MT, NP are quite
complicated if there are no restrictions (see, e.g., [3], [7]). In that case, it is
difficult to find properties of G;, D; (i = 0,1,2,3) in MT, NP. In this paper, we
derived the ranks of Gy, D; (i = 0,1,2,3) in MT, NP through a simpler method,
and then give some interesting consequences.

As a continuation of the above works, we in this paper investigate the ranks
of real matrices Gy, D;(i = 0,1,2,3) in MT and N”. In Section 2, we derive
the formulas of rank equalities of four real matrices Gy, Gy, Gy and G5 in Mt =
Go + Gii + G9j + Gsk. Moreover, we established the necessary and sufficient
conditions for MT is pure real or pure imaginary Moore-Penrose inverse. In
Section 3, the formulas of rank equalities of four real matrices Dy, D1, Dy and D3
in NP = Dy + Dyi+ Dyj + Dsk are established, and the necessary and sufficient
conditions for NP is pure real or pure imaginary Drazin inverse are presented.
Some further research topics related to this paper are also given.

2. RANK EQUALITY FOR G; (i = 0,1,2,3) IN M
We begin with the following lemmas which can be generalized to H.

Lemma 2.1. (see [0]) Let Ay, Ag, -+, Ap € H™*". Then the Moore-Penrose in-
verse of their sum satisfies
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Al Ay o A T

1 Ay Ay - Apl I,

(At Ayt oot Ay = (L Lo | 00T T
Ay Az oo Ay I,

Lemma 2.2. (see [0]) Let Ay, Ag, -+, Ap € H™ . Then the Drazin inverse of
their sum satisfies

D

Ay Ay - A I,

1 A Ay - Al I,
(A1+A2++Ak)D—E[In>In7[n] :k :1 .. k?l :
Ay Ay -+ Ay I,

Lemma 2.3. (see [7]) Let A € H™" B € H™* C € H*" and D € H** be
given. Then the rank of the Schur complement S = D—CA' B satisfies the equality

r(D—CAB) = { aahar ] _r(A). (2.1)

Lemma 2.4. (see [3]) Let A € H™", B € H™"* and C' € H>" be given, and
suppose that

R(AQ) =R (A),R[(PA)]=TR(A").
Then
PA A
T[AQ,B]—T[A,B],T’[ C ] =r [ c ] :
where P and Q) are arbitrary matrices over H.

Now we establish the main result about Moore-Penrose inverse.

Theorem 2.5. Let M, M and M*be given by (1.1), (1.2) and (1.3). Then the
ranks of G; (i = 0,1,2,3) in (1.3) can be determined by the following formulas

[ M, M, — (M, M, | —
rGo)=r| 5 )| mr @D, Gy =r| (D), (22)
[ M, M, | — [ My M | —
r(Gy) =r ]\f/‘TQ 02 —r(M), r(Gs)=r ]\A/; 03 —7’(]\/[), (2.3)
where
M,
_J\]y ! _]\% :%3 Mg —M: M [ My My Ms —M,
= _]\2 MS M ? M Mg =My My —Ms My M,
3 0 ! ~M;  M; M Ms My, —M, M,

My, =M, M,
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. %0 _]\]4”2 :%3 [ M M oMz [ My My M
M, = M1 M3 Iy 2 M M; —M; My, —Ms M,
2 0 1 * * *
_M3 _]\41 Mo |t _M2 Ml Mo | _MS M2 —M1
- %0 —]\241 :%3 [ My My M3 My M, M
M, = M1 ]\; M2 Mg —M; M My, —Ms M,
2 T3 1 * * *
N %0 _]\]4”1 _]\]4‘42 [ My My M T My My M
M; = Ml A} M3 Mg —M:  M; M, —Ms; M,
2 43 * * *
M, M, —J\% | M; My —M;p | | Ms M, —M,;
My —-M, — M, —M;
7 | M AT My A M | M
MO - M2 7M1 - —M3 7M2 MO 7M3 Ml
M3 M, — M My
and
M: [M07_M17_M27_M3]-
Proof. According to Lemma 1, we have
(Mo + Myi + Mayj + Msk)'
My Myi Msyy Msk L,
1 My My M3k Msj I,
- Z [In7 In7 In7 In] MQ] Mgk MO 47\412 -[m
M3k’ MQ] Mll MO ]m
[ My —My —My, —M; ][ I,
1 . . My, M, Ms —M, —il,,
- Z [[maljmaj[nu k[m] M2 —M3 MO ]\/[1 _j[m
L M3 M2 —M1 Mo _klm
[ Gy —G1 -Gy —Gj I,
1 4 . Gy, Gy Gs -G —il,
= Im7 Ima Im7k[m "
g ol KLl | GGy Gy Gy || =il
L Gg G2 —Gl Go _kIm
Obviously, Gy can be written as
I
| 0 ——t
Go = [1,,0,0,0] M 0 | = PM Q,
0

(2.4)
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where
I
0
P:[Im707070]7Q: 0
0
Then it follows by Lemma 2, Lemma 3, (1.4) and (2.4) we get
MMM M Q —
= . —r (M
r(Go) { PM 0} r (M)
MM M MP* —
- - — (M
O M ] )
My —M; —My, —M; My —M; —My, —M;
My, My, Ms —M, A My, M, Ms —M,
= My —Ms M, M, My —Ms M, M,
Ms My, —M;, M, Ms My, —M;, M,

[ My —M, —M, —M; |

—r (M)
0 —M, —M, —M, 0 0 0 0
0 My My =My |57| My My My —My
— 0 —My M, M, My —M; M, M,
0 M, —M, M, My M, —M, M,
[ My —M; —M, —M; ]
—r (M)

—M, —M; —Ms
My My My | | M Moo My =My

M Ms —M M, M
- My My M, M?Jwg—ﬁ Af
M2 o Ml MO 3 2 1 0

[ My —My —M, —Ms |

119

-~ (i1

which is the first equality in (2.2). The other equalities (2.2) and (2.3) can also

be derived by the similar approach.

O

If My = 0, then the result in (2.2) and (2.3) can be simplified to the following.

Corollary 2.6. Let M = Mt + Myj + Msk, and denote the Moore-Penrose

inverse of M as MT = Gy + Gqi + Goj + Gsk,

0 —M, —My, —DM;
M1 0 M3 —M2
My, —Ms 0 M, |’
Ms M, —M, O

M =
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Then
A —
r(Go) =7 [ c } +r[A, B] —T(M),
r(G1) =7 (C), r(Gz) =r(B),
AA*A AA*B B .
r(Gs)=r| CA*A CA*B 0 | —r (M) :
C 0 0
where
0 —M, —DM —M;
A= Ml 0 M3 ,B: —M2 ,C: [Mg,MQ,—Ml].
My —DM; 0 M,

Let My = M3 = 0, we get a complex matrix M= My + Myi. As a special case
of Theorem 2.1, we have the following corollary.

Corollary 2.7. Suppose that M= Mo+ M2 and M= Go+Ghi. Then the ranks
of Gy, Gy can be determined by the following formulas

~
T( 0) r|:|/[/0 (0):| r|:M(1) .2\401:|7
~
(G1> |: / Dl :| - lu(l) .]\4()1 :| 7

where

M, ~ M, .
‘/1: |:M(1) :| 7‘/1: |:M(1):|M1 [M17M0]7W:[M07_M1]'

Now we give a group of rank inequalities derived from (2.2) and (2.3).
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Corollary 2.8. Let M, M and M'be given by (1.1), (1.2) and (1.3). Then the
ranks of Go in M satisfies the rank inequalities
My —M; M
r(Go) <r| Mz My —M | +r[My,—M;,—My,—Ms]

—My My My
_M3
_‘]\42 —
+r M, | T (M), (2.5)
My
_M3
_M2 _
r(Go) > r[My, =My, =My, —Ms] +r M, |7 (M), (2.6)
My
My —Ms M, My My, Ms —M,
T’(G()) Z r M3 MO —M1 - T M2 —M3 M() M1
—-My M, M, Ms M, —M; M,
M, —M, —Ms
r Mo My =1 +7r(M). (2.7)

Proof. 1t is clearly that

*
—_

¢ (W) e (M)ST[% Vol crl M a8 aip | e (1) e (30).

M0 -My My M

My —M; M
where ]/\Z/O, ]\% and M are defined as same as Theorem 2.1.
Putting them in the first rank equality in (2.2), we obtain (2.5) and (2.6). To
show (2.7), we need the following rank equality

r(CATB)zrlé g]—r[é] v [A,B] 7 (A),

Now applying above inequality to PMTQ in (2.4), we have
—t M Q M —
r(Go):r<PM Q> Zr{ o } —r[ P } —r[M,Q] +r (M),

which is (2.7). O

Rank inequalities for the G, G5 and G5 in M can also be derived in the similar
way shown above. We omit them here for simplicity.

Using the result of Theorem 2.1 and Corollary 2.2, we give a necessary and
sufficient condition for an arbitrary quaternion matrix M to have a pure real
or pure imaginary Moore-Penrose inverse. As a special case, a necessary and
sufficient condition for an arbitrary complex matrix to have a pure real or pure
imaginary Moore-Penrose inverse is also presented.
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Theorem 2.9. Let M, M and M'be given by (1.1), (1.2) and (1.3). Then
(a) the Moore-Penrose inverse of M is a pure real matriz if and only if

T(M):r[ﬁl Ml}: :r[ﬁg Mg]’

My M,
M 0 M 0

M 0

(b) the Moore-Penrose inverse of M is a pure imaginary matriz if and only if

r{% ]\go]:r(ﬁ)

where M, ]\//Z and M; (i =0,1,2,3) are defined as Theorem 2.1.

Proof. From Theorem 2.1, the Moore-Penrose inverse of M is a pure real matrix
if and only if

r (Gl) =T (Gg) =T (G1> =0.
That is

T[J‘El ]\gl}—r(ﬁ):O,r{% A?}—r(ﬁ):O,r{% ]\043}—7“(M):0.

Thus we have part (a). By the same manner, we can get part (b) . O

Corollary 2.10. Suppose that M= My + Myt and M= Go + G1t. Then
(a) the Moore-Penrose inverse of M is a pure real matriz if and only if

. Vo Vo _ | Mo —M,
W 0 M, M,

(b) the Moore-Penrose inverse of]\//_T 18 a pure imaginary matriz if and only if

r{vl Vl}:r{MO —Ml}’

W 0 M, M,
where
—M ~ —M N
VOZ[ Mol}, 02{ Mol]MO[Ml,Mo],
and

M7 [My, My| , W = [M,y, —Mj].

=~
!
=5
=
!
=5

3. RANK EQUALITY FOR D; (i = 0,1,2,3) IN NP

In this section, we derive the formulas of rank equalities of four real matrices
Dy, D1, Dy and D5 in NP = Dy + Dyi + Dsj + Dsk. Moreover, we established
the necessary and sufficient conditions for N have a pure real or pure imaginary
Drazin inverse.
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Theorem 3.1. Let N, N and NPbe given by (1.1), (1.2) and (1.3) with IndM >
1. Then the ranks of in (1.3) can be determined by the following formulas

[ —k -k ——k—1= ]
r(o)=r | M0 NN (7). (3.1)
I NoN 0 |
[k —k k-1 ]
r(Dy) = | NNNT N (7). (3.2)
I N1N 0 |
[k —k k-1 ]
r(Dg) =7 NNNi],Y NN r (Nk> , (3.3)
I NoN 0 |
[k =k ——k—1= ]
r(Dy)=r NNN_],Y NN r (Nk) , (3.4)
| N3N 0 |
where
NO No 0 0 0
N = N2 7N0 0 —N3 N() Nl 7N0_ [N07 Nh N27 N3]7
Ng 0 N2 _Nl NO
Ng —N; —Ny —Nj
= 0 Ny 0 0 ~
Ny = Ny, —N; N N, 7N1:|:N1 No N _N2:|7
N3 Ny —N;y Ny
Ng —N; —Ny —Nj
T N1 N() N3 _N2 N
NQZ 0 —N3 0 0 7N2_[N2 _N3 NO NI]J
Ny Ny —N;i N
and
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Proof. According to Lemma 1, we have

(No 4 Nyi 4 Nyj + Nsk)”

No Ny Noj Nok 17T I,
1 Ny Ny Nk Noj I
= gt do Lo el Ny Nk Ny N || I
Nsk Noj Nii N | I
[ No N1 =Ny —N3 17 [ In
D P N, Ny Ny —N, —il,,
- Z_l [Im>ZIm7]Im> kIm] ]\]’2 —N3 NO Nl _][m
L N3 N2 —N1 No ] —k‘[m
[ Dy —D, —D, —D;s I,
R P D, Dy D3 —D, —il,,
Z[Imazjmajlmaklm] D2 _D3 DO Dl _][m
L D3 Dz —D1 D(] _k[m
Obviously, Gy can be written as
L,
_ _ __ D__
Gy = [I,,,0,0,0] N 8 = PN"Q = PN" (W) N'q,
0
I,
where P = [I,,,0,0,0] and Q = 8
0
Then it follows by Lemma 2, Lemma 3, (1.4) and (2.4) we get
B <N2k+1) N2k+1 <N2k+1> (N2k+1> NkQ et
r (Do) = —k [(——2k+1)* -r (N
PN (N ) 0
[ —=2k+1 ==k
_ N_k N Q _T<N2k+l>
| PN 0
_ | M -NQPNN - N'NePN' N'Q | (7)
_ P 0
[ ¥ @®-q@PN-NoP)N" N'q ()
_ PN 0
i Ny 0 0 0 No
-~k 0 NO N3 —N2 =k k-1 N1
S T TS A S A A AL A —r(
0 N2 —N1 NO N3
| [N07_N17_N27_N3]Nk 0

)
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which is the equality in (3.1). The equalities (3.2-3.4) can also be derived by the
similar approach.

O

Let Ny = N3 = 0, we get a complex matrix N= Ny + Nyi. As a special case of
Theorem 3.1, we have the following corollary.

Corollary 3.2. Suppose that N = No+ Nyi and Nt = Do+ Dyi. Then the ranks
of Dy, D1 can be determined by the following formulas

[ Gk UTE Tik—11 N
r(Dg) =r WAZ/M; W —T(Wk>,
VW 0

[ GokUTk Tik—17 N
oy [T Ty
VW 0
where

o NO A_ N() 0 "’_ 0 —N1
b R A RS
—~ Ny —N
= | N T | = - w2 = )

Using the result of Theorem 3.1 and Corollary 3.2, we give a necessary and
sufficient condition for an arbitrary quaternion matrix N to have a pure real
or pure imaginary Drazin inverse. As a special case, a necessary and sufficient
condition for an arbitrary square complex matrix to have a pure real or pure
imaginary Drazin inverse is also presented.

Theorem 3.3. Let N, N and NPbe given by (1.1), (1.2) and (1.3) with IndM >
1. Then
(a) the Drazin inverse of N is a pure real matriz if and only if

(_k> NN N NN N'NNT NN
r\N )=r| ~__, =7 ~
I N1 M 0 | NoN 0
. N N, NY NN
i NyN” o |’

(b) the Drazin inverse of N is a pure imaginary matriz if and only if

[ ]:r(w’“),

where N, ]/V\Z and N, (1=0,1,2,3) are defined as Theorem 3.1.

N N
0

N'N,N"
NN

Corollary 3.4. Suppose that N = Ny + Nyi and NP = Dy + Dyi. Then
(a) the Drazin inverse of N is a pure real matriz if and only if
Wk 17k k-1 __
W~YVW |/ SO - <Wk> 7
VIWk 0
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(b) the Drazin inverse of]/\\f 1 a pure imaginary matriz if and only if

USRS T

where

o No A_ N() 0 T 0 —N1
i EIRS K IR P ]
) |:N0 _Nl

N | = - = 3,
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