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ABSTRACT. In this paper we establish some general multiple Opial-type in-
equalities involving the Canavati fractional derivatives. In some cases the best
possible constants are discussed.

1. INTRODUCTION AND PRELIMINARIES

In 1960, Opial [7] proved the following inequality:
Let f € C'[0,h] be such that f(0) = f(h) =0 and f(x) >0 for x € (0,h). Then

h h
[ r@r@la<g [rera. (1)

where h/4 is the best possible.

This inequality has been generalized and extended over the last 50 years in several
directions, and used in many applications in differential equations (for more de-
tails see [1], [9]). The aim of our research is an Opial-type inequality for fractional
derivatives, which has the general form

/“b e (1]_1 D1 )p D f@) dt < C (/b wa(t) [DYF (1) dt) £ |

where wy and ws are weight functions, r = Zf\;l r; and D” f denotes the Canavati
fractional derivative of f of order 7.

First we survey some facts about the fractional integrals and derivatives needed
in this paper. For more details see the monographs [3, Chapter 1] and [3].
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By C™[a,b] we denote the space of all functions on [a,b] which have continuous
derivatives up to order n, and AC|a,b] is the space of all absolutely continuous
functions on [a, b]. By AC"[a, b] we denote the space of all functions f € C"![a, b]
with f=Y € ACIa, b).

By L,[a,b], 1 < p < oo, we denote the space of all Lebesgue measurable
functions f for which |f|P is Lebesgue integrable on [a, b], and by L.[a, b] the set
of all functions measurable and essentially bounded on [a, b]. Clearly, L.|a,b] C
L,la,b] for all p > 1.

Let z € [a,b], @« > 0, n = [a]+ 1, [] denotes the integral part of o and I is the
gamma function T'(a) = [[“e *t* 1 dt. For f € Ly[a,b] the Riemann-Liouville
fractional integrals J3, f (left-sided) and Ji* f (right-sided) of order a are defined
by

@) = s [ @0 p0 e,

« 1 ’ a—1
R f@) = g0 | =0 p0ar.
The subspaces C2, [a,b] and C¢" [a,b] of C"'[a, b] are defined by
Co [a,b] = {f € C" Ya,b]: Jrof"V) € CMa, b},

Cla,b] = {f € C" Ma,b]: Jp=f"Y € Ca, b]} .
For f € C¢ la,b] and g € C} |a,b] the Canavati fractional derivatives D,
(left-sided) and Dy ¢ (right-sided) of order a are defined by

d 1 d [*
D~ _ 7 qn—ar(n-1) _ _/ —t n—a—1 p(n—1) 1) dt
) = T ) = s [ et e,

Dy g(z) = (—1)"%Jf_ag(”1)(x) = %%/ (t —z)n ot g("’l)(t) dt .

In addition, we stipulate
DY f=f=J0F,
Dy g=g=Jig.

If « € N then D2, f = f® and D¢ g = (—1)%¢g(®), the ordinary a-order deriva-
tives.

The composition identity for the Canavati left-sided fractional derivatives comes
from [5], and will be used in all presented Opial-type inequalities. Notice that we
relaxed some conditions on parameters and a function, comparing to the analo-
gous identity given in [3].

Theorem 1.1. [5, Theorem 2.1] Let « > >0, n = [a] + 1, m = [5] + 1. Let
f € Ce la,b] be such that f@(a) =0 fori=m—1,...,n—2. Then f € C? [a,b]
and

1

Dl f(z) = m/ﬂ (x =)D f(t)dt, z € [a,b]. (1.2)
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Our goal is to give general multiple Opial-type inequalities for the Canavati
fractional derivatives. The starting point is next Opial-type inequality for the
Riemann-Liouville' left-sided fractional derivatives D%, f that comes from [0].

Theorem 1.2. [6, Theorem 4.1] Let p;, q, Bi, o, (i = 1,...N) be real numbers
such that p; > 0, p := Zi]ilpi >0,¢g>0,a>0+1>0foralli=1,...,N,
and v > max{l,q,(a— B3;)"':i=1,...,N}. Suppose f € Li[a,b] has an in-
tegrable left-sided fractional derivative DY, f € Loo[a,b] and Dg;j (a) = 0 for

j=1,...,la]+ 1. Then for any wy,wy € Cla,b] with wy > 0 and we > 0,
z . z ptq
[tz T s a < ) ([ v oo ar)
where
g \'| [ N (r=1) -
Alz) = [ —L- 7wy () 7 [P 7= dt|
0 =1 ) [/ 7 ) [ 1200 ]

G D
(t —7)4 = max{t —7,0}.

We will give two-weighted, one-weighted and non-weighted versions of this the-
orem involving the Canavati left-sided fractional derivatives. Also we will give
versions of those inequalities which include decreasing or bounded weight func-
tions.

The right-sided versions of all inequalities in this paper can be established and
proven analogously.

2. TWO-WEIGHTED CASE

First theorem is the Canavati fractional derivatives analogy of Theorem 1.2,
with relaxed conditions on the function (here the role of p; and r from Theorem
1.2 have r;p and p + q respectively).

Theorem 2.1. Let N € N, a > 5, >0, m =min{[3;] +1: i =1,...,N} and

= [a]+1. Let f € C2 [a,b] be such that f(a) =0 fori=m—1,...,n—2. Let
wy and we be continuous weight functions on |a, x] with wy > 0 and we > 0. Let
r; >0, T:Zi]\;ﬂ"i >0. Letp>0,g>0,0= ;ﬁ <1, pzzi]\iln(a—ﬁi)—ra

! Riemann-Liouville left-sided fractional derivative is defined by D, f(z) = %J;:a ().
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and let o > B+ o fori=1,...,N. Let also D¢, f € L,4a,b]. Then

/azwl(t) (ﬁ ‘Dg; (t) n_)p ’Dg+ (t)‘q dt

< ¢y </j wa(t) | D2, (t)|p+q dt)
[/ e 1l </ [wa(7)] 757 (£ = 7) T dT>Wdt} p,

=1

rp+q
p+q

hSiSY

where

¢\ = ﬂ e (22)

Proof. Let ¢ #0,0; =a—f;—1,i=1,..., N. Using composition identity (1.2),
the triangle inequality and Hélder’s inequality for 1= and L, for ¢ € [a, ] follows

D f ()]

1 ' o o ;
< T ) e ) (=)

< s ([ = e-nar) ([ ool o)

Now we have

Dg+ (7')| dr

Tip

/m w0 [T1D2 SO 1Dg o) de

1 r S [wa ()] [ Dy !
< firo e [ ) luato) ™ a0 102, £10)
: (/t wa(r) | D2, f(7)|5 dT)Mpﬁ (/t wa(7)] 5% (f — 7)1 dT) o

(2.3)
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Applying Holder’s inequality for Uip, qu and simple integration, we get

Tip

J0) V(A
=1 1
<

[T (F(5+ 1))

g, f(0)dt

~
I
LI

. / Cwa(t) 103, (1) ( / () D5 S dT) ' dt] )

lj_vl [T(6; + 1) (Tpi q)”g (/; ws(t) | D, (t)|% dt) o(rp+q)

which gives us inequality (2.1).
Ilfg=0(c= %), then inequality (2.3) has the form

0Ny (AN

Pt
: m o fEdr)
) ﬁl (8 + 1) (/ weln) e i )
/j w (t)ilN_[1 </: [wo(7)] T (t — )75 dT) o dt,

from which we get inequality (2.1) for ¢ = 0.

=

Next results complement Theorem 2.1. To obtain inequality (2.5) we need a

monotonicity of w; and ws.
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Theorem 2.2. Suppose that the assumptions of Theorem 2.1 hold. Suppose also
that wy is an increasing and wy is a decreasing functions. Then
rptaq

/aw wi (1) (ﬁ ‘Df;r (t))m)p |D3+ (t)‘q dt

< @umwhm@wﬁwﬂwx—@”“”(/Zw@nDa<wP”“) |
(2.5)

where
Cy 0P (1 — o)1=

N 1
(p+ o) I1 (0= = o)
i=1

Cy = (2.6)

and Cy is defined by (2.2).

Proof. We start the proof with obtained inequality (2.1) form Theorem 2.1. By
monotonicity of w; and ws follows

N (1—0o)r; op

[ e o T [ s @ oear) 7

i=1

A=o)r; op

w () [wa ()] 7P+ / ﬂl( / () dT) 7

IN

1 — g)d—o)rp op
= wi(a) )] ) ) = e (7
. o)°
(6; +1 — g)(l—t’)np P
i=1
Inequality (2.5) now follows from (2.4) and (2.7).
For ¢ = 0, we proceed the same as in the proof of Theorem 2.1. O

For the next theorem we suppose that weight functions are bounded.

Theorem 2.3. Suppose that the assumptions of Theorem 2.1 hold. Suppose also
wi(t) < B and A < wy(t) fort € [a,z]. Then
rptq

ZfUH@>(finﬁj@”m>PwD&@”qﬁ

< CyBATUPH) (g — )Pt ( / ws(t) [ D, <t>\p+th> @8

where Cy is defined by (2.6).

Proof. The proof of (2.8) is the same as the one for (2.5), except one change:
instead of inequalities w (t) < wy(x), we(t) > wa(x) we use wy(t) < B, wy(t) > A
respectively. O
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With extra parameters s1, so and s3 we can extract expressions containing just
weight functions to get inequality (2.9).

Theorem 2.4. Suppose that the assumptions of Theorem 2.1 hold. Suppose also
that s, > 1 andijt L =1 fork=1,2,3. Then

_/:
Sk

/avrrwl(t> (ﬁ ‘ijr (t>‘7’i>p |D3+ (t)‘th

< Oy P(e) Q) R(x) (o — @) ( [ty Dz s dt) "

(2.9)
where
o Ci(l—0) " (o) -
N (—o)r;p [ N EPYE)
H [sl(a—ﬂi—l)—i-l—a] S1 |: [Sl(a—ﬁi—1)—|—1—O’}7‘7;8253+0'81
i=1 =1
and
= (1—7)rp
P(z) = (/ s (1)) 75 dt> P
Q) = ([ o1 ar) * 2.10)

R(z) = ( / " s (b)) o2 dt) =3

Proof. We start the proof with obtained inequality (2.1) form Theorem 2.1. By
Holder’s inequality we have

8

[ )= (6= ar

t o é t S, i
< ([ mre=san) ([ e-nisear)

r g ¢ 1_0. i i _;'_L
< 1-0°1 - @ — 1—0 " 51 |
< ([wnreetan)t (55 e

Now follows

«
=

[ ([ e - d)w

. N R SRR
< (/ [ (7)] T dT) 1 (t—a) o= .
a

(1—=0)r;

(51'81 +1-— O') 751

—=

7

I
—
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N
Let e = > (0;81 + 1 — o)r;. Applying Holder’s inequalities we get
i=1
x L N t 5 (1—;’)%‘ ap
[ 0 a1 L ([ ot - nfar)
“ i=1 \Ja
(1 )(1 a)rp . op
— 0' Sl i
< Pl | [ O 0] - 07
H((SiSlel—O') 51 a

VAN
=
)
S—

—
|
2
q
e
S
VR
Q\&
g
2
QL
~
~~_
X

A
o,
=
2
=

(1-o)rp op

1 J— O' S1 O'S S2S3 2 op
B P(x) Q(-T) R(iﬂ) ( ) (A—o)rip (8825 —i 081> (x N a) 31+S233 '
H((Sisl—i-l—()') 51 3

=

i=1
(2.11)
Inequality (2.9) now follows from (2.4) and (2.11).
For ¢ = 0, we proceed the same as in the proof of Theorem 2.1. O

If we choose a convenient parameter sz, then we get next corollary.
Corollary 2.5. Suppose that the assumptions of Theorem 2./ hold. Suppose also

that S3 = #(81170)82 > 1. Then

/ (H‘Df;f ’) D2, f(t)|" dt

~ ~ o (1=0)(rp+a) z Pta
< Gy P) Q) (x — )" (/ wy(t) [ D2, <t>|””‘”) |

where @ is defined by (2.10) and

(A—a)rp , op_g(l—0)
~ Ci(l—o) =1 ops; —q(l —o)s2 28]
“= A= | (psz +o)psy — (1 —0)(rp+ q)s2 ’
[(a=Bi —1)s1 +1— 0]

=

i=1
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(1*0)(,7‘1”—"#41)

P() = (/ wa(t)~ T dt) o

3. ONE-WEIGHTED CASE
First result is a direct consequence of Theorem 2.1.

Theorem 3.1. Let N € N, a > 5, >0, m =min{[3] +1:i=1,...,N} and

n=[a]+1. Let f € C2 [a,b] be such that fD(a) =0 fori=m—1,...,n—2. Let
w be continuous positive weight function on [a,x]. Let r; >0, 7 = Y0 r; > 0.

Letp >0, q>0, a:p%q <1, pzzi]ilri(a—ﬁi)—ra and let o > B; + o for
i=1,...,N. Let also D _f € Lyy4[a,b]. Then

[ (ﬂ )fo:f(t)\”)p D2, £ dt

rp+q

z p+q
< ¢ ( / w(t) | D2, (t)|”+th)
‘ (1—o)r; op

1/ xw(tﬁ ([ W)= a-nar) " |

where C is defined by (2.2) .

If we have a decreasing weight function, then we need the assumption r > 1.

Theorem 3.2. Suppose that the assumptions of Theorem 3.1 hold. Suppose also
that r > 1 and w s a decreasing function. Then

pr+q

< Colw(@)] P (@ — a) PP ( / xw(t)}D2‘+ (t)|p+th) B

where Cy is defined by (2.6) .

Proof. Let ¢ #0,6; =a—p; —1,i=1,...,N. Since w is decreasing, then

1< {w(ﬂr’ r<t. (3.2)
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Using composition identity (1.2), the triangle inequality and Holder’s inequality
for £ and %, for ¢ € [a,z] follows

[[sor < ][ | [ ¢

e

rip

IA
=
=
-

bl
=

[ =7 oy 105, o) ]

w(t] " (1= )0

N
[T[T(6 +1)(6; + 1 — o))"

N t . orp
S § GG TEE

Therefore

sz

DS, ()] di

[ Hmff;f

ﬂ 1-0 \'"7 1
bi+l—0 ' +1)

=1

[ P Dz ) ¢ - (34

([ psmitar) a

N
Applying Holder’s inequality for Uip and Uiq with pp = > (6; +1—0)r;p, we obtain
i=1

/a w®)]' DS, F@) (¢ - a)” ( / w(r) (D, () df) "

< (/:(t—a)gdt>ap

rip

() ([ worpzsor dt)g(w). (35)

The inequality (3.1) now follows from (3.3) and (3.5).
For ¢ = 0, we proceed the same as in the proof of Theorem 2.1. O
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If r = 1 then we have Alzer’s inequality [2, Theorem 1] for the Canavati left-
sided fractional derivatives:

Corollary 3.3. Suppose that the assumptions of Theorem 3.2 hold and let r = 1.

Then
. N
/ w(?) (H‘Df; ‘ ) |D 1 dt
a =1
S 52 (x _ a>i§1 T‘i(a*ﬂi)p /:ﬂ w(t) ’D3+ <t>‘P+q dt,
where
) N —op - I—o 1 Tip
oo e n] T|(5%) "ratm]

For the next theorem we suppose that weight function is bounded.

Theorem 3.4. Suppose that the assumptions of Theorem 3.1 hold. Suppose also
that r > 1 and A < w(t) < B fort € [a,z|. Then

/ (H’Df;f ‘) | D2, f(t)|" at
< a(2) oo ([ Cu|ps, <t>\””dt)p’$qq, (36

where Cy is given by (2.6).

Proof. The proof of (3.6) is the same as the one for (3.1), except two changes.
Instead of inequality (3.2) we use 1 < (w(7)/A)?. Moreover, in (3.4) we apply
the inequality w(t) = [w(t)]” [w(¢)]”? < B [w(t)]”?. These two changes lead to
the inequality (3.6). O

4. NON-WEIGHTED CASE

The last result is a non-weighted case of previous theorems. Here we also give
a case with a best possible solution.

Proposition 4.1. Let N e N, a> 3, >0, m=min{[5] +1:i=1,...,N} and

= [a]+1. Let f € C2, [a,b] be such that f)(a) =0 fori=m—1,...,n—2. Let
TiZO,T:Zi]ilTi>O. Letp>0,q20,0:ﬁ<1,pzzi]\ilri(a—ﬁi)—ra
and let o > B+ o fori=1,...,N. Let also D¢ _f € L,y4[a,b]. Then

/(H‘Df;f ‘)\D ()" dt

z pta
< Cy(x—a)Ptor ( / |De f(1)]"™ dt) : (4.1)
where Cy is defined by (2.6).
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Inequality (4.1) is sharp if and only if « = B;+1,i=1,...,N and q=1. The
equality in this case is attained for a function f such that DS, f(t) =1, t € [a, z].

Proof. Let ¢ #0,0; =a—p;—1,i=1,...,N. As in the proof of Theorem 2.1,
using composition identity (1.2), the triangle inequality and Holder’s inequality
for = and X, for ¢ € [a, z] follows

N
[I 1Dz r()
i=1

Tip

1 N ¢ 7 o
e +1>]”PH (Lo dT) ([ d)] (42)
(1 —o)tr (- a) S Git1=o)rip e e arp.

E T (/ D3, £(7)] d)

=1

IA

Now we have

/ xﬁ\Df@ (0

rip

DS, () dt

(1—g)t-ore

< N
H[(5+1M5+1—aﬂﬂrm

=1

arp
/)t—a zﬂ+1NW</|D ydﬁ D2, f ()7 dt

By Holder’s inequality for - and . and a simple integration inequality (4.1)

follows.
For ¢ = 0, we proceed as in the proof of Theorem 2.1.

Using the equality condition in Holder’s inequality we have equality in (4.2) if
and only if | D¢, (r)|7 = )\(t—T)l%, i=1,...,N, which implies (since DZ, f(7)
depends only on 7) that §; = 0, that is « = 8; + 1 for i = 1,..., N. Due to
homogeneous property of inequality (4.1) we can take DY, f(7) = 1, which gives
Dfif(r) =D Y1) =7—a,i=1,...,N. Substituting this in equality (4.1) for
the left side we get

x - rp+1
/ Q)" dt = / (t—a)”dt:%.
a rp

For the right side, with p = r — ro, follows

pr+q

z p+q op 494
Cy (z — a)PtoP (/ dt) =1 g 4 (z —a)?.

r—ro+ o) (rp+ q)7¢
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Hence,
1 qﬁ
P+l [r(p+g) —r+ 1] (rp+g)rie
which is equivalent with
[r(p+q) —r+ 1 [rp+q)" = ¢"(rp + 1)P. (4.3)

For ¢ = 1 equality (4.3) obviously holds. For ¢ = 0 equality (4.3) implies r = 0,
which gives trivial identity in (4.1). By simple rearrangements equation (4.3)

becomes ) .
1 1—
147t 1+rP=—2 ) =, (4.4)
rp+1 qrp+1
2P
For p = ¢ the left-hand side of equation (4.4) is equal to |1 — (rfp%) } , which

is strictly less then 1, except in trivial cases. For 0 < p < ¢, ¢ # 1, r > 0, using
the Bernoulli inequality, we have

b
—1 |« 1— —1 1—
{l-l—rq }q{l—l—rl—j q]<{1+7"8q }{1—!—7‘]—9 q}’
rp+1 grp+1 qrp+1 grp+1

which is obviously strictly less then 1. For 0 < ¢ < p, ¢ # 1, r > 0, using the
Bernoulli inequality, we have

P
—1 1— q —1 1—
[1+rq }[1—%7“2 q]q<[1—l—rq }{l—l—r q})
rp+1 qrp+1 rp+1 rp+1

which is again obviously strictly less then 1. Tt follows that (4.3) holds if and
only if ¢ = 1. O

Remark 42. Let N=1,a=1,6,=0,rm=r=1,p=q=1,a=0and x = h.
Then inequality (4.1) becomes Beesack’s inequality []

[irerona<g e a (4.5

He proved that inequality (4.5) is valid for any function f absolutely continuous
on [0, h| satisfying single boundary condition f(0) = 0.

In order to get classical Opial’s inequality (1.1) we need right-sided version of
inequality (4.1) for N=1,rp=r=1landp=¢=1:

[ D @Dg slde < -2 [DgswPd (40

satisfying f(b) = 0. Observe the inequality

a+b

) b
| D snps sldes [ DR sw] g ) d

a 2

< G (b;a) </a;b D2, (1)) dt+/ab+b D f(1)] dt). (4.7)

2
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If we put « =1, f; =0, a =0 and b = h, then inequality (4.7) becomes Opial’s
inequality (1.1) (having boundary conditions f(0) = f(h) = 0).
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