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ABSTRACT. In this paper, we investigate the essential approximate point spec-
trum and the essential defect spectrum of a 3 x 3 block operator matrix with
unbounded entries and with domain consisting of vectors which satisfy certain
relations between their components by means of the Browder resolvent set.
Furthermore, we apply the obtained results to three-Group transport opera-
tors in the Banach space Ly,([—a,a] x [-1,1]) where a > 0 and 1 < p < +o0.

1. INTRODUCTION

In this work we are concerned with the essential spectra of operators defined
by a 3 x 3 block operator matrix

A B C
A:=| D E F (1.1)
G H L

where the entries of the matrix are in general unbounded operators. The operator
(1.1) is defined on (D(A) ND(D)N D(G)) X (D(B) ND(E)N D(H)) X (D(C’) N
D(F)ND(L)). Note that, the operator Ay need to be closed, or the domain of this
operator can be determined by an additional relation between the components
x € D(A),y e D(B)ND(E) and z € D(C) N D(F)ND(L) of its elements.

Let X and Y be two Banach spaces. We denote by £(X,Y) (resp. C(X,Y))
the set of all bounded (resp. closed, densely defined) linear operators from X into
Y and we denote by K(X,Y") the subspace of compact operators from X into Y.
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For T € C(X,Y), we write D(T') C X for the domain, N(T) C X for the null
space and R(T") C Y for the range of 7. The nullity, a(T), of T is defined as the
dimension of N(T') and the deficiency, 3(T), of T is defined as the codimension
of R(T) in Y.

Let o(T) (resp. p(T)) denote the spectrum (resp. the resolvent set) of 7. The
set of upper semi-Fredholm operators is defined by

®,(X,Y) = {T € C(X,Y) such that a(T") < oo and R(T) is closed in Y}
and the set of lower semi-Fredholm operators is defined by
®_(X,Y) :={T € C(X,Y) such that 3(T) < oo and R(T) is closed in Y}.

P(X,Y): =0, (X,Y)NP_(X,Y) denote the set of Fredholm operators from X
into Y and &.(X,Y) := &, (X, Y)UD_(X,Y) the set of semi-Fredholm operators
from X into Y. While the number i(T") := a(T') — (7)) is called the index of T
for T € &, (X,Y).
If X =Y then L(X,Y), C(X,Y), K(X,Y), (X,Y), ¢, (X,Y), _(X,Y) and
¢ (X,Y) are replaced by L(X), C(X), K(X), ®(X), P (X), P_(X) and P, (X)
respectively. A complex number A is in ®,p, & 7, & p or &7 if A — T is in
O, (X), P_(X), Po(X) or &(X), respectively.
In this work, we are concerned with the following essential spectra:

Oess (T) =C \ Pess (T)v

oo(T) =0(T)\ 0q(T),

Teap(T) 1= C\ peap(T),

0s(T) = C\ pes(T),
where pess(T) = {A € @7 such that i(A — T) = 0} and 04(T) is the set of
isolated points A of the spectrum such that the corresponding Riesz projectors

P, are finite dimensional. The characterization of the sets peq,(.) and pes(.) is
given by Jeribi and Moalla in [11] as follows

peap(T) := {X € C such that A\ — T € ®,(X) and i(A—T) <0},

and
pes(T) := {X € C such that A\ =T € ®_(X) and i(\—T) > 0}.

We call o.(.) is the Schechter essential spectrum [1, 12, 11, 17, 24], geqp(.)
and o.s(.) the Rakocevi¢ and Schmoeger essential spectrum, (see for instance
(22,23, 25]). op(.) is the Browder spectrum [7, 21]. In the next, we will denote by

pu(.) := C\ o4(.) the Browder resolvent set. For an operator T" € C(X), it holds

Oess(T') = Ocap(T) U aes(T).
During the last years, e.g. the papers [2, &, , 20] were devoted to

the study of the essential spectra of operators deﬁned by a 2 X 2 block operator
matrix acts on the product X x Y of Banach spaces. An account of the research
and a wide panorama of methods to investigate the spectrum of block operator
matrices are presented by Tretter in [27, 28]. In general, the operators occurring
in Ay are unbounded and Ay need not be a closed nor a closable operator, even
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if its entries needs to be closed. However, under some conditions Ay is closable
and its closure A can be determined. In [19], Moalla, Damak and Jeribi extend
the obtained results into a large class of operators and describe many essential
spectra of A and they apply their results to describe the essential spectra of two-
group transport operators with general boundary conditions in L,-spaces. But,
to determine the essential spectra of A, they must absolutely know the one of the
entry A of the matrix (1.1). In [3], Batkai, Binding, Dijksma, Hryniv and Langer
considered a 2 x 2 block operator matrix and describe its essential spectrum under
the assumption that D(A) C D(C), that the intersection of the domains of the
operators B and D is sufficiently large, and that the domain of the operator
matrix is defined by an additional relation of the form I'yz = I'yy between the
two components of its elements. In [6] Amar, Jeribi and Krichen considered the
case of 3 x 3 block matrix and they proposed on abstract approach to study some
essential spectra of operator in the form (1.1). Recently in [1], Charfi and Jeribi
generalized the results of [3]; by using the notion of Browder resolvent set py(.)
given in [21] they are concerned with the investigation of the Rakocevié essential
spectrum oeqp(.) and the Schmoeger essential spectrum o.s(.) of A.

In the present paper we extend these results to 3 x 3 block operator ma-
trices (1.1), where the domain is defined by additional relations of the form
I'xx = T'yy = I'zz between the three components of its elements by using the
notion of Browder resolvent. We focus on the investigation of the closability and
the description of the essential spectra. Compared with the papers [15, 19], we
can determine the essential spectra of the closure of (1.1) without knowing the
essential spectra of the operator A but only that of one of its operator Ay, where
Ay = A|D(A)0N(FX)-

This paper is divided into four sections. In the next section we give some
preliminary results and notations used in the sequel of the paper. In Section 3
we introduce the assumptions (H1)-(H14) to be imposed on the entries of the
matrix (1.1) and we give a characterization of its essential approximate point
spectrum and its essential defect spectrum. In the last section, we apply the
obtained results to describe 0.4,(.) and o.s(.) of a class of transport equations
acting in the Banach space X, x X, x X, 1 < p < oo, where

X, = L,([—a,a] x [-1,1],dx df),a > 0,

we will consider the operator

A=Ty + K,
where Ty and K are defined by
—’U% — Ul(v)wl 0 0
Tay = 0 —vagf — o2(v)Ye 0 (1.2)
0
0 0 —vg —o3(v)¢3



156 A. AMMAR, A. JERIBI, N. MOALLA

T, 0 0 U
= 0 T2 0 lpg
0 0 Tg Vs
and
0 K12 K13
K= K21 K22 0 (13)
K31 K32 K33

where C;;, 1,7 = 1,2,3, (4,7) # (1,1), (2, 3), are bounded linear operators defined
by
K’L] : Xp — Xp

1
b / iy (€, € (x, € dE” (1.4)

1
The kernels k;; : [—a,a] x [-1,1] x [-1,1] — R are assumed to be measurable.

The operators T;, ¢ = 1,2, are the so-called streaming operators in X,,, defined
by

T,: D(T}) C X, — X,

¥ o T, €) = ~€90 (3,€) — ou(EW (2, €)

D(T;) =W,

0
where W, is the partial Sobolev space W, = {go € X, such that fa—w € Xp} and
xr
Ty is defined on D(Ty) = {p € W, such that ¢' = Q¢°} by

Tap(,€) = ~€ 92 (x,€) — os(E)el, &)
where o(.) € L®(—1,1), ¥°, ¢ represent the outgoing and the incoming fluxes
related by the boundary operator H. The function ¢ (x, £) represents the number
density of gas particles having the position x and the direction cosine of propa-
gation £&. The variable £ may be thought of as the cosine of the angle between
the velocity of particles and the z- direction. The function ¢;(.), j = 1,2, is a
measurable function called the collision frequency.

2. NOTATIONS AND PRELIMINARIES RESULTS

In this section we recall some definitions and we give some lemmas that we will
need in the sequel.

Definition 2.1. Let X and Y be two Banach spaces and let F' € L(X,Y).

(i) Fis called a Fredholm perturbation if T+F € ®(X,Y) whenever T € ®(X,Y).
(17) F is called an upper (resp. lower) semi-Fredholm perturbation if T + F €
O, (X,Y) (resp. ©_(X,Y) ) whenever T € &, (X,Y) ( resp. P_(X,Y)).

The sets of Fredholm, upper semi-Fredholm and lower semi-Fredholm pertur-
bations are denoted by F(X,Y), F.(X,Y) and F_(X,Y), respectively. The
intersections, ®(X,Y)NL(X,Y), (X, Y)NL(X,Y), P_(X,Y)NL(X,Y), are
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denoted by ®°(X,Y), ®%(X,Y), ®* (X,Y), respectively. If we replace ®(X,Y),
. (X,Y) and ®_(X,Y) by the sets P*(X,Y), ¥ (X,Y) and ¢* (X,Y), we ob-
tain the sets F°(X,Y), F2(X,Y) and F?(X,Y). These classes of operators were
introduced and investigated by Gohberg, Markus and Fel’dman in [9]. Recently,
it was shown in [5], that F(X,Y), Fr(X,Y) and F_(X,Y) are closed subsets of
L(X,Y).

An operator T € L(X,Y) is said to be weakly compact if T'(M) is relatively
weakly compact in Y for every bounded subset M C X. The family of weakly
compact operators from X into Y is denoted by W(X,Y). If X =Y, this family
of operators, denoted by W(X) := W(X, X), is a closed two-sided ideal of £L(X)

containing that of compact operators on X (see [10]).

Definition 2.2. Let X be a Banach space. An operator S € L(X) is called strictly
singular if, for every infinite-dimensional subspace M of X, the restriction of S
to M is not a homeomorphism.

Let S(X) denote the set of strictly singular operators on X.

Proposition 2.1. [5, Theorem 2.1] Let X, Y and Z be three Banach spaces.
(i) If the set ®°(Y, Z) is not empty, then
FeFo(X)Y), TeLY,Z) imply TF € Fo(X, Z).
FeF (X,Y), TeLY,Z) imply TF € F* (X, Z).
(ii) If the set ®*(X,Y) is not empty, then
FeFo(Y,Z), T e L(X,Y) imply FT € Fo(X, Z).
FeF (Y, 2), TeL(X,Y) imply FT € F*(X, 7). &
Lemma 2.1. [21, Lemma 1] Let A be a closed operator in a complex Banach

space X with nonempty resolvent set. For A\, u € py(A), we have the resolvent
identity

Rb(A7 )\> - Rb(A7 :U’) = ()\ - /’L)Rb(Aa )\)Rb<A7 ,LL) + Rb(A7 )‘)MA(A7 M)Rb<A7 /L)
where Ma(.,.) is a finite rank operator with the following expression
Ma(h ) = [(A= A+ 1)) Py — (A= (u+ 1)) B].

Lemma 2.2. [2], Lemma 2] Let X and Y be two complex Banach space, B :
Y — X and C : X — Y linear operators. Then,

(1) Ry(A, ) B is closable for some p € py(A) if and only if it is closable for all
such .

(i1) C is A-bounded if and only if CRy(A,p) is bounded for some (or every)
1 € pyp(A).

(2ii) If B and C satisfy the conditions (i) and (ii), respectively, and B is densely
defined, then C'Ry(A, \)Ma(\, 1) Ry(A, 1), Rp(A, ) Ma(X, 1) Ry(A, 1) B and
CRy(A, \)Ma(\, 1) Ry(A, 1) B are operators of finite rank for any A, u € py(A).$

3. THE OPERATOR Ay AND ITS CLOSURE

Let X, Y, Z and W be Banach spaces. In this paper, we consider the linear
operators I'x, I'y, I'; acting from X, Y, Z into W, therefore we define in the
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Banach space X x Y x Z the operator Ag as follows:

A B C
Av=| D E F
G H L
x x € D(A)
D(Ap) = y | : yeD(B)ND(E) , Pxx =Tyy="Tyz
2 2€DC)ND(F)ND(L)

In what follows, we will assume that the following conditions hold:

(H1) The operator A is densely defined and closable.

It follows that D(A), equipped with the graph norm ||z|| 4 = ||x| + ||Az| can be
completed to a Banach space X4 which coincides with D(A), the domain of the
closure of A in X.

(H2) D(A) c D(I'x) C X4 and I'x : X4 — W is a bounded mapping. Denote

by I'x the extension by continuity which is a bounded operator from X4
into W.

(H3) The set D(A)NN(I'x) is dense in X and the resolvent set of the restriction
Ay = Alpaywiry) is not empty, i.e. p(A;) # 0.

Remark 3.1. It follows from (H3) that Ay is a closed operator in the Banach

space X 4 with nonempty resolvent set.

(H4) D(A) Cc D(D) C X4 and D is a closable operator from X, into Y.
(H5) D(A) C D(G) C X4 and G is a closable operator from X4 into Z.

The closed graph theorem and the assumptions (H5), (H6) imply that for A €
pu(A1) the operators Fi(\) := DRy, (A1, A) and Fy(\) := GRy(A;, ) are bounded
from X into Y and X into Z, respectively.

Under the assumptions (H1)-(H3), Charfi and Jeribi in [1], have proved the
decomposition

D(A) = D(4y) & N (4,)
for € py(A1), we denote the inverse of I'y|n(a,) by K, = (Dx|na,)) " We
can write
K, :Tx(D(A)) — N(A4,) C D(A).
For u € py(Ay), and if assumptions (H1)-(H3) are satisfied, then
Ay =A,(I — K, I'x)z.

(H6) For some (hence for all) A € p,(A;), the operator K is bounded on its
domain.

Lemma 3.1. [!, Lemma 3.3] If A\, p € pp(A1), then
K/\ - K,u = Rb(Ab )‘> (>\ - M) + MA1 ()‘7 ,U)] Ku:

where M4, (.,.) is the finite rank operator defined by
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M, (M, o) = [(A1 S A1) Py — (A — (p+ 1)) PH].
If K is closable for at least one X\ € py( A1), then it is closable for all such A.

(H7) E is closable and densely defined linear operator. We denote by Yg the
following Banach space:

Vi = (D(E),|-Iz).
(H8) D(B)ND(E) C D(Ty)

Y, = {y € D(B) N D(E) such that Tyy € FX(D(A)}

the set Y] is dense in Y and the restriction of I'y to Y] is bounded as an operator

from Y into W. We denote the extension by continuity of I'y |y, to Y by foy.
In the following, we denote by S()\) the following operator:

S(A\) := E + DK,\I'y — DRy(Ay, \)B.

For A € py(A;) the operator S()) is defined on Y] and its restriction to N'(T'y)NY;
will be denoted by S1(A), i.e., S1(A) == S(A)| vy )y -

Lemma 3.2. Let A\, p € pp(Aq)

S1(A) = Si1(p) = (p—=A)DRy(Ar, \) Rp(Ar, 1) B— DRy(Ay, \) Mg, (A, M)Rb(Ab(#)B)
3.1

Proof. Let A, p € py(Ay).

S(N) = S(u) = D(Kx— KTy — D [Ry(A1,\) — Ry(A1,p)] B
= DRy(A;, M)A = 1) + May (0 )| KTy
— D[\ = w)RolA1, N R Ar 1) + Bol(Ar, \)Ma, (A, 1) Rol(Av, 1) | B
— (A — )DRy(Ay, N) [K#ry ~ Ry(As, N)B}

— [DRy(AL )Ma 0] [ = KTy + Ry(As,0)B].
For y € D(S1(u)), we have I'yy = 0 and the relation (3.1) holds. O

Remark 3.2. (i) By assumptions (H4) and (H5), the operator Fy(p)Ry(Ay, 1) B
is bounded on its domain. On the other hand Ma, (A, i) is a finite rank operator,
so if S1(p) is closed for some p € py(Ay) then it is closed for all such p.

(17) If the operators A and E generate Cy-semi groups and the operators D and
B are bounded using [15, Remark 3.1], there exists i € C such that p € p(A;) N

p(S1(p)), this implies that i € py(Ar) N pp(S1(1))-

(H9) The operator S;(\) is closed, densely defined in A(I'y) N'Y; with a non-
empty resolvent set, i.e., p(Si(\)) # 0.

(H10) The operator H satisfies that D(B) C D(H) C Yg and for some (hence for
all) X € pp(A1)Npp(S1(A)) the operator [H +GEK\T'y — GRy(Ay, \) B] Ry(S1(A), A)
is bounded. Set U(\) := H + GK,I'y — GRy(A1, \)B and denote by

F(\) = W) Ry(S V), ).
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(H11) The operator B (resp. C) is densely defined and for some (hence for all)
A € pp(Aq) the operator Ry, (Ay, \)B (resp. Ry(A;, A)C) is bounded on its domain.
We will denote by:

Gl()\) = —K)\Fy + Rb<A1, )\)B
and GQ()\) = Rb(Al, )\)O

Lemma 3.3. If the operator VU (u) is closable for some p € py(Ay), then it is
closable for all such p and for all A € py(Ay) its closure satisfy:

T(N) = V()
= (A = WGR(A1, N [EATy, = Ry(Ar ) B| — [GRy(A1, NMa, (A, )| G (1),
Proof. Let A\, € pp(Ay).
U(A) = ¥(p)
= G(K\— K,y -G [Rb(Al, \) — (Ry(A, u)} B

= GRy(A1, ) [(h = ) + My, (0 )| K, Ty
- G[(A — 1) Ry(Ar, N Ry(Ar, 1) + Ro(Ar, \)Ma, (A, 1) Ry( Ay, u)} B
= (A= WGR(A, ) [KDy = RylAr, i) B| = [GRy(A1, N Mo, (0 1) G (1),

here I'y is bounded on Y; by assumption (H8). From (H6), (H11) and (Hb) it
follows that the operators Ky, Ry(A, u)B and GRy( Ay, p) are bounded. Then

() = W)
= (A= WGRy (A1, \) [FTy = By(Ar, ) B — [GRy(Ar, )Moy (0, 1) Ga ()
0

Lemma 3.4. For some X € py(A1) N pp(S1(N)) and under the assumptions (HS)
and (H9), we have X\ € py(A1) N pp(S1(N)) the following decomposition holds:

Y1 =D(5:1(A) @ N(5x(A))

where Sy(A) = (S(A) = \) (I — Py) + Py and P is the finite rank Riesz projection
of S(X\) corresponding to A.

Proof. Let A € py(A1)Npp(S1(N)). The operator Spy () is invertible, so N'(Sy()\)) =
{0} and we get

D(S51(A)) NN (Sx(A)) = {0}
Now, for any f € Y], we set g = Rp(S1(A), A\)SA(A)f € D(S1(A)). We can easily
see that f —g e N(Sy(\)) and f =g+ f—g € D(Si(N) + N(Sr(N)). O
For X\ € py(A1) N pp(S1(N)), we define the inverse of I'y by:
= (Cylvsaoy) " Ty(Y1) — N(Sa(A) € Y.
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In other words Jyw = y means that y € D(S1(A)),Sx(A)y = 0 and T'yy = w.
Assume that for some p € py(A1) N pp(Si(A)), J, is bounded from I'y (Y7) into Y’
and its extension by continuity to I'y(Y;) is denoted by J,,.

Lemma 3.5. If A € py(A1) N pp(S1(N)) and 1 € pp(Ar) N pp(Si(w)), then

Ty — T, = Ry(S1(V), \) [(/\ — 1) + U, ) + V(A u)]%

where we define the finite rank operator U(.,.) as

UL ) = [$100) = O+ D] B = [$1(0) = (u+ 1) P,

and the bounded operator V(.,.) as

Vi) = (A= 1) [ B Ry(Ar ) B| + Fu(\)Ma, O 1) Ro( Ay, 1) B.

Proof. Let w € I'y(Y1). Set y = y1 — yo such that y; = Jyw and y = J,w. Then,
we have

SNy = =SSNy
= [ =S A+ (S0 = A+ 1) P e
Using Lemmas 2.1 and 2.2, we infer that
SNy = | =810+ A+ (A= )R Ry(Ay, 0)B
— FO)Ma (A R(An ) B+ (S0 = (A1) B e
On the other hand, S, (¢)y2 = 0, then
Su(pye = [+ (S() = (u+1)) B e

A short computation, shows that:
Sy = [(A=n) + (A= W) AL Ry(As, 1) B
= Fu(A)Ma, (A, p) Ry(Ar, 1) B
+ (S0 = D) P = (100 = (1) B

Since y € D(S1())), then this allow us to conclude that:
D= du = (S0, [(A = ) + (A= @) Fi () Ry(Ar, 1) B
= Fi(N)Ma, (A, p)Ry(Ar, p)B
+ (S0 = D) P = (i) - (1) B

From the above expression of Jy — J,, we get:
Ix = Ryp(S1(A), ) S1u(p) Sy = St (1) Rp(S1(A), A) -
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Since S1,,(11) Ry(S1(N), A) is bounded and boundedly invertible, then Jy is closable

for each X if J, is too and its closure satisfy:

Ta= T, = RSi(0). 0 [0 = ) + UG ) + VA )| T,

where the finite rank operator U(A, 1) and the bounded operator V(A, i) are given
by:

U\ p) = [$10) = O+ 1] P = [Si0) = (u+ 1] B,
and

VA p)=(A—p) [Fl(/\)Rb(Ah M)B] + Fy(A)Ma, (A ) Ry(Ar, ) B O

(H11) L is densely defined and closed with non-empty resolvent set, i.e., p(L) # 0.
(H12) D(C)ND(F)ND(L) C D(T'y), the set

Z, = {z € D(C) ND(F) N D(L) such that [z € Fy(Yl)}

is dense in Z and the restriction of I'; to Z; is bounded as an operator from Z
into W. Denote the extension by continuity of I'z|z, to Z by F%.

(H13) For some (and hence for all) A € p,(A;), the operator F' — DRy(A1, \)C
is closable and its closure F' — DR,(A;, \)C is bounded and for A € p,(A;) N
po(S1(X)), set

Ga(N) i= — a0y + Ry(Si V), \)(F — By (\)C).

(H14) For some (hence for all) A € py(A1) N pp(S1(A)), the operator
So(N) = L — Fy(\)C + T(\) [JAFZ ~ Ry(S1(N), (F — FL(A\)C)

is closable.

Lemma 3.6. If for some u € py(Ar) N pp(S1(p)) the operator So(p) is closable,
then it is closable for all such p. &
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Proof. Let i € pp(A1)Npp(S1(p)) and X € pp( A1) Npp(S1(A)). Using the resolvent
identity we find

Sa(p) — Sa(N)

[F2(N) = Fa ()] C + [T (N)G5(N) = W (k) Gs(u)]
= ()‘ ) Fa(N)Ga(p) + Ro(A, \)Ma(A, 1) Ga (1)
FUN)Gs(p) = ¥()Gs(p) + (A = ) F2(AN) KLy — Ry(Ar, p)]Gs(p)
+E2(A) Ma(A, )G

)G
()
= (A= W) (BNG (1) + BOIKTy = Ry(As,1)]Gs (1)

+ (BN () = Fa()Su(1) ) (1) + Ry(A, \Ma(A, 1) Ga(p)
+ER(A)Ma(A, )G (1)

Since the operators F;, i = 1, 2, 3 are bounded everywhere and the operators G;,
i =1, 2, 3 are bounded on its domains and by assumptions (H13) the operator
Sa(A) is closed and the closure does not depend on the choice of p. O]

Denote the closure of So(p) by Sy(1). Then we have
Sa(n) = S2(N) = (3 =) (BNGaln) + B ETy = Ry(Ar 10)|Galn))
 (BNS) — Fa()$1, ) ) Cil1) + Rl A VMO 1) (1)
+Fy (AN Ma(A, 1) Gr ()
Lemma 3.7. For some A € py(A1) N pp(S1(N)) and y € Yy, we have
Sx(Ny = Sia(N( = \Iy)y,
where the operator I — J\I'y is the projection from Yy on D(S1A(X\)) parallel to
N(Sr(N))-
Proof. Let y € Y} then we have
y=U—-J.Iy)y+ J.Iyy.
The first summand belongs to D(S;(u)) because y; = (I — J,I'y)y € D(Si(p))
and y, = J,I'yy € N(S(u),), then

(S()w)y = (S1() )

= (S1(1)p) (Y — v2)
= (S1()u)I = JuTy)y. O

In the following we use these assumptions to show the closeness of the operator
Ay and to describe the closure. The main idea is, as in the 2 x 2 case, a factoriza-
tion of the 3 x 3 matrix with a diagonal matrix of Schur complements in the middle
and invertible factors to the right and to the left (see for example[3, 1, 19, 27]).

In the following we consider the operators @(u) =Gi(p), i=1, 2,3.

Theorem 3.1. Under assumptions (H1)-(H13), the operator Ay is closable if
and only if Sa(p) is closable for some p € py( A1) N pp(S1(p)). In this case the
closure A of Ay is given by
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Ay, 0 0
A=pl+G ()| 0 Si(p) 0 Ga(p) + N(p)
0 0 Sa(p) —

I 0 0 I Gi(p) Galp)
where Gi(u) = | Fi(p) I 0], Gw=1o0 G(1)
Fy(p) Fs(p) I 0 0 I
[A—(u+1)]P, 0 0
and N(p) = 0 (S1(p) = (p + 1))P/:L 0
0 0 0

or, spelled out,

I =Gi(p) Gi(w)Gs(p) = Ga() \ [ = © € D(4y)
D(A) = 0 I —Gs(p y |, yeViNnN(I(Y)) ».
0 0

z€Yy

Dz + S1,(n)y — pGs(p)z

( Arx — pGi(p)y + M(@l(M)CAjB(M) — Ga(p))z )
Gr+ U (u)y + S2(p)2

Proof. Let p € pp(A1) N pp(S1(p)) the lower-upper factorization sense

I 0 0 Ay, 0 0 I Gi(p) Galp)
Ao = pll + ( Fi(p) I 0 ) ( 0 Siuln) 0 ) ( 0 I G )
Fo(p) Fs(p) I 0 0 So(p) — p 0 0 I

A~ (u+ 1)]B, 0 0
+ ( 0 (S1(1) ~ (u+1)F, 0 ) -

0 0 0
The external operators Gy (1) and Go(u) are boundedly invertible and

(A~ (u+1)]P, 0 0
( 0 (S1(w) = (n+1))P, 0 )
0 0 0

is a finite rank operator, hence Ay — p is closable if and only if Sa(p) is closable. O

4. RAKOCEVIC AND SCHMOEGER ESSENTIAL SPECTRA OF A

Having obtained the closure A of the operator Lg, in this section we discuss
its essential spectra. As a first step we prove the following stability lemma.

Lemma 4.1. (i) If Fi(p) € F2(X,Y), Fo(p) € F2(X, Z) and F5(p) € F2(Y, Z)
then 0eap(S1(11)) and Geap(Sa(1t)) does not depend on the choice of p.
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(i1) If Fy(u) € FP2(X,Y), Fo(u) € F° (X, Z) and F3(n) € F°(Y, Z) then 0.5(S2(11))
and o.5(S1(1)) does not depend on the choice of pu.

Proof. (i) Let (A, 1) € (pp(A1))?, using Eq. (3.1) and Proposition 2.1(z), we will
have 0eqp(S1(1t)) = Teap(S1(A)). This implies that o.q,(S1(¢)) does not depend
on p. Now, let A € py(A1) N ppS1(N) then from Proposition (i), we deduce that
the difference Sa(u) — Sa(N) € F2(Z). Hence by [14, Remark 3.3], we infer that

Oeap(Sa(p1)) does not depend on the choice of .
(77) This assertion can be proved in a similar way as (7). O

We will denote for o € pp(A) N pp(S1(pe)) by Q(1) the operator the following

0 él(y) @z( )
Q) == | Fi(p) Fy ()G (p) Fi(1)Ga () + Gs (1)
Fy(p)  Fa(p)Gi(p) + F3(p)  Fa(p)Ga(p) + F3(1)Ga(p)

Theorem 4.1. Suppose that the assumptions (H1)-(H13) are satisfied.
(i) If for some pu € pp(A1) N pp(S1(p)), we have Fy(p) € FU(X,Y), Fy(u) €
FUX, 2),
Fy(p) € F2(Y,Z) and Q(p) € F(X,Y, Z), then

Teap(A) C Teap(A1) U 0eap(S1 (1)) U Teap(S2(11))-
If in the addition we suppose that the sets ®a, Pa,, Ps, () and Pg,(,) are con-
nected and the sets p(Sy(1t)) and p(L) are note empty, then

Teap(A) = Oeap(A1) U Oeap(S1(11)) U 0eap(S2(1))-

(ii) If for some u € p(A1) N p(Si(w)), we have Fi(p) € FP(X,Y), Fa(p) €
Fo(X,Z), F5(u) € FP(Y, Z) and Q(pn) € F_(X,Y, Z), then

Oes(A) C 0es(A1) U 0es(S1 (1)) U aes(Sa()).

If in the addition we suppose that the sets ® 4, P, Pg, () and g, are con-
nected and the sets p(Sy(i)) and p(A) are not empty, then

0es(A) = Tes(A1) U 0es(S1(1)) U 0es(S2(1))-
Proof. Fix A € py(A1) N pp(S1(w)). Then for p € C we have

A=A =Gi()V(N)Ga(p) + (A = 1)Q(k) + P(p) + N(p),
The matrices-operators V(\) and P()\) are defined by

A— ) 0 0
V(A = ( 0 Si(w) —A 0 ),
—)

0 0 Sa(p)

P P P
Plu)= | P P Pas |,
Py Py Psg
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where
o Py =[A = (u+D]P,_
o Py = [Ay — (n+ D]PLGi(p),
o Py =[A1 — (n+ D]P.G2(p),
o Py = Fi(p)[A — (n+ 1)]PmA
o Py = Fy(p)[Ar — (e + D]P,Gi(p) + [Si(w) = (w+ DIP,,
o Fyy = Fi(p)[Ar — (u+ 1)]P,Go(p) + [S1(p) — (1 + V)] PLF1 (1) G (1),
o Py = Fy(u)[Ar — (n+1)| P,
o Py = Fy(p)[Ar — (p + 1)]P,Gi(p) + Fa(w)[Si(p) — (n+ 1)),
o Py = Fy(u)[Ar — (p+ 1] BuGa(p) + Fs(1)[S1 (1) — (1 + 1)] B, Ga(p).

Since G1(A) and Go(A) are bounded and have bounded inverses, N(A) and P())
are finite rank matrices operators and Q(\) € F,(X,Y, Z), therefore (A — pf) is
an upper semi-Fredholm operator if only if V(x) has this property and

i(A = pl) =i(Ar — pd) +i(S1(p) — p) +i(S2(p) — ).
This shows that geep(A) = Teap( A1) U Teap(S1(1)) U eap(Sa(i)).
Since @4, ®a,, Pg,(y) and Pg,,) are connected and the sets p(S2(p)) and p(A)

are not empty, then using [/, Proposition 2.3] and [, Theorem 3.2], we completed
the proof of ().
A same reasoning allows us to reach the result (i7). O

5. APPLICATION TO TRANSPORT OPERATORS

In this section, we will apply Theorem 4.1 to study the essential spectra of a
class of linear operators on Ly-spaces, 1 < p < co. Let

X=Y=2Z=X,=1L,([-a,a] x [-1,1],dzd),a > 0 and p € [1,00).

We consider the following three-group transport operator with abstract boundary
conditions
A A Asg
A=Ty + K := | An Axn A
Az Az Ass

where Ty (resp. K) is defined in Eq. (1.2) (resp. Eq. (1.3)). We consider the
boundary spaces

Xg 1= Lf{~a} x [~1,0] [Eld€] x Ly{{a} x [0.1], [lde] = X7, x X3,
and
X;; = L,[{—a} x [0,1], |€|dE] x L,[{a} x [-1,0], |£|d] = Xip X Xg,p

respectively equipped with the norms

1
P

1 0 1
Il = (I, + esis,)" = | [ le(-a©Plelds+ [ tota eiel e
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and

p

1 1 0
Nx; = ilpi s ) = —a,§)P|¢]d E)PIEl d
Il = (Wil + bl ) = | [ et oPlelae+ [ totaepidg

1

It is well known that any function ¢ € W, has traces on the spacial boundary
sets {—a} x (=1,0) and {a} x (1,0) in X¢ and X{. They are denoted by °
and ¢, and represent the outgoing and the incoming fluxes, respectively (”0”
for outgoing and 74" for incoming). The function ¢(x, &) represents the number
density of gas particles with position x and the cosine of direction of propagation
&; that is, £ is the cosine of the angle between the velocity vector and the x-
direction of the particles. The functions o;, 7 = 1,2, 3, which are supposed to be
measurable, are called collision frequencies.

In the next, we will define the operator A on the domain

V1
D(A) =3 | v | ¥1 €Wh, ¥y € D(Th), ¥s € D(T3), i = v} = ¢}
(o
and introduce the boundary operators I'x, I'y and I'z: .
Ix: X, — X Iy : X, — X} Lz: X, — X
) and
Y1 =1y Y2 —> U5 Y3 > by = 5.

Let A € R be defined by A} := liminf¢00,(§), j = 1,2,3 and let A, the
operator defined by

Alle

D(A;) = {1y € W, such that | = 0}.
Let us now consider the resolvent equation for T}
A=T)Y=¢

where ¢ is a given element of X, and the unknown ) must be sought in D(7}).
For ReA + A7 > 0, the solution formally given by:

_ (Ato1(§))late]

V(@8 = v(—a, e o £e(0,1)

_ (Ato1(§)la—z]|

1/)(1’,5) :¢(a75)€ €l ) § € (_170)
Thus, the operator K is defined on XI’; by
(K, : X;) — X, Khu:= X(Oyl)(g)Kj\“u + X(—1,0(§) Ky u  with

_ (Atoq(§)latz|

(Kyu)(z, &) ==wu(—a,§)e T, £€(0,1)

_ (AHFai1(§))la—=]

| (Kyu)(@,8) =wu(a,§ e # | £e(—1,0)
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where x(-1,0)(.) and x(,1)(.) denote, respectively, the characteristic functions of
the intervals (—1,0) and (0,1). It is easy to see that the operator K is bounded

and || K| < (pReX + X{)_%. The domain Y] is given by
Y; = {1 € W, such that o5 € Tx(W;)}.
The operator Jy is defined on the domain D(Jy) := {4} such that ¢ € Y3}

Remark 5.1. To verify that the operator Q(X) is compact on X, x X, x X,,
1 < p < oo (resp. weakly compact on X1 x X1 x X;) we shall prove that the

operators Fy(\) and G;(\), i =1,2,3

Notice that the collision operators K;;, 4,5 = 1,2,3, (i,7) # (1,1), (2,3),
defined in Eq. (1.4), act only on the velocity v, so x € [—a, a] may be seen simply
as a parameter. Thus, we consider Kj;; as a function

Kij:z € [—a,a] — K;j(x) € L(L,([—1,1]; d§).
In the following we will make the assumptions:

— the function Kj;(.) is measurable,

— there exists a compact subset C C L(L,([—1, 1]; d§)) such that :
Ki;(z) € C a.e. on[—a,ada],

— Ki;j(z) € K(Ly([-1,1]; d)) a.e. on[—a,a]

(H1)

where K(L,([—1,1]; d)) is the set of compact operators on L,([—1, 1], df).

Definition 5.1. A collision operator K 1is said to be regqular if it satisfies the
assumptions ($H1).

Lemma 5.1. [20] Let A € p(A;).

ko1 (x, &, &
(i) If the operators Ks, K3 are non-negative and their kernels %,
!
ml(@/f’§> define reqular operators, then for any A\ € C satisfying ReX > —\],

the operators Fi(\) = Ky (A — A)7' and Fy(\) = K31 (A — N1 are weakly
compact on X;.

(17) If K31, K91 are non-negative reqular operators, then for any A € C with
ReX > =)} the operators Kz (A; — A\)™', Ko (A; — \)7L, is compact on X, for
1 <p<oo.

(1ii) If Ki3, Ky are non-negative regular operators, then for any A € C with
ReX > =)} the operators (A; — N\) ' Ki3, (A1 — N\)"' K12 are compact on X,, for
1 < p < oo and are weakly compact in X;.

Theorem 5.1. If Q) € S(X,) positive operator, K9, Koy, K13, K31, K33 are non-
! /
negative reqular operators and, in addition, %ﬁ’@ and %ﬁ,ﬁ) define

regular operators on on X, for 1 <p < oo (resp. on Xi), then

Oeap(A) = 0es(A) = {)\ € C such that ReX < —min(A}, A\, /\3)}
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Proof. First, it was shown in [4] that
Oeap(A1) = 0e5(A1) = {\ € C such that Re\ < —AT}. (5.1)

Second, if A € p(77) using Lemma 5.1, S;(\) — Ty — Ky is compact on X,
1 < p < oo and weakly compact on X; this implies that oe.,(S1(N)) = eap(Aaz).
Let A € p(Ty) such that r, (A — T3) "' Ka) < 1, then A € p(Ag) N p(Ty) and we
have,

A=Tp = Kp) ' =(A=Ta) "' =D [(A=To) ' Kap|" (A = Tp) "

n>1
Since Ky is regular, then it follows from [, Theorem 2]that the operator
A=Ty— Kyp) ' = (A=Ty)""

is compact on X,, 1 < p < oo and weakly compact on X;. Then the use of
Remark 3.3 in [11, Remark 3.3] leads to

Oeap(S1(11)) = Oeap(Aa2) = {\ € C such that ReX < —AJ}. (5.2)
Now, let A € p(A1) N p(S1(N)) the operator Sy()) is given by

So(A) = (Ass) — Fy(N) Kz + W) (ST + (S1(A) — A) " F (V) Kos).

Since the operator () is strictly singular on X, then I'; has also this property.
This together with Lemma 5.1 make us conclude that Sy(A) — Asz is compact on
X,, 1 < p < oo and weakly compact on X7, then oeqp(Ass) = Teap(S2(N),

Oeap(S2(N)) = Oeap(Ass) = {\ € C such that ReX < —A3}, (5.3)
Applying Theorem 4.1, and using Eqs. (5.1), ( 5.2) and (5.3) we get

Oeap(A) = {\ € C such that ReX < —min(A}, A5, \)}.

A same reasoning allows us to show that o.s(.A). O
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