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YOUNG TYPE INEQUALITIES FOR POSITIVE OPERATORS

CRISTIAN CONDE

Communicated by M. S. Moslehian

ABSTRACT. In this paper we present refinements and improvement of the Young
inequality in the context of linear bounded operators.

1. INTRODUCTION

The most familiar form of the Young inequality, which is frequently used to prove
the well-known Holder inequality for L, functions, is the following:

a’b'™" <wa+ (1 —v)b, (1.1)
with a,b > 0 and v € [0, 1], or equivalently
P
ab< ™+ =, (1.2)
p q

where p,q > 1 are such that % + % = 1. A fundamental inequality between positive
real numbers is the arithmetic-geometric mean inequality
a+b
Vab < 5 (1.3)

which is of interest herein. It is a particular case of (1.1) when v = 1/2. The Heinz
mean is defined as

Vbl—l/ 1—ub1/
Hy(a,b) =2 '2“‘

The function H, is symmetric about the point v = 1. Note that Hoy(a,b) = H(a,b) =
2 Hypo(a,b) = Vab and
Hl/g(a, b) S HV((Z, b) S H()(a, b) (14)
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for 0 < v <1, i.e., the Heinz means interpolates between the geometric mean and the
arithmetic mean. Recently, Kittaneh and Manasrah [11] obtained a refinement of (1.1)

a’b"" +ro(va — Vb)? <va+ (1 —v)b (1.5)

where 79 = min{v, 1 — v}.

Along this work .7 denotes a (complex, separable) Hilbert space with inner product
(-,). Let (B(),] -||) be the C*-algebra of all bounded linear operators acting on
(A, (-,+)). In the case when dim s = n, we identify B(7¢) with the full matrix
algebra M., of all n x n matrices with entries in the complex field C.

A selfadjoint operator A € B(.%7) is called positive if (Az,z) > 0 for every z €
and the cone of positive operators is denoted by B(.%),. A unitarily invariant norm
|||-]|| is defined on a norm ideal g of B(%#) associated with it and has the property
[[UXV ||| = |||X]||, where U,V € B(J) are unitaries and X € ). Whenever we
write ||| X||, we mean that X € Jj.

Now, we will explain historical background of the operator inequalities related to the
previous classical inequalities. Heinz [6] proved that for operators A, B, X such that

A, B eB(s); and v € [0,1]
|AVX B + A" X B"|| < ||AX + XB]|. (1.6)

The proof is based on the complex analysis and is somewhat complicated. McIntosh
[15] showed that the Heinz inequality is a consequence of the following inequality

2|AXB|| < ||A*AX + XBB*|,

where A, B, X € B(4). In the literature, the above inequality is called the arithmetic—
geometric mean inequality in the context of bounded linear operators.
Bhatia and Davis [2] obtained the following double inequality

2| A2 XBY|| < [[[A"X B+ ATVXBY||| < |[|AX + X B,

for matrices, which of course remains valid for Hilbert space operators A, B > 0 and
X by a standard approximation argument. Indeed, it has been proved that F(v) =
||[A¥X B + A" X B"||| is a convex function of v on [0,1] with symmetry about
v = 1/2, which attains its minimum at v = 1/2 and its maximum at v = 0 and v = 1.

On the other hand, T. Ando ([1]) showed that the Young inequality fails to hold for
the operator norm, however he obtained that the following slightly weaker inequality

holds
1 1
HIAl/pXBl/qH\S;IHAXHH&HIXBIH- (1.7)

For a detailed study of these and associated norm inequalities along with their history
of origin, refinements and applications, one may refer to [2, 11, 7, 8, 9, 3].

One of the purposes of the present article is to obtain a new refinement of (1.7) and
new proofs of results previously obtained by Kittaneh and Manasrah [14].

2. REFINEMENT OF THE YOUNG INEQUALITY

An important result related to the improvement of the inequality between arithmetic
and geometric means was obtained Kittaneh and Manasrah in [14] :

a’b"" + ro(va — Vb)? < va+ (1 —v)b, (2.1)
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with 7o = min{v, 1 — v}. The inequality (2.1) was previously obtained by Kober [10].
However, Minculete [16] gave a refinement for inequality (2.1), which improves the
Young inequality.

Proposition 2.1. For any a,b > 0 and any v € (0, 1),
ro(v/a — Vb)* + A(v) log? (%) <wva+ (1—v)b—a’b" (2.2)

where ro = min{v,1 — v} and A(v) = [@ — 2] min{a, b, ab, 1}.

Now, we try to obtain a new refinement of (1.7). To achieve this, we need the
following well-known result.

Lemma 2.2. If A,B € B(J¢), and X € B(J¢), then

A" X B || < [||AX][“[[| X B||*™ (2.3)
for every unitarily norm |||.||| and every v € [0, 1].
The proof of this lemma can be found in [I2, Theorem 2|. In addition, Kittaneh

showed that (2.3) is equivalent to the following generalization of the classical Heinz
inequality

1147 X B”[[| < [I|AXB|["[[|X]]]*.

On the other hand, Kosaki [1 1] gave a new proof of (2.3) using the well-known Poisson
integral formula. Also, Yamazaki [19] used the previous inequality to characterize the
chaotic order relation and to study Aluthge transformations.

In view of inequalities (2.2) and (2.3), we can improve the following inequality.

Theorem 2.3. Let A, B, X be operators such that A, B € B(J), and v € (0,1) and
|- ||| be a unitarily invariant norm. Then

AX
AXE1 -+ ro(TAXT - VT + Awiog? (351

< vl[[AX]II+ (1 = w)[[[X B, (2.4)

U?@T@A(V) = (Y o) min{|[|AX||], || X BI||, [[|AX ][] || X BI||, 1} and ro = min{v, 1—
v} and

We continue this section with the following technical lemma.
Lemma 2.4. Let a,b >0 and v € [0,1]. Then
(2ayb1—u + (CLV . bl—u)2)2 _ a4u + b4(1—u) + 2a2yb2(1—1/) _ (CLQV + b2(1—1/))2‘ (25>

Taking v = 1/2 in the double inequality (2.5), we obtain
1 1 1
Vab + S(Va - Vb)? = 5 Va2 + 1% +2ab = S(a+b),

which is a refinement of the scalar arithmetic-geometric mean inequality. Furthermore,
we remark that the previous equality characterize the case when the arithmetic and
geometric mean coincide. The first inequality that we can obtain immediately using
the previous relationship is the following:
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Proposition 2.5. Let A, B, X be operators such that A, B € B(¢),. Then
v —v v —v\2 v —v
2| A" X B + (IAX][]” = X BII'™)" < [IAX][[* + [ X B[P~ (2.6)
for every v € [0, 1] and every unitarily invariant norm ||| - |||

Proof. 1t follows from inequality (2.3) that

v —V2 17 -V v -V
(NAXI =X BI)" = WAXIP + X BIPY = 2)|AX(|[I1X B[]
[[AX> + [[[XBI|[P = 2|| A7 X B .

IN

Now, we are ready to state our operator version of inequality (2.5)

Theorem 2.6. Let A, B, X be operators such that A, B € B(J),. Then for every
v € [0,1] and every unitarily invariant norm ||| - |||,

v —v v —\2
24X B+ 2o ([[|AX]]” = | XBI[]'™)
v —v v —v\2
< 2A"X B+ (IIAX]I1” = 11X BIII)

< \/IIIAX|||4” +[IX B[O + 2|[[AVX B! | |?
< [JAXIP + [[| X BIP, (2.7)

where ro = min{v,1 — v}.

Proof. Let 8 = (|||AX]” — ||| XB||[*™)" and o = (2|||A“XB*¥||| + §)*. It follows
from (2.3) that

o+ 48 (IIAX ||| X || — ||| A“ X B*]||)

4[| 4" X B ||I” + BIB + 4[| AX]||”|[| X B|[*~]

= 4| A"XB||P + BLIAX||P + X B[P + 2/||AX][|[[| X B[]
4| A" X B||P + BLIIAX ||| + || X B||0 72

= 4| AXB||P + [IJAX|> — ||| X B||[2A2

4[| A”X B2 + [[JAX[[* + [[|IX BI|[*0) — 2||| AX || ||| X B||[20 )
4| A" X BN + ([JAX [ + ]| X B|I*0) — 2| A" X B*|||?
IJAX]|* + [ X B|[*0=) +2]|| A" X B |||

[[JAX]|* + || B0 + 2| AX ||*|[| X B |20~

(114X ][> + ]| X B[[20-)*

«

IA A

VAN VAN VAN

O

If we consider v = 1/2 in Theorem 2.6, we get the following result, which is a
refinement of (1.7).
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Corollary 2.7. Let A, B, X be operators such that A, B € B(),. Then for every
unitarily invariant norm ||| - |,

2
2142x 82|+ (VITAXT] - VITXBI)

< \/IHAXHI2 +IIXBII[? + 2|[|AY2X B[]
< [llAXI[ +[llXxBl| (2.8)

In particular, for the Hilbert-Schmidt norm || - ||z it holds that

2
242X By + (VIIAXT: = VIXBIR) < [JAX + XB]);
< IAX[L +[IXBll2  (29)

Proof. We only note that the following equality holds:
|AX + XB||3 = ||AX|I3 + || X BI[; +2||AV* X BY2|[5. (2.10)
OJ

We remark that inequality (2.9) has been obtained in |11, Theorem 3.3] by using a
different technique and it is a refinement of the arithmetic-geometric mean inequality
for the Hilbert-Schmidt norm.

3. REFINEMENTS OF THE HEINZ INEQUALITY

Applying the triangle inequality and Theorem 2.3 we reach the following result.

Corollary 3.1. Let A, B, X be operators such that A, B € B(), and v € (0,1).
Then

o 1| AX]]|
[|A“X B + A" X B”[|| +2ro(v/]1AX]]] = v/IIX BI[) + 2A(v) log? (—HlXBm
< |IJAX]|| +||1X B]| (3.1)

where A(v) = [“52 =] minf ||| AX |||, 11X BI||. [l AX||Il[| X B[] 1} and ro = min{v, 1

2
v} and

It is shown in [13, Corollary 3], utilizing the convexity of F(v) = |||A*X B +
A" X B”||| for v € [0,1] and a basic property of convex functions, that

AP X B + AV X B[] < 4rol[[ AV2X B2 + (1 - 200)[[[ AX + XBI[|,  (3.2)
where A, B € B(2¢) and 1o = min{v, 1 — v}.
Remark 3.2. A natural generalization (or refinement) of (3.2) would be
[|A”X B + AY" X BY||| < |||4r0AY2X BY? 4 (1 — 2r¢)(AX + X B)|||

which in fact is not true, in general. The following counterexample justifies this:
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52.39 38.71 12.36 92.315 87.791 71.090
Take X = | 32.86 3538 64.82 |, A= | 87.791 120.130 83.340 |,
91.79 99.45 66.10 71.090 83.340 103.610
118.482 23.249 112.676
B = 23.249 10.343 38.224 and v = 0.4680.

112.676 38.224 156.551
Then tr|A¥ X B!~ + A X B¥| = 78135.5, while tr|4rgAY2X BY2 4 (1 — 2ro)(AX +
XB)| =178125.4.
However, we [1] obtained another result, which is a possible generalization of (3.2)
for matrices.

Theorem 3.3. Let A, B, X € M,, and A, B positive definite matrices. Then forv € [0,1]
and for every unitarily invariant norm ||| - |||, it holds that

I|A"XB'"™ + A" XB"||| < |||[4riAY2XBY? + (1 — 2r)(AX + XB)|l|,  (3.3)
where r1(v) = min{v, | —v],1 - v}.

Now, we present new proofs and some refinements of various Young type inequalities
obtained by Kittaneh and Manasrah [11]. The key tools of this approach are inequalities
(2.9) and (3.2).

Corollary 3.4. [14, Theorem 3.4 and 3.8] Let A, B, X be operators such that A, B €
B() .. Then

2
Il AX B+ A= X ||| + 2r0 (VITAXT] — /X BN

< 27"0\/H\AXH!2 + X B[P+ 2/|| A2 X BY2[|[2 + (1 — 2r0) ||| AX + X B[]
< [[[AX|I[ + [[Ix Bl (3-4)
In particular, for the Hilbert-Schmidt norm || - ||z,

A XB 4 AXB|l + 20 (VITAXTL — V/IXBIR) - < [|AX + XBll,
< [JAX|l2 + [[XB]]2 (3.5)
holds.
Proof. Let F(v) = |||JA¥XB'™ + A" X B”|||. Theorem 2.6 yields that

F(w) +2ro (VITAXT] - IXBI)

2
< o (2H|A1/2X31/2H| + (VXTI - VX BIN) ) + (1—2r0) || AX + X B

< 2\/|IAXIIP + [IXBIIP + 20| 42X B2||P + (1 = 2r)[[|AX + X B|
< llAX)+ X Bl (3
0J

Mimicking the previous proof we obtain the following inequality for matrices. We
remark that both inequalities are refinements of Theorem 3.4 and Theorem 3.8 of [11].
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Proposition 3.5. Let A, B, X € M,, and A, B be positive definite matrices. Then for
v € [0,1] and for every unitarily invariant norm ||| - ||,

2
Il A“X B+ A x Bl + 2n (V/ITAX] - VX BT

< 27“1\/!HAX||I2+ IIXBII[? + 2[|AY2X B2[[]? + (1 = 2r)[||AX + X B
< |[AXII+ lI1X BIl] (3.7)

where r1(v) = min{v, |3 — v|,1 — v}. In particular,

2
14XB'™ 4 A7XB|lp + 2 (VIIAXTR — VIXBIR) < [IAX + X Bl

< [JAX]l2 + [[X B2 (3-8)

Theorem 3.6. [11, Theorem 3.5] Let A, B, X be operators such that A, B € B(J),
and v € [0,1] and ||| - ||| be a unitarily invariant norm. Then

|A*X B + A" X BY|[5 4 2ro||AX — XB|[5 < ||AX + XBJ|5. (3.9)

Proof. Since (By(7), ||.||2) is a Hilbert space, by the parallelogram law (see also [17]),
we have

JAX + XBI + [ AX — XBJ3 = 2| AX | + | XBI3). (3.10)
Combining this equality with (2.10) and (3.2), we get

| AVX B + A"V X B||3 4 2r¢||AX — XB|3

< 2r0(2||AVPX BRI 4+ | AX 3 + [|XB3) + (1 — 2r0)|| AX + X BJJ3

= ||[AX + XBJ32. (3.11)
O

Now, we obtain a refinement of (3.2). To do this we need the following basic property
of convex functions.

Lemma 3.7. ([5], [|8, Theorem 1.3.1]) Let f be a real function defined on an interval I
and a € I. Then f is convex (respectively, strictly convez) if and only if the associated
functions s, are nondecreasing (respectively, increasing), where s,(x) = W
As a consequence of this statement, it follows that
Sz($1) _ f(xl) _ f(ZE) < f(xQ) _ f(ZE) _ Sm(x2)7
r1 — X To — X

or equivalently,

fla) < f(x2) — f($l)x _ x1 f(x2) — $2f(951)‘ (3.12)

To — T1 To — T

fora <z <z <12y <band f convex.
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Theorem 3.8. Let A, B, X be operators such that A, B € B(J), and v € [0,1] and
|| - ||| be a unitarily invariant norm. Then

o (1 — 4rg)F(0) + 4roF % it vel0, U3
v) <

| @ -1)F (%) +2(1 = 2)F G) P ovep? (3.13)

where F(v) = |||A*X B + A" X B"||| and ro = min{vr,1 — v}.
Proof. It is an immediate consequence from the convexity of F' and Lemma 3.7. O
Remark 3.9. If v € [0, 1] U [2,1], we have

1 1

— o [F (%) + F(0) — 2F (%)] |

Analogously, if v € [1, 2], then
1 1 1

— (1 —2r) {F (%) + F(0) — 2F G)} .

Using Lemma 3.7 for the function F', we infer that s;,4(1/2) > s1/4(0) and this is
equivalent to the inequality

1 1
Fl-= FO)—-2F|-|| >0.
So, inequality (3.13) is a refinement of (3.2).
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