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ABSTRACT. Positive definiteness, reproducing kernel Hilbert spaces, integral
operators and Mercer’s theorem in its various formats are common topics in
many branches of mathematics. In this paper we review and upgrade upon
some recent results that always involve at least two of them and indicate a few
directions in which additional research could be carried out.

1. INTRODUCTION

This paper is mainly concerned with a few concepts with we immediately recall.
Let X be a non-empty set and K a positive definite kernel on X, that is, a function
K : X x X — C satisfying the inequality

Z C_iCjK(.I‘Z‘, (L’j) > 0,

ij=1
whenever n > 1, {x1,2z9,...,x,} is a subset of X and {c;,¢o,...,¢,} is a subset
of C. For x € X, let us write K* to denote the function y € X — K(y,z) € C.
The unique Hilbert space Hy defined by the properties
-K*eHg, v e X;
- the linear span of {K*: x € X} is dense in H;
- the inner product (-, )k of Hy satisfies f(z) = (f, K")k, z € X, f € Hk,
is called the reproducing kernel Hilbert space (RKHS) associated to K. The
equality above is usually referred to as the reproducing property and usually plays
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POSITIVE DEFINITENESS AND RKHS 65

a significant role in most problems where RKHSs enter. For instance, they enter
in the solution of many problems in Approximation Theory, Learning Theory,
Functional Analysis and many other areas as one can ratify in the references
[1, 9, 11, 26, 27, 28, 29]. If we assume X is endowed with a convenient measure
v and the integral operator K : L*(X,v) — L*(X,v) given by the formula

K(f)(x) = /X K(e.p)f(y) dvly), fel’(X,v), zeX,

is well defined then it is quite frequent to find results dealing with the analysis
of many questions related to K and K in connection with the space Hy. We
mention Saitoh’s book [20] for theoretical aspects of reproducing kernel Hilbert
spaces and the papers [0, 31, 33] for applications. Other references included there
increment the list of sources for the exigent reader.

One of our intentions in writing this paper is then to describe some of the
problems we alluded to in the previous paragraph, but putting them in a slightly
more general setting not considered before. A second intention is to justify prop-
erly all the results announced in [12]. These two goals will be achieved in Sections
1-5. Subsequently, after restricting ourselves to the case in which X is an open
subset of Euclidean space, we consider some results involving the differentiability
of positive definite kernels. In the cases in which a certain degree of smooth-
ness is guaranteed, we tackle on Mercer’s representation for certain derivatives
of the kernels. This topic is of interest in the search for improved decay rates for
eigenvalues and singular values of integral operators, when an additional assump-
tion on certain derivatives of the generating kernel is to be used. These results
and some circumstances where they were used before are described in Section 6.
There we also consider the search for reproducing like formulas for derivatives of
functions in the associated RKHS. Finally, still considering X as a subset of an
Euclidean space, Section 7 is devoted to the description of some results involving
both positive definite kernels and the usual Fourier transform in Euclidean space,
a topic not fully studied yet.

Despite being a bit disconnected, the paper is intended to serve as motivation
for future research related to the different topics covered here or elsewhere.

2. EMBEDDING THE RKHS IN OTHER SPACES

A good starting point for what we intend to cover in this section is reference
[31]. There, some interesting properties involving Hy and spectral properties of
IC related to Mercer’s theorem were obtained in the case in which X is a metric
space endowed with a strictly positive measure v and having a compactness struc-
ture of the following type: X = U2, X,,, where each X,, is a compact set of finite
measure, X,, C X,11, n = 1,2,..., and every compact subset of X is a subset
of some X,,. Assuming a technical assumption on the operator IC, a more gen-
eral version of the classical Mercer’s theorem was established. Among properties
related to H, it can be found proved there a intimate connection between the
inner product of Hx and the inner product of L?(X,v), which allows one to see
Hr as a subspace of L*(X,v). This study continued in [33], now assuming that
X was just a metric space endowed with a probability measure v. A particular
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result obtained in this setting was the compactness of the inclusion of Hg into
spaces of continuous functions, under two basic assumptions: compactness of X
and continuity of K. The proofs of these results used the metric or compactness
assumptions on the space in a decisive manner.

Here, we tackle some of these very same issues when the space X has neither
a metric nor a compactness structure. Precisely, we will consider cases in which
X is a topological space endowed with a (complete) Borel measure on X. Thus,
throughout this section and the other two to come, X and v are as above and
the kernel K is positive definite on X, carrying no additional assumptions.

As continuity of K is not assumed, we begin with a little discussion about it.
Usually, the continuity of K is closely related to the continuity of the so-called
feature map n : X — Hy given by

n(x)=K* zelX.
Since
In(@)lli = K(2,2) = r(z), z€X,
7 is uniformly bounded if and only if x is bounded. Also, the equality
In(2) =n()ll = (K* = KY, K* = K*) i = r(z) = K(2,y) — K(y,2) +£(y), (2.1)
along with the inequality

K (z,y) — K(u,v)] = [(n(x),n(y))x — n(w),n(v) x|
< |(n(x) = n(u), n(y) x| + [{n(u), n(y) —n(v)) x|,

for all z,y,u,v € X, imply an equivalence between the continuity of K and that
of n, as we will detail in the next lemma. We write C'(X) to denote the set of all
complex continuous functions on X.

Lemma 2.1. The kernel K is continuous if and only if n is so. In particular, if
K is continuous then Hyx C C(X).

Proof. Suppose that the function K is continuous. Let A be an open set in Hg
and g = n(x) € A, for some x € X. Pick, as we can, an € > 0 such that the ball in
Hx of radius v/3e centered in n(z) is a subset of A and also an open set O C X
for which z € O and

|K(z,2) — K(y,2)| <€, y,z€O.
It follows that
K (y,y) = K(y, 0)] < [K(y,y) — K(z,2)| + |K(z,2) — K(y,2)| <2 y€O.
Hence, by using the comments preceding the lemma, we can see that
In(z) = nW)lli < 1K(2,2) = K(z,y)| + |K(y,y) = K(y,2)| < 3¢, ye€O.

This clearly means that 7(O) C A and 7 is continuous. For the converse, we use
the equality

K(z,y) = ) n(*)g, ©yeX.
If f € Hg then f(-) = (f,n(-))x and a similar calculation leads to the continuity
of f. 0
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The proof of the next result is very close to that in the metric case that appeared
in [33] and uses a general version of Arzela—Ascoli’s theorem ([23, p. 290]).

Lemma 2.2. If X is also compact and Hausdorff then the continuity of K implies
the compactness of the inclusion map i : Hx < C(X). The converse is also true.

Proof. If K is continuous then it is bounded and there exists M > 0 such that

[f(@)] = (f, K%k < VE(@,2)|| flle < M| fllx, zeX, feHx
It follows that the inclusion map is bounded. Since Hx C C(X) and

[f(x) = f@)IP = [{f. K = K"k < [ fIKIE" = KV, wyeX, feMg

Equation (2.1) may be used to see that every bounded set of H  is equi-continuous
([23, p. 276]). Now Arzela—Ascoli’s theorem guarantees the compacity of the
inclusion map (see also Theorem 4.6 in [23, p. 283]). To the converse, if i is
compact, B is the unitary closed ball in Hx and x,y € X, then

sup [(f, K* — K¥)g| = sup | f(z) = f(y)| = K" = K?|[x = [[n(z) = n(y)| x-
feB feB

It follows from Arzela—Ascoli’s theorem that B is equi-continuous and hence 7 is
continuous. Lemma 2.1 may be used to ensure that K is also continuous. OJ

Lemma 2.3 below is essentially proved in [20, p.36]. It reveals that convergence
in the topology of H  is not too far from uniform convergence on compact subsets
of X. The result follows from the inequality

[ ful@) = F@)] = [{fa = £ K k| <o = fller(@)'?, @€ X,
a direct consequence of the reproducing property and the Cauchy—Schwarz in-
equality.

Lemma 2.3. If {f.} converges to f in the topology of Hx then the convergence
is actually uniform on any subset A of X in which k is bounded.

Next, we detail how one can embed Hy into C'(X) under weaker assumptions.
Additional structure on X is needed.

Theorem 2.4. If X is either a first countable or a locally compact topological
space, every function K% is continuous and the restriction of k to every compact
subset of X is bounded then Hy is a subset of C'(X).

Proof. We will show that if {fn} converges to f in the topology of Hy and every
fn is of the form f, = > 7", ;K% ¢; € C, x; € X, then f is continuous. Let A
be a compact subset of X. If x is bounded in A, Lemma 2.3 implies that f, is
uniformly convergent to f in A. If X is first countable we use Theorem 1.1 in [23]
to obtain the continuity of f. If X is locally compact, the same conclusion can
be reached with the help of Theorem 10.6 in [23]. O

Clearly, the continuity of K is an ideal replacement for the two assumptions
involving K mentioned in the statement of the theorem.

In Learning Theory, the continuity and compactness of the inclusion map i :
Hy — C(X) are used to prove the existence of the so-called uniform covering
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numbers ([33]). Such properties of i are always guaranteed when the space X is
metric.
Next, we embed Hy into L*(X,v).

Proposition 2.5. Assume every function in Hx is v-measurable. If k belongs to
LY(X,v) then Hy C L*(X,v). In that case, the inclusion map i : Hx — L*(X,v)
has norm at most |\/<;|H/2.

Proof. Tt suffices to see that

£l < sl f € Hec
O]

Since the measure v is a Borel (complete) measure, the measurability assump-
tion in the previous proposition can be dropped whenever Hy C C(X). In par-
ticular, that is the case when K is continuous. Also, if k belongs to L'(X,v) then
the well known inequality

K (2, y)I* < k(@)rly), .y €X,

implies that K® belogs to L*(X,v).
Another important issue is to describe conditions under which H g contains a
copy of the range of KC. Proposition 2.6 gives an answer to that.

Proposition 2.6. Assume every function in Hg is v-measurable. If k belongs to
LY (X, v) then the range of K is a subset of Hy. In that case,

(K(f), 9k = {f,9)2, g€ Hk, [fe€LXX,v).

Proof. Let f € L*(X,v) and consider the linear functional ¢; : Hx — C given
by ¥¢(g) = (g, f)2, g € Hr. Applying the Cauchy—Schwarz inequality, we deduce
that

1/2
e < Ifl2llslh gl g € Hac,
that is, ¥y is bounded. The Riesz representation theorem implies the existence of
h € Hy such that

Vi(g) =9, fl2a= (9, M)k, g€ Hx.

In particular,
hz) = (h, K%)= (f, K")2 = K(f)(z), =X,

and, consequently, K(f) € Hg. The equality in the statement of the proposition
is implicit in the arguments above. 0

Versions of the above results that hold in a metric setting can be found in [31,

]. We advise that the assumptions used there are stronger than ours. Finally, we
observe that in many particular settings, a relevant problem that requires further
analysis is that of finding reasonable conditions in order to embed Hy in spaces
of smooth functions, whenever the generating kernel K carries a smoothness
assumption. Here, the smoothness in Hx and that of K need to agree somehow.
We will discuss some of that ahead.
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3. RESULTS ALONG MERCER’S THEOREM

We now change direction and describe results related to series representations
for K, KC and the square root K2 of K when K is at least positive definite. We
will assume X is a topological space endowed with a strictly positive measure v,
that is, a (complete) Borel measure on X for which two properties hold: every
open nonempty subset of X has positive measure and every x € X belongs to
an open subset of X having finite measure. The need for the assumptions above
on X and v arise in technical arguments (see also [15] for more details). Some
assumptions on K will be added in each instance. In a certain sense, the results
to be presented here can be seen as applications, extensions and generalizations
of others proved in [14, 15, 31, 33].

An interesting situation occurs when the kernel K is L?(X, v)-positive definite,
that is, when K is bounded and

(K(f), f)2>0, felLl*(X,v).
In that case, if the function z € X — K* € L?(X,v) is continuous, the formula
K(f)(x) = (f,K7)s, fel’(X,v), z€X,

shows at once that the range of K is a subset of C'(X). If the compactness of K is
assured then a quite general version of Mercer’s theorem along the lines of those
proved in [13, 15, 31] holds for K. Precisely, one can deduce that K is self-adjoint
and possesses a L?(X, v)-convergent spectral representation in the form

ZA ){(f, bn)adn, [ € L*(X,v),

in which {¢,} is an orthonormal subset of L?(X,v) and {\,(K)} decreases to 0.
Also, since every function in the sequence {\,(K)¢,} is continuous then one can
show that K has a series representation in the form

=D AK)du(@)dnly), w,y € X, (3.1)

Further, the convergence in both series is absolute and uniform on compact sub-
sets. More details on these facts are to be found in [14, 15].

The comments above suggest the following definition. A continuous kernel K
on X will be termed a Mercer’s kernel when it possesses a series representation of
the form (3.1) in which {¢,} is an L?*(X, v)-orthonormal sequence of continuous
functions on X, {A,(K)} decreases to 0 and the series converges uniformly on
compact subsets of X x X. We will assume the representation (3.1) of a Mercer’s
kernel is such that A\, (K)¢, # 0 for all n and advise the reader that the results to
come can be adapted to hold in the case when the series above becomes a finite
sum. A Mercer’s kernel is necessarily L?(X, v)-positive definite. In particular, it
is also positive definite in the usual sense. In addition, by using Lemma 2.1, it
is promptly seen that the operator K has all the properties mentioned in the
previous paragraph.
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The actual verification that a continuous and positive definite kernel is a Mer-
cer’s kernel is not an easy task and it does not become easier, even when X is
either locally compact or possesses the compactness structure adopted in [31].
An ideal general setting for that to happen is described in the first result in this
section.

Theorem 3.1. Let K be continuous and L*(X,v)-positive definite on X. If k
belongs to LY(X,v) then K is a Mercer’s kernel.

Proof. Assume k € L'(X,v). Since K is positive definite in the usual sense then

[ 1K@l <)) < ( / n(x)du<x>)2<oo,

that is, K € L*(X x X,v x v). In particular, K is compact and self-adjoint.
Invoking Lemma 2.1 and Proposition 2.6, we deduce that the range of I is a
subset of C'(X). As so, the usual spectral theorem for compact and self-adjoint
operators on Hilbert spaces informs us that K has an L?*(X,v)-convergent series
representation in the form

ZA )(f, Gn)obn, [ € LA(X,v), (3.2)

where {\,(K)} decreases to 0 and {¢,} is L*(X, v)-orthonormal. In addition, we
can assume that each ¢, is continuous. The rest of the proof follows well-known
arguments which we reproduce for the convenience of the reader. For each p > 1,
the formula

K,(z,y) = ) = M(K)on(@)n(y), =,y € X,

p
n=

—

defines a continuous element of L*(X x X,v x v). Standard computations show
that it is positive definite. As so, K,(x,x) > 0, x € X, that is,

Z/\ Now(@)? < K(z,2), ze€X.

On the other hand, the 1nequahty

2 Pt

< M(K)sup K(y, y) ZI fion)al’, zEY,

yey

p+q

ZA ){(fs bu)2tbn(2)

holds whenever Y C X and ¢,p > 1. As so, the convergence of the series in (3.2)
is uniform on those subsets of X on which & is bounded. The inequality

p+q
<KZZZ)\ Non(@)?, x,2€ X, p,qg>1,

pt+q

2 ()6 ()6:2)

holds due to the Cauchy-Schwarz 1nequahty while the continuity of K guarantees
that every y € X has an open neighborhood O, C X for which

k(z) <k(y)+1, z€0,.
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Thus, if = is held fixed, the Cauchy criterion for convergence implies the uniform
convergence of the series Y 2 | A, (K)¢n(x)¢n(2) on Oy, to a function G* : X —
C. That means that G* € C'(X). Hence,

| cswa ZA J(F, én)abn(a) = K(N)(@), | € IA(X,v), @€ X,
that is,

/X G(y) — K(a,9)] f(y) du(y) =0, feI(X.0), zeX.

The basic assumptions on X and v enter in the deduction of

Y MK)gn(@)dnly) = K(z,y), @y € X,

while a help of Dini’s theorem leads to
Z)\ |¢n —K(I,ZL‘), ZEGX,

with uniform and absolute convergence on compact subsets of X. Finally, by
applying the Cauchy criterion for uniform convergence and the Cauchy—Schwarz
inequality we obtain the uniform and absolute convergence of the series (3.4) on
compact subsets of X x X. O

Since Theorem 3.1 does not use either compactness or a metric structure on X,
we like to think it is a significant improvement to many other similar results found
in the literature (see [3, 12, 14, 15, 18, 22, 24, 31] for example). It also produces
other relevant consequences in all the areas surrounding the theory of integral
operators generated by positive definite kernels. For instance, a simple application
of the monotone convergence theorem reveals that ||s[;y = >~ A\,(K). Such
equality reduces itself to what is called the basic decay rate for the sequence of
eigenvalues of K, since it implies \,(K) = o(n™!) as n — oo ([16, 17]). Better
decay rates can be reached when we restrict the setting and add smoothness
assumptions on K. As a matter of fact this is an interesting area of research that
has not found its end yet. Some recent results related to such problem can be
found in [3, 8, 14, 15, 17] and many others quoted there. There are plenty of
questions still to be analyzed along these lines.

Moving on, we now discuss a method to construct an orthonormal basis for the
Hilbert space Hx when K is a Mercer’s kernel.

Theorem 3.2. Let K be a continuous and L?(X, v)-positive definite kernel on X .
Assume that k belongs to L'(X,v). With the notation in (3.1), an orthonormal

basis to Hy is the set {\/)\n(IC)qbn n=12,.. }

Proof. The operator K is representable as described in the beginning of the sec-
tion. As so,

K(¢n) :/\RUC)QS“, n=12...,
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and, consequently, each ¢, belongs to Hx N L*(X,v). If x belongs to L'(X,v),
Proposition 2.6 can be used in the deduction of

<>\W(IC)¢N7 ¢m>K = <’C(¢n)a ¢m>K = <¢nv ¢m>2 = 5m7n'

Consequently, {\,(K)%¢, : n = 1,2,...} is an orthonormal subset of Hy. To
complete the proof, first we use the reproducing property ¢,(x) = (¢,, K*)g,
r € X, to see that

K= K(22) = 3 ()00 60 = S (K" )M (K)6ns 7 € X.
Now, if f € Hy satisﬁne:;( Fda) =0, m = 71:12 . then
() = <f, S (K 6} An<ic>¢n> =S b K)on() =0, w e X
Therefore, {;:(IIC)W% n=1,2,.. .}Kis afs:ola basis of Hx-. O

To finalize the section, we will use the previous theorem to characterize Hy
as a special separable subspace of L*(X,v). Before that, we need to list some
information regarding the square root of the integral operator generated by a
Mercer’s kernel.

If K is a Mercer’s kernel, basic functional analysis reveals that IC has a unique
positive square root K'/2 : L?(X,v) — L*(X,v) satisfying K2(¢,) = A\, (K) 2y,
n =1, 2,.... It can also be shown that

K2 (1)) = D Al 2(f, dn)atn(a),  f e LP(X,v), z€X,

(with uniform convergence on compact subsets of X) and that the range of X'/2
contains continuous functions only (the proof is similar to that in the metric case

described in [15]).

For a subset B of L*(X,v), we will write B to denote the closure of B in
L?(X,v) while B+ will denote the orthogonal complement of B in that space. In
addition, we will write [B] to denote the linear span of B.

Theorem 3.3. Let K be a continuous and L*(X,v)-positive definite kernel on
X. If K belongs to L*(X,v) then K'/? settles an isometric isomorphism between

[K*: z e X] and Hk.

Proof. Assume r belongs to L'(X,v). Since K is a Mercer’s kernel, consider the

set {¢, : n = 1,2,...} from the representation (3.1) once again. Since [{K?* :

x € X}| C [{én}], the inclusion [{K?: xz € X}| C [{¢n}] follows at once. An

immediate consequence is the inclusion ml C{K*:zeX }]l Going the

other way around, if f € L?(X,v) is orthogonal to [{K* : x € X}] then
K(N)) = {f,K*)2 =0, zelX,

that is, IC(f) = 0. Proposition 2.5 implies that

(fibn)o = (K(f),n)e =0, n=12....
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Due to the orthonormality of {¢,} in L*(X,v), we deduce that (f,g)» = 0,

whenever g € [{¢,}]. It is now clear that [{gf)n}]L DH{K*: z € X}]L. To complete
the proof, first observe that if g € H, then

g—zﬁnn )26, = KV2(f),

with f =", B.¢, € [{K*: € X}]. Finally, the equality

K2 (f Zann ) Pn,  f= Zamn {K": 2z e X}

and an application of Parseval’s identity leads to ||[KCY2(f)[|% = S°°0, |an|* =
| f]|3. The proof is complete. 0

The following complement of the previous theorem refines Proposition 2.5.

Theorem 3.4. Let K be a continuous and L*(X,v)-positive definite kernel on
X. If k belongs to L*(X,v) then the inclusion map i : Hx — L*(X,v) has norm
at most A\ (KC)Y/2.

Proof. With the same notation used in Theorem 3.3, let f be of the form

f - iaszL - i (An(lc)l/Q iaqun(xz)) An(lc)l/%bn?
=1 n=1 =1

in which {¢,, : n = 1,2,...} comes from Mercer’s representation (3.1). If x belongs
to L'(X,v), then f € Hx N L*(X,v) and Bessel’s inequality implies that

00 m 2
A3 =D A~ it ()| An(K) < MK
n=1 i=1

To conclude the proof it suffices to observe that [K* : x € X] is both, a subset
of L*(X,v) N‘Hg and dense in Hy. O

The results in this section contain a certain degree of generality we believe is
not transposable. But that should deserve a solid reasoning which we don’t have
at this moment. A possible line of investigation is to move out one of the primary
assumptions and to analyze what can be done in order to maintain the outcomes
in the previous results. In the next section, we do such an analysis by dropping
the integrability of .

4. MERCER’S THEORY WITHOUT INTEGRABILITY OF K

As we have seen, if K is continuous and L?(X,v)-positive definite, then the
integrability of x implies the square integrability of K and hence the compactness
of IC. However, it is plausible that we can have a situation in which K is not
compact, H is still composed of continuous functions and containing the range
of K (see [20] for a such a case). In a certain sense, this situation justifies the
pertinency of the analysis in this section.
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The basic assumptions on X and v as in the previous sections persist here.
The first result refers to the action of K on elements of L?(X,v), the set of all
functions in L?*(X, ) having compact support.

Proposition 4.1. Let K be a continuous and L*(X,v)-positive definite kernel
on X. Then K takes L*(X,v) into Hx and

(K, 9k ={f.9)2, feLiX,v), g¢€Hx.

Proof. The proof relies on the very same arguments used in the proof of Propo-
sition 2.5. The estimation on the linear functional ¢ takes the form

Vs (g)l” < HfH%HgH%/Yk(:U)dV(:v),

where Y denotes the support of f which we know is a subset of X of finite
measure. The remaining details can be easily accomplished. 0

Proposition 4.2 below takes care of the extension of the previous property to

L2(X,v).

Proposition 4.2. Let K be a continuous and L*(X, v)-positive definite kernel on
X. If a sequence {f,} in L3(X,v) converges to f in L*(X,v) then K(f) belongs
to Hxk N C(X) and

(K(f)9)k = lim (fn,9)2, g € H.

Proof. Let {f,} C L?*(X). The previous proposition implies that each K(f,)
belongs to Hyx and

for all m,n > 1. If {f,} converges to f in L*(X,v), the continuity of K implies
that {K(f,)} converges to K(f) in L*(X,v) while the previous inequality reveals
that {IC(f,)} is a Cauchy sequence in Hy. As so, it converges there to the same
limit IC(f). Applying Lemma 2.1, we conclude that the convergence is uniform
on compact subsets of X. It follows that K(f) € Hx and

(K(f): 9y = lim (K(fn), 9)x = lim (fn, 9)2, g € M.
The proof is complete. H
An alternative version of Theorem 3.1 is as follows.

Theorem 4.3. Let K be a continuous and L*(X, v)-positive definite kernel on X .
If L32(X,v) is dense in L*(X,v) and K is compact then K is a Mercer’s kernel.

Proof. 1t is a consequence of Proposition 4.2 and an adaptation of the procedure
used in the proof of Theorem 3.1. O

The additional denseness requirement in the statement of Theorem 4.3 may
appear unexpected. What is important to notice is that such property holds
automatically in at least two important situations, that in which X is locally
compact and v is a Radon measure and the other in which X is a metric space
possessing a compact structure as described in [31]. To exhibit a concrete setting
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where the denseness assumption does not hold is not easy and will not be done
here.

Another quite interesting point to be noticed by the critical reader is that
Theorem 4.3 implies that the set of assumptions used in Section 3 in [31] is
redundant. Also, it shows that some of the assumptions used in [3, 21] are too
demanding. We do not intend to go any further on that in the present work,
leaving any additional analysis to the interested reader.

Theorem 4.4. Let K be a Mercer’s kernel on X. Assume that L*(X,v) is dense
in L2(X,v). If {¢p : n=1,2,...} is the orthonormal set provided by (3.1) then
the set {\,(K)2¢, : n =1,2,...} is an orthonormal basis of H.

Proof. Since each ¢, is an element of Hx N L*(X,v) we can modify the proof
of Theorem 3.3, replacing Proposition 2.6 with Proposition 4.2, to achieve the
orthonormality assertion. 0

A way to identify Hy with a subspace of L*(X,v) is described in our next
result.

Theorem 4.5. Let K be a Mercer’s kernel on X. Assume that L*(X,v) is dense
in L?(X,v). Then KCV/? settles an isometric isomorphism between [{K® : x € X}]

and Hg . Also, the inclusion map i : Hx — L*(X,v) is bounded and its norm is
at most A\ (KC)Y/2.

Proof. 1t is sufficient to see that

K72 = Z)\ 2 |dn(2))? < M(K)k(z) < 0, z€ X,
and to repeat the arguments used in the proofs of theorems 3.3 and 3.4, replacing
Proposition 2.6 with Proposition 4.2. Il

We close the section with another representation for the reproducing kernel
Hilbert space Hg. A particular version of this result in the case when X is a
subset of an Euclidean space can be found in [9].

Theorem 4.6. Let us assume the setting in either Theorem 3.2 or Theorem 4./.
Then the elements in Hy can be represented in the form

The convergence in the ﬁrst series 1s absolute and uniform on compact subsets of
X. In particular,

ng—ZA N bn)2(dn 9)2,  frg € Hic

Proof. Under the conditions stated, if f € L*(X,v) has the description in (4.1)
then it is easily seen that f € Hg. On the other hand, Theorem 3.2 (respect.
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Theorem 4.4) and Proposition 2.6 (respect. 4.2), lead to a representation for each
f € Hg in the form

F =Y M) 0) k()P0 =Y (K (00)) kb = D (f: bn)2 bn-
n=1 n=1 n=1
The inequality
~ 2
Z<fv An(lc)l/%nh{)‘n(K)1/2¢n(x) < Hf“%(/f(x)» reX, j=12...,
n=j

produces the absolute and uniformly convergence on compact subsets of X. The
continuity of the inner product of Hg plus the previous arguments lead to the
final statement in the theorem. O

5. RKHS OF LIPCHITZIAN FUNCTIONS

In this section we intend to describe conditions under which Hx and the range
of both K and K'/? are spaces of lipschitzian functions. For obvious reasons, we
need to assume that X is metrizable while v continues to be a strictly positive
measure on X. The metric in X will be written as d.

For o > 0, the symbol Lip®(X, ) will designate the class of all kernels K on
X satisfying the following condition: there exists 6 > 0 and a function A : X —
[0,00] in L?(X,v) such that

K (z,y) — K(z,9)] < A(y)d(z, 2)*,
whenever x,y,2 € X and d(z, z) < 0.
Proposition 5.1 below reveals a basic property the bounded operator K has

when K comes from Lip®(X,v). The reader should notice that the Lipschitz
condition just introduced does not guarantee continuity of K.

Proposition 5.1. Let K be a kernel in L*(X x X,v x v). If K belongs to
Lip®(X,v) then the range of K is entirely composed of usual o-Lipschitzian func-
tions.

Proof. It K € Lip*(X,v) N L*(X x X,v x v) and f € L*(X,v) then it is easily
seen that

K@) — K(f)(=)] < /X K () — K(29)||f ()]dv(y)
< diz,2) /X A)|f@)ldv(y),

whenever z,z € X and d(z,z) < 0, in which A is the function that realizes the
definition above for K. An application of Holder’s inequality leads to

(K@) = K )] < Al fll2d(, 2)7,

whenever z,z € X and d(z, z) < §. This is precisely what the usual definition of
an a-Lipschitzian function requires. O
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The following concept is a variation of the previous one. It seems to be more
suitable in the analysis of decay rates for the eigenvalues of K in some special
settings (see [14, 15, 17] for example). For a > 0, the kernel K is said to be
a-Lipschtizian in the diagonal of X x X when there exists a positive constant A
so that

|K(z,2) — K(z,y)| < Ad(z,y)",
whenever z,y € X and d(z,y) < 0.

If a kernel K is a-Lipschtizian in the diagonal of X x X then x is continuous

and K7 is continuous at y = x. In addition the following result holds.

Proposition 5.2. Let K be positive definite on X . If it is a-Lipschtizian in the
diagonal of X x X then Hp is entirely composed of a/2-Lipschitzian functions.

Proof. Assume K is a-Lipschitzian in the diagonal of X x X. Invoking the repro-
ducing propositionerty in Hy and (2.1), we immediately obtain

f(2) = fW) < IfIx(K(z,2) = K(z,y)| + |K(y, y) — K(y, )])"/?
< IfIx(24)2d(,y)*,  f € Hr,
whenever z,y € X and d(z, z) < J. The result follows. O

We now recall that for a continuous and L?(X,v)-positive definite kernel K,
the operator K possesses a unique positive square root /2. Depending on the
setting, the following additional propositionerties may also be true: /2 is a well
defined operator on L*(X, v), it is an integral operator generated by a kernel K
on X and the original kernel K can be recovered from K/, (see [15]), that is,

/ Kijo(w,u) Ky o, v) dv(z) = K(v,u), u,veX.
X

In that case, we have the following additional result.

Proposition 5.3. If, in addition to what was mentioned in the previous para-
graph, K is a-Lipschtizian in the diagonal of X x X, then the range of KY? is
entirely composed of «/2-Lipschitzian functions.

Proof. If f € L*(X,v) and K is a-Lipschtizian in the diagonal of X x X, an
application of Holder’s inequality leads to

K20 (@) = KYV2(f)(2)] < /X\Kuz(w,y)—Kl/z(z7y)\|f(y)|d1/(y)

< (/X | K1y2(z,y) — Kl/z(zay)|2d’/(y)>l/2 1£1l2,

for all z, z € X. Using the recovery formula, the integral I appearing above can
be estimated in the following way

I = / (Kapo(w,y) = Kiy2(z,9) (Kaya(, y) — Kiy2(z,9))dv(y)
X
= k(z)— K(z,2) — K(2,2) + k(2)
< 2Ad(z,2)%,
whenever z,z € X and d(z, z) < §. The result follows. O
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Preliminary versions of the results described in this section appeared in [13] for
some specific choices of X. An interesting problem which we think has no answer
so far is to determine the most general setting under which K possesses a unique
square root having some or all the properties mentioned before Proposition 5.3.
It seems to be mandatory that the setting include the continuity of K but that
requires a clear proof.

6. RKHS OF DIFFERENTIABLE FUNCTIONS

In this section, we will assume X is an open subset of the Euclidian space R?
and v is the usual Lebesgue measure. We will denote by C*(X) the set of all
functions defined on X and possessing continuous partial derivatives up to order
s. We will also put C®(X) = N¥,C*(X). Our concern here is to establish a
setting in order to obtain RKHSs entirely composed of differentiable functions
on X and to deduce reproducing formulas for the derivatives of functions in the
RKHS. While the results described here are based on those in [13], there are
many other related research works where similar results are obtained for different
choices of X and alternative concepts of differentiability. We mention [32, 3] for
results in a setting similar to the one adopted here and [3, 20, 21] for results on
the unit sphere through two different notions of differentiability. There are plenty
of work to be done along this line of research, the application of the results in
other areas being a relevant issue. Proofs and references for the results cited here
can be found in [13].

If « is a multi-index in Zi and f is a locally integrable function in X then the
athweak derivative of f is a function D2 f with domain X satisfying

/X D2 f(2)g(x)du(z) = (~1) /X f(@)Dg(x)dv(z), g€ CF(X),

in which
Cpo(X) = {g € C*(X) : supp (g) C X},
and
olelg olelg
o9 9Mx0%x, ... 0%y
If D*f exists and is locally integrable then D{ f exists and both derivatives
coincide. If s is a nonnegative integer, let us write

H® :={fec*X,v): D*f € L*(X,v), |a]<s}.
The set H® becomes a Hilbert space when we endow it with the inner product
<fag>2,s = Z <D23f7D3;g>27 f,gEHs,
0<|a|<s

and the set {f € C*(X): D*f € L*(X,v),|a|] < s} becomes a dense subset of
H>.

If K is a continuous kernel on X defining an element in L?(X x X), standard
analysis can be used to show that every function in the range of K has weak

derivatives up to order s whenever s > 0 and the usual a'"-partial derivative
DK of K with respect to the variable x belongs to L*(X x X, v x v), whenever

D%g
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0 < |a| < s. In addition, the range of K is a subset of H* and the corresponding
inclusion of this range into H*® has norm at most

1/2
a2
> IDSK];

0<||<s
If DYK exists and is continuous on X, an application of Leibnitz’s rule (23,
p.324]) leads to the formula
DR(f)w) = [ DKy Wivy), [ eCFX), wex.
X

From now on we will assume K is as described in the previous paragraph and
will add other assumptions at specific points where they are needed. For multi-
indices o and [ in Zi the symbol D§5K will stand for the S**-partial derivative
of DK with respect to the variable y.

Proposition 6.1. Assume K is L*(X, v)-positive definite on X. If a is a multi-
index for which D3 K exists and is locally integrable and Dy K belongs to L3(X x
X,v xv), then D3 K is L*(X, v)-positive definite.

Proof. Tt suffices to obtain the L*(X,v)-positive definiteness for functions in
C°(X). If f is such one function and f ® f(z,y) = f(z)f(y), =,y € X, Fu-
bini’s theorem and the L?(X,v)-positive definiteness of K, is all that is needed
in order to deduce that

/xXx Doy Kf® fdvxv = (_1)|a/x (/X D?K(',y)D“f(y)dV(y)) fdv

-/ ( / K<x,y>Daf<y>du<y>> D* f(x)du(x)

is nonnegative. O

A bonus derived from the previous result is as follows ([13]). Its proof can be
reached by adapting the methods used in [5, 6, 7].

Proposition 6.2. Assume K is L*(X, v)-positive definite on X. If K belongs to
C*(X x X) then

« 2 ax
D3/ K (x,y)|” < DYy K (w,2) DIJK(y,y), ol 18] <5, 2.y€X.
Also, if k belongs to L*(X,v) then

DK (x ZA )D%Gn()DPu(y), wy€X, ol |8l <,

with absolute and umformly convergence on compact subsets of X x X. The ¢,
comes from the Mercer’s representation implied by Theorem 5.1. The range of K
is a subset of C*(X) and

DK(f /DO‘ (z,9)f(y)dv(y), ze€X, fel*(X,v), |al<s.
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In the statement and proof of the next result we make use of the partial deriv-
ative DK of K with respect to the second variable y.

Theorem 6.3. Let K be a L*(X,v)-positive definite kernel in C**(X x X). If k
belongs to L' (X,v) and |a| < s then the following assertions hold:
(1) Hie C C°(X);
(i1) If f € Hi then
D f@)| < (DK 0) Pl flle, @€ X

(1ii) The norm of the inclusion map i : Hyx — H* is upper bounded by

1/2

/DO‘O‘Kmxdu( ) ;

0<|r|<s
(1v) Each derivative DO‘K(' x) belongs to Hx and
Df(x) = (f,DyK(-,x)),, ze€X, f[feHg;

(v) If {f.} is a bounded sequence in Hyx and Y is a compact subset of X, then
there exists a subsequence {f,,} and [ € Hi such that {D*f, .} converges uni-
formly to D*f onY.

Proof. Assume r belongs to L'(X,v). If r > 1/2 and |a| < s, we can employ the
Cauchy—Schwarz inequality, Theorem 6.2 and Bessel’s inequality to deduce that
2

ZA ) (f, 6n)2Du(w)| < Z\fqbn IZA )7 [ D% () ?
< M(K)?’" 1D“°‘K(a¢,x)!|f|!2,

forall z € X, f € L*(X,v), whenever j > 1. To handle (i), let f € Hj. Using
the representation for H; described in theorems 3.2 and 3.3, we can write

fla)=K"(g ZA K)'72(g, $n)2bu(z), =€ X,

for some g € L*(X,v) with ||f||x = |lg]|2- In particular, f € C*(X). Since
2

|D*f (@ Z)\ )9, 60)2D%0n(2)| < DK (z,2)|gll3, @ € X,
assertions (i7) and (éi7) follow. Since the formula
=D MK D26, (1) An(K) 260,z € X,
n=1

holds (see Theorem 6.2), it follows from Theorem 3.2 that DyK(-,z) € Hr,
r € X, and

(DOK(-,x), DOK (-, y))x = DK (y,x), 2,y € X,
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Hence, if f = K'/2(g) for some g € L?(X,v), then

DK (g)(x) =) A(K)*(g, ¢n)2 Dby (x) = (K?(9), DIK (-, 7)), =€ X,

n=1

and the reproducing property in (iv) follows. In order to take care of (v), let {f,,}
be bounded in Hy. Due to (iv), we have that

D*fule) = D R)P = [(fu DK (o2) = DEECw)), |
< HD;K(v ) DaK HKsuprn“Ka

= [DgyK(x,x) + Doy K (y,y) — Doy K (x,y)
Dy K (y, )] sup || fu, 1%,
J

whenever z,y € Y and Y is a bounded subset of X. Thus, recalling that Di K
is uniformly continuous on compact subsets of X x X, an application of Ascoli—
Arzela’s theorem reveals that the restriction of D*f,, to Y converges uniformly
to D fy, for some fy € C%(Y). To see that fy is the restriction to Y of a function
in Hx, we use the weak compactness of closed balls in Hx ([25, p.202]), to find
a subsequence { f,,} of { fn].} weakly convergent to some f in Hg. Since

Dafnji( ) Dafnjz <fnﬂ fn]zaDQK( )>K7 ZEEX, lZl?

we can see that Df, , converges pointwise to Df. It follows that fy is the
restriction of f to Y. O

An easy consequence of this theorem is the next technical result ([13]).

Corollary 6.4. Let K be a positive definite kernel in C**(X x X) for which
Kk belongs to LY (X, v). If {f,} is a bounded sequence in Hy then there exists a
subsequence { fn;} of {fn} and f € Hg such that {D*f, } converges uniformly
to D*f on any compact subset of X, whenever |a| < s.

We can adapt the results presented in the previous sections to hold for functions
defined in the closure X of X. We will write C*(X) to denote the linear space
of all functions in C*(X) for which all partial derivatives up to order s have a
continuous extension to X. We will write C5(X) to denote the Banach space of
all functions in C*(X) which possess bounded partial derivatives, endowed with
the norm

lgll = max sup|D%g(z)], 9 € Cp(X).

0<]al<s SxeX

Also, we will denote by K; the extension of K to X x X.

Theorem 6.5. Let K be a positive definite kernel in C*(X x X) for which
k belongs to li(X,_z/) Assume all the partial derivatives of K are continuously
extendable to X x X and that each mapping

reX = Dy K(z,r), |a| <s,
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1s bounded. The following assertions hold: o
(1) Both inclusion maps i : Hx — C3(X) and iy : Hg, — CE(X) have norm at
most
1/2
DK :
o2, 52 (P K ()
(i3) The image of a bounded and closed subset of Hy, by iy is closed in Cg(X).

In particular, if either X is bounded or lim .ex k(x) = 0, the inclusion map i,

|z|]—o00

18 compact.

Proof. We can see that D%g has an extension to X, for all ¢ € Hx. Theorem 6.3
implies that

fe ao 1/2 ~N
|D¢M§m§u@K@w»/mm,xex,geﬁm
ye

It follows that the functions in Hg, can be seen as functions in C%(X). As so,
the assertions in (i) follow. To finish the proof, let B be a bounded and closed
subset of Hg,. If {f,} is a uniformly convergent sequence in B, Theorem 6.3-(v)
and Corollary 6.4 imply that its limit f belongs to H,. Since B is also weakly
compact, there exists a subsequence of {f,} weakly (and pointwise) convergent
in B. It follows that f belongs to B, that is, B is a closed set in C'(X). If either
X is bounded or lim «ex k(x) = 0 then Corollary 6.4 implies the compactness of

|z|—o00

B (see also [19, p.132]). O

7. FOURIER TRANSFORM AND POSITIVE DEFINITENESS

In this section we change the focus a little bit to present some results involving
both concepts, positive definiteness and the Fourier transform in R™. Some of
the results were motivated by others proved in [4].

The notation and basic properties of the Fourier transform are those from [19].
Here, the usual inner product of two points x, y in the euclidian space R will be
written as x-y. As so, the Fourier transform is the linear mapping f € L'(R™)

f given by the formula

fv) = (z)e ™V dy, v e R™
Rm

Since
{ v f(x)e Imiz- dr = F(x dz V€ R

it is easily seen that the range of the Fourier transform is composed of bounded
functions.

Below, we quote an important result from Fourier transform theory ([19, p.253))
due to Plancherel.

Proposition 7.1. If f € L'(R™) N L3(R™) then f € L2(R™). Also, there is a
unique isometric operator F : L*(R™) — L?*(R™) such that

F(f)y=1f, feL'R™)NLYR™).



POSITIVE DEFINITENESS AND RKHS 83

The above result shows that the Fourier transform acting on L'(R™) N L*(R™)
has a unique extension to a linear isometric mapping L?(R™) — L*(R™). This
isometry is actually a unitary map and, consequently, it is possible to speak of
Fourier transforms of functions in L?*(R™). Thus keeping the notation above for
the Fourier transform of functions in L*(R™), the following consequence holds:

(= | S@gl)de= | f@i@de={f.) fg¢eLR").

Next, we continue with some technical results to be used ahead. We will de-
note by Cj the set of all uniformly continuous functions f : R™ — C for which
limy|—00 f(v) = 0. Lemma 7.2 below is proved in [19, p. 249].

Lemma 7.2. If f belongs to L*(R™) then f is an element of C.

~

Lemma 7.3. If f belongs to L2(R™) then f(v) = f(—v), v € R™.
Using the usual identification between R™ x R™ and R?™, the Fourier transform
of a function f in L'(R™ x R™) can be given, via Fubini’s theorem, by the formula

fo,w) = / fla,y)e2riear ) dy dy = / g(z)e ™" dz = g(z),

2m

in which z = (z,y) and g(z) = f(x,y). With this information in mind, we have
the following technical result.

Lemma 7.4. If ¢ and ¢ belongs to L*(R™) and ¢ @ (v, w) := ¢(v)(w), v,w €
R™, then

~

6@ v(v,w) = dp(w), v,weR™
Proof. Let ¢ and v be in L?(R™). There are two sequences {¢,} and {,} in
LY(R™) N L*(R™) convergent (in L?(R™)) to ¢ and 1), respectively. It is easily
seen that the sequence {¢, ® 1,} converges to ¢ ® ¢ in L*(R™ x R™). Hence,
O @Yy, € LHR™ x R™) N L2(R™ x R™), n=1,2,..., and

¢@n(v,w) = o (V)p(w), v,weR™, n=12 ...

The continuity of the Fourier transform implies that m(v,w) = o(v)ih(w),
v,w € R™ a.e.. By changing ¢ ® ¢ in a null, if needed, the result follows. O

If the reader is asking himself about what connections may exist between pos-

itive definiteness and Fourier transforms, the classical result below may be sug-
gestive (see [30] and many other references).

Theorem 7.5. A kernel K of the form K(z,y) = K'(xr—y), z,y € R™, for some
function K’ : R™ — R, is positive definite if and only if there exists a finite Borel
measure o for which

K'(x) :/ eV do(y), x€R™
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To proceed, we introduce the notation
K(u,v) := K(u,—v), wu,ve€R™,

whenever K belongs to L*(R™ x R™). Hence, K denotes the integral operator
generated by K.

Theorem 7.6. If K is a positive definite kernel in L*(R™ x R™) then it holds

—

K(f)=K(f), feL*R™).

Proof. If K € L*(R™ x R™) is positive definite then K is a compact self-adjoint
operator. Using its spectral decomposition

ZA )(fsbn)abn, f€L*R™),
we can deduce that
ZA ){(fs Pn)adn, [ € LAR™).
Since
K= Z A (K)én @ @,

then

=3 M (K)du(@)dn(—y), myeX ae,

and we can use lemmas 7.3 and 7.4 to conclude that I€(7) = K(f), f € L*R™).
0

An immediate consequence of the previous theorem is a series of results describ-
ing clear methods to construct L?(R™, v)-positive definite kernels from a given
one.

Corollary 7.7. If K belongs to L*(R™xR™) then K is L*>(R™, v)-positive definite
if and only if K is so.

Corollary 7.8. If K belongs to L>(R™xR™) then K is L*(R™, v)-positive definite
if and only if there exists a L*(R™, v)-positive definite kernel G such that K = G.

Corollary 7.9. Let K be an element of L*(R™ x R™) and define Kuy = K,
Kpy = Kin-1y, n = 2,3,.... If K is L*(R™, v)-positive definite then the kernels
Ky are so.

In the next theorem we register a Mercer’s representation for the kernel K
when K is a Mercer’s kernel on R™.
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Theorem 7.10. If K is a Mercer’s kernel on R™ and '/ belongs to L'(R™)
then K is a Mercer’s kernel with the following series representation derived from

that of K :
() = > M(K)dn(@)nly), o,y € R™.
=1
The convergence is absolute and uniform on compact subsets of R™. The range
of K is a subset of Co(R™) N L*(R™).
Proof. If k'/? € L*(R™) then K € L'(R™ x R™) and
K@) < M) (Il f € LAR™), zeR™

As so, the range of K is a subset of C(R™)NL(R™). To close the proof, it suffices

to apply Lemma 7.2 and use the series representation for K obtained from that
of K, as in the proof of Theorem 7.6. OJ

Returning to RKHSs, the following result is quite interesting.
Theorem 7.11. If K is a Mercer’s kernel and x'/? belongs to L'(R™) then

(K(f).9)x = (f.9)2=(f.0)2= (K()).9)r. fEL*(X,w), g€MHr.
Also, R
Hip=A{f:f¢€Hk}
Proof. If the assumptions in the statement of the theorem hold, Proposition 4.2
implies that
<’C(f)7g>K: <f7g>27 f€L2<Rm)> QGHK.

Hence, the first assertion of the theorem follows from theorems 7.1 and 7.10.
As for the last one, let f be in Hy. Since K is a Mercer’s kernel, there exists
g € L*(R™) such that

f(x) = KM(g ZA K)2(g, bu)abn(z), ©ER™.

Hence,
f= ZA K)2(3, Gu)adn = K/2(9)

and, consequently, f € H i The remaining inclusion is due to the fact that the
Fourier transform is an isometric isomorphism in L*(R™). OJ

8. BEYOND POSITIVE DEFINITENESS

In this section we indicate a direction one can pursuit, trying to replace the
positive definiteness of the kernel in the arguments with a weaker concept.

Let P be a subset of CX, where X is any of the sets or spaces considered in the
previous sections. An hermitian kernel K : X x X — C is conditionally positive
definite with respect to P when

E cic; K xl,x] >0,

i,7=1
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for all n > 1, {1, 29,..., v,} C X and ¢ := (¢4, ¢a, ..., ¢,) € C" satisfying

n

> cplw) =0, peP.

=1

In the most common cases where the concept above shows up, those in approx-
imation theory being typical examples, the space P is chosen to be polynomial
and finite-dimensional.

The integral version of the above definition requires P to be composed of
square-integrable functions and is as follows: an hermitian kernel K is L?(X, v)-
conditionally positive definite when

/X/)(K(x,y)f(x)mdy(x) dv(y) >0, fept
where
pL_ {f € L*(X,v): /Xf(x)mdy(x) _0, ge 73} |

Since we are assuming that K is hermitian, the following representation for /C

holds
ZA* )(f, b )20 +ZA )fs bm)abm, | € LX),
whenever K is compact. Here, {¢;'} — {0} is orthonormal in P+, {¢,} — {0} is

orthonormal in P, and the numbers A (K) and —\, (K) are all nonnegative.
With just a few additional assumptions, it can be shown that

Ki(z,y) = K(z,y) = Y A (K)o (@)0n,(y), wyeX

is a continuous L?(X,v)-positive definite kernel. As a matter of fact, this kernel
becomes a Mercer’s kernel on X.

The analysis of questions similar to those considered before for kernels and
operators having a description as above makes perfect sense in some cases. We
mention the recent paper [35] and also [27, 28] where reproducing kernel Hilbert
spaces associated with kernels as above are analyzed in details. Those papers also
describe directions for additional research which we think have not been done
yet. A further extension of conditionally positive definite kernels, the so called
operator valued conditionally positive definite kernels, have appeared in [2]. Fi-
nally, we cannot omit an alternative direction for research that involves abstract
extensions of Mercer’s theorem on series representation for kernels and operators.
References [10, 1] contain relevant results related to that and references quoted
there points additional variants.
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