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ABSTRACT. In this paper we find conditions on the existence of bounded linear
operators A on the Bergman space L2(D) such that A*T,A > Sy and A*TyA >
T, where Ty is a positive Toeplitz operator on L2(D) and Sy, is a self-adjoint
little Hankel operator on L2 (D) with symbols ¢, € L>°(D) respectively. Also
we show that if Ty is a non-negative Toeplitz operator then there exists a rank

one operator Ry on L2(D) such that ¢(z) > a2R;(z) for some constant a > 0

and for all z € D where ¢ is the Berezin transform of T} and va(z) is the
Berezin transform of R;.

1. INTRODUCTION

Let D be the open unit disc in the complex plane C and dA(z) = %d:cdy be the
normalized area measure on . Let L?(ID,dA) be the space of complex-valued,
absolutely integrable, measurable functions on D with respect to the area mea-
sure dA and L2(ID) be the Bergman space consisting of all analytic functions that
are in L*(DD,dA). Here the norm || - || and the inner product are taken in the
space L2(D,dA). Tt is [1] not difficult to see that L2(ID) is a closed subspace of
L*(D,dA). We denote the orthogonal projection from L?(D, dA) into L2(D) by P.
Let L>°(D) be the space of complex-valued, essentially bounded, Lebesgue mea-
surable functions on D and H>°(ID) be the space of bounded analytic functions on
D. Forn > 0,n € Z, let e,(z) = vV/n+ 12". The sequence {en}oo forms an or-

thonormal basis of L2(D). Let K(z,w) = K,(w) = (1 26”
— 2w)?

Date: Received: 12 December 2012; Accepted: 25 February 2013.

* Corresponding author.

2010 Mathematics Subject Classification. Primary 47B15 ; Secondary 47B35.

Key words and phrases. Bergman space, Positive operators, Berezin transform, Toeplitz

operators, Little Hankel operators.
171



172 N.DAS, M.SAHOO

The function K(z,w) defined on D x D is called the Bergman kernel of D or

_ 9  K(w,z) 1-|z) K.(w)
the reproducing kernel of L2(D). Let k,(w) Ko  (—zw)P KDL
These functions k. are called the normalized reproducing kernels of L?(D) for
each z € D. Tt is clear [10] that they are unit vectors in L2(D).

For ¢ € L>*(D), we define the Toeplitz operator from L?(D) into itself by
T,f = P(¢f) and the Hankel operator Hy from L2(D) into (LZ(D))* is defined
by Hyf = (I — P)(¢f). The little Hankel operator Sy from L?(D) into itself
is defined as Syf = P(J(¢f)) where J : L*(D,dA) — L*(D,dA) is defined as
Jf(z) = f(2). These operators [10] are all bounded.

Let £(H) denote the algebra of all bounded linear operators from the Hilbert
space H into itself. Let LC(H) denote the ideal of compact operators in L(H).
A bounded linear operator A € L(H) is said to be positive if (Az,z) > 0 for all
x € H. The notation A > 0 will mean that A is positive. We say A > B when
(Az,x) > (Bx,x) for all x € H. For arbitrary selfadjoint operators A, B € L(H)
we write A < B if and only if B — A > 0. An operator A € L(H) is called
hyponormal if A*A > AA* and the operator A € L(H) is called power bounded

if ||[A"|| < K for a fixed K > 0 and n = 1,2,... . Let T be a bounded linear
T~ T7-T
by Re(T) and — by

Im(T'). Define the Berezin transform for operators T' € £(L?(ID)) by the formula

) T+
operator on a Hilbert space H. We denote

T(z) = (Tk,, k.), z € D.

The function T is called the Berezin transform of 7. If T € L£(L%(D)) then
T € L=2(D) and ||T]| < |T| as |T(z)| = (Tk., k)| < |T|| for all z € D. We
shall write Ty, = ¢ for ¢ € L>®(D). That is, ¢(z) = (Tyk., k.) = Ty(z) for all
z e D.

In the set of bounded Hermitian operators from a Hilbert space H into itself,
various types of ordering by means of the cones of non-negative, positive definite
and positive invertible operators can be defined. In this paper we investigate
whether it is possible to compare the Berezin transform of non-negative Toeplitz
and little Hankel operators. In section 2, we prove a few preliminary lemmas.
In section 3, we show that if T}, is a positive Toeplitz operator on the Bergman
space and Sy is a self-adjoint little Hankel operator then there exist bounded
linear operators A € L(L2(D)) such that A*T,A > S,. Similarly, we show that
there exists A € L(L2(D)) such that A*T,A > T,. Further, one can find a
sequence {A,} € L(L?(D)) such that A, — 0 and A*TyA, > T, for all n. In
section 4, we prove that if Ty is a non-negative Toeplitz operator in L£(L2(D))

then there exists a rank one operator Ry € L(L2(D)) such that ¢(z) > BE(z)
for all z € D and for some constant 5 > 0.

2. PRELIMINARY LEMMAS

In this section we prove a few preliminary lemmas which will be used in proving
the main results of the paper.
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For finite rank operators in £(L?(D)) one can define a trace functional tr by
n n

r(T) =D (frr9%) when T = " f @ gy

k=1 k=1
Lemma 2.1. Let S,T € L(L:(D)). If tr(ASA) = tr(ATA) for every rank one
projection A € L(L2(D)), then S =T.

Proof. Let A= f® f, where f is a unit vector. Then A is a rank one projection
and every rank one projection takes this form. By the assumption, we have

(SF,f) =t(Sf@f)
=tr(ASA) =tr(ATA)

= te(Tf @ f)

=(Tf, )
Thus (Sf,f) = (Tf,f) holds for every unit vector f € L?(D). Therefore,
(Sk,,k.) = (Tk., k,) for all z € D. Hence S =T. O

Lemma 2.2. If T}, is invertible and <A*T¢,’1Af, g (A*TyAf, g) = (A*Af,g)? for
every f,g € L2(D) and for some A € L(L?(D)) whose range is dense in L2(D)
then ¢ is a constant function.

Proof. Since RangeA = LZ(D) we have <T¢_1f, g> (Tsf,9) = (f, g)> for all f,g e
L?(D). Now fix a nonzero f € L(D). Then, for every g € (Sp{f})* C L3(D),
we have (T(;lf, gy =0or (T,f,g) =0 since <T¢_1f,g> (Tsf,9) = (f, ¢)> =0. Let
My = {g e (Sp{f})*": (Tsf,g9) =0} and Ny = {g € (Sp{f})* : (T, 'f,9) = 0}.
Then M; U Ny = (Sp{f})*. Because (Sp{f})*, M; and N; are all closed linear
subspaces, we must have M; C N; = (Sp{f}H)* or Ny C M; = (Sp{f}H)*.
If Ny = (Sp{f})*, then qulf € Sp{f}. So there exists a Ay € C such that
T, f = Apf #0, that is, Ty f = A f. If My = (Sp{f})*, then T,f € Sp{f},
that is, Ty f = A;f for some scalar Ay. Since f is arbitrary, we see that for every
f € L3(D), there is a scalar A\; such that T,f = A;f. This implies that there
exists a A € C such that ¢ = . OJ

Corollary 2.3. Suppose that Ty is invertible and (S¢+T¢_15wf, D (Sy+TpSyf,g9) =
(Sy+Syf,g)? for every f,g € L2(D) and ker Sy, = {0}. Then ¢ = C, a constant

function.

Proof. We need only to observe that RangeS, = L2(D) if and only if ker S, =
{0}. O
Lemma 2.4. Let A be a nonnegative operator in L(L%(D)). Then ker A =

ker A2 and RangeA = RangeA'/2. If RangeA is closed then RangeAY? is closed
and RangeA = RangeAY? and A = AY2B, for some invertible B € L(L?(D)).

Proof. Since (Af, f) = (AV2f, AYV2f), f € L2(D), it follows that ker A C ker AY/2.
Conversely, if f € ker AY?, we obtain Af = AY2AY2f = 0. Thus ker A =
ker A2, Also, observe that RangeA = (ker A)* = (ker AY/?)L = RangeAl/2.
The lemma follows from [7]. O
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Lemma 2.5. Let 1) € C(D), the space of continuous functions on D and ||| <
1. Let Ty be a positive Toeplitz operator on L2(D) such that Ty < Sy+TySy where

Y1 (z) =(2). ThenTy, = Sy+TSy. Further RangeTy reduces Sy and Sﬂm
18 unitary.

Proof. Let T;/st = L. The operator L is compact [10] as ¢ € C(D) and Sy, is a
contraction as [|¢||s < 1. Further, LL* = T;/QS¢S¢+T;/2 < T,. This is so since
S5 = Sy+. Hence 0 < Sy+TySy — Ty < Sy TySy — Ty/*Sy Sy T,* = L*L — LL*.
Hence the operator L is hyponormal. Since L is compact, L is normal. The
normality of L implies that Ty, = Sy+T,Sy = T(;/ QSWS’W T(;/ 2, and hence it follows
that Sy+ is an isometry on RangeT}, and T, commutes with .S, (and so also with
Sy+). Consequently, Sy+SyTy = Sy+TpSy = Ty = T,Sy,Sy+. Hence Rangely
reduces Sy and Sy|(ganger;y is unitary. O

3. NON-NEGATIVE TOEPLITZ OPERATORS

In this section we show that if T}, is a positive Toeplitz operator in £(L?(D)) and
1 € L®(D) can be expressed as a linear combination of Bergman kernels and some
of its derivative then there exist bounded linear operators A € £(L?(ID)) such that

A*TyA > S5 Sy. If in addition ¢(2) = (%) then we can find A € L(LZ(ID)) such
that A*TyA > S,,. Further, we find conditions for the existence of A € L(L2(D))
such that A*TyA > Ty. It is also possible to find sequences {4, } of operators in

L(L2(D)) such that A, — 0 and A*TA, > Ty for all n.

Theorem 3.1. Let T, be a positive Toeplitz operator in L(L2(D)) with symbol ¢ €
L>*(D) and Sy be a little Hankel operator in L(L2(D)) where

N mjfl 8’7
W(z) = Z Z Cjy—== K3, (2)
pariwer SN2

where b = {bj}j.vzl is a finite set of points in D, cj, # 0 for all j,~v and m; is the
number of times b; appears in b. Then there exists an operator A € L(LZ(D))
such that A*TyA > S;.Sy and [|ATy Al > ||S;,Syll. Further, in addition if (z) =
() then it is also possible to find A € L(L2(D)) such that A*TyA > S, and

—_—

(A*T,A)(2) > g;(z) where H denotes the Berezin transform of H € L(L(D)),
and ||A*T,A| > ||Syll. In case A is positive, then there exists an invertible
T € L(L2(D)) such that AV*TyAY? > (T*)71S, T~

Proof. From [5] it follows that Sy is a finite rank operator on LZ(D) and therefore
S;,Sy is a finite rank operator and Range S} Sy is closed in L2(ID). Notice also
that

dim (U E™e[), oo)<L§<D))> = oo. (3.1)
A>0

This is so as E7¢(0,00)(L3(D)) = RangeT}, and from [9] it follows that RangeTy

is infinite dimensional. Let M = {Y € L(LZ(D)) | Y*T,Y > S;S,}. We first
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claim that 0 is in the WOT-closure of M. To show this suppose 0 is not in the
WOT-closure of M. Then there is a WOT-neighborhood

V= {BeLLAD)): [(Bfig)l <ei=1,-,n}

of 0 (for some ¢ > 0) which does not intersect M where fi,..., fu,g1,.-.,0n €

L3(D). Let K be the linear span of g, ga, . . ., go. From (3.1), it follows that there

exists A > 0 such that dim E"¢[), 00)(L2(D)) > n + rank(S;Sy). It thus follows

that dim (E7¢[X, 00)(L2(D)) (N K*) > rank(S;Sy). Since S35y is a self adjoint

operator of finite rank, there exist real numbers {6;}%_ and an orthonormal basis
k

{0;}i_, for RangeS}Sy such that S;S,f = Zﬁi (f,0;)0; and |6;] > 0 for all
i=1
i=1,....,k Let B € L(L}(D)) be such that B‘(RangeSi}Sw)l = 0 and Bd; = u;
where {ui}le is an orthonormal set in E7¢[\ o0)(L2(D)) (N K+.
Now, for each g € RangeS;;Sy, we have || Bg|| = ||g|| and Bg € E*#[),00)(L2(D)).
Thus (B*T,;Bg,q) = (TyBg, Bg) > A||Bgl||* = A|g||*>. Let f € L?(D). Then
f =g+ h, where g € RangeS;,S, and h € (RangeS;Sy)". Hence

k
(SpSuf, f) =D 0il(f. 8] < max |6]|lg]*
=1

and
* 1
(AT, AL, f) = (TyAf, Af) = (TsAg, Ag) > MglI* > 2558, £,
A 9 .
where — = Thus t*B*TyB > S;S¢ and tB € M. Further since
t2 max |0;|

B(L?(D)) ¢ K+, we have tB € V. Hence V(M # ¢. This is a contradiction.
Thus there exists operator A € L(L}(ID)) such that A*TyA > S; S, and therefore
AT Al > || Syll. In case (z) = 9(%), the operator Sy is self-adjoint. Pro-
ceeding similarly as above, one can show that there exists A € £(L2(ID)) such that

A*T,A > Sy, and therefore (A*TyA)(z) > :S;;(z) and [[A*THA| > ||Sy]|. If Ais
positive then by Lemma 2.4 there exists an invertible operator T' € £(LZ(D)) such
that A = AY2T. Hence A*TyA > S, implies AYV2T,AY2 > (T*)~15, T~ O

o0

If f(2) = Z a,z" is holomorphic on D, a simple calculation shows that

n=0
[ 1r@paac) ::0

8
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Consequently, f € L?(D) if and only if the last expression is finite. The scalar
product of f(z) = Zanz” and g(z) = Z ba2", f,g € L2(D), is given by
n=0 n=0

o0 7

anbn,

The truncation projections on L2(D) will be denoted by P,,0 < n < oo, and it
is defined by

Pnf:Pn(aoaalaaQa”' 7an7an+17"'):(a07a1a"' ’an’O’O,...>.

These are, of course, orthogonal projections on L2(D) which converges strongly
to the identity I on L2(D).

Theorem 3.2. Let Ty be a non-negative nonzero Toeplitz operator on L2(D) with
symbol ¢ € L>(D). Then
(i): For each ¢ > 0, there exists an operator A € L(L2(D)) such that
|P.AP,|| < € and A*T,A > Ty. If tr(BA*T,AB) = tr(B1yB) for ev-
ery rank one projection operator B € L(L2(D)), then A*T,A = Ty,
(ii): If T, < Re(A*T,) for some A € L(LA(D)) then Ty < A*TyA. That
is, ¢(z) < A*T,A(z) for all z € D. Furthermore if Ty, < Re(A*Ty) and
T, = A*T,A for some A € L(L2(D)) then A*T, = Ty.
(iii): If K = A*Ty for some A € L(L2(D)) and Ty < Re(K) and A* is
power bounded then K = Ty.
(iv): If for some A € L(L:(D)), ||A|l < 1,A*T,A > T, then T(;/ZA is a
hyponormal operator.
(v): Let Ty be invertible and E be a nonzero projection and A € R, A > 0
such that EFTyFE = AE and ET(;lE = %E Then RangeE is a subspace of
the eigenspace of T, corresponding to the eigenvalue .
(vi): If T}, is invertible and <A*T¢_1Af, g(A*T,Af, g) = (A*Af, g)? for ev-
ery f,g € L2(D) and for some A € L(L?(D)) such that RangeA = L?(D)
then ¢ is a constant function.
(vii): If € C(D), W]l < 1, S5TsSy > Ty then Ty = S5T,S, and T,/%S,
1 a hyponormal operator.
Proof. We shall assume first that T} is one-one. For A > 0, let E\ be the spectral
measure of the interval [A,00). Since T} is one-one and non-negative, hence
E\ — I, the identity operator, in the strong operator topology. Thus there
exists A = A(€) > 0 such that the orthogonal projection E\ € £(L2(D)) satisfies

ToEx = ExTy, (I — Ex) Pl < Ve
and dim(RangeF),) > 2dim(RangeP,). Also the spectral measure F) satisfies
(Tof. f) = AP (3.2)

for all f € RangeFE), From [9], it follows that RangeT} is infinite dimensional.
Thus there exists an unitary operator U on RangeF) such that

(RangeUE\P,) L (RangeE\F,).
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Define A € L(L?(D)) as Af = aUE\f + (I — E))f, where a > 0 is chosen in
such a way that A*T,A > T,. We shall now verify that such a exists. Since T}
commutes with £y we have

(ATLAS, f) = (TLAS, Af)
= (aTLUENf +Ty(I — Ex)f,aUE\f + (I — E))f)
= &* (TYUELf,UELf) + (Ty(I — E\)f,(I — E))f).

On the other hand,

(Tof, ) = (ToENf, f) + (To(I — EX)f, f)
= (TyExf, Exf) + (ToExf,(I — E\)[)
+ (To(I = EX)f, Exf) + (Ty(I — Ex)f,(I — Ex)f)

—~

TyENf, Exf) +(To(I — EX)f,(I — E\)f).
Hence the only condition which has to be satisfied by « is
o* (TLUENf,UELf) > (TyExf, Exf) .

The condition is satisfied by sufficiently large a because of (3.2) and because
RangeT, is an infinite dimensional subspace of L2(D). To show that || P, AP, || <
¢, observe that |P,AP,|| = sup {|(P.AP.f,9)|: f,g € LA(D),||f|l = llgll = 1}
Let || f]| = |lg|l = 1. We have

—~

[(AP.f, Pg)|
| E)\Apnfa EAPng> + <(I - EA)APnfa (I - EA)Png>|
= (QUEN\P,f, ExPag) + (I — Ex)Pof, (I — E\)Pag)|
|
|
|

—~

0+ <(I - EA)Pnf7 (I - EA)Png>|
(I = EX)EufII(T = Ex) Pagll
|(I = EX)Bul[[(I = Ex) Pyl < e

To prove the general case, let M = ker T,,. Decompose L2(D) into an orthogonal
direct sum L2(D) = (ker Ty)* @ ker Ty = M+ & M and let Q be the orthogonal
projection onto M=*. Let Té”L = Ty|,,;. be the restriction of T" to M*. Let N =
QP,L2(D) and let ; be the orthogonal projection from M=+ onto N. Applying
the first of the proof to the operator TqﬁwL and the projection (); we find an
operator A; € L(M*) with [|Q1A4:Q4] < HP€||2 and ATM"A; > Té‘“. Let

A=A4®0,s0 Ay = QAQ. Then A*T,A > T,. It remains to show that
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| P.AP,|| < e. Since  and @) are self-adjoint we have

I f1I=llgll=1
= sup |<APnf7 Png>’
I £1I=llgll=1

IF1=llgll=1

IflI=llgll=1

< sup [(Aif,9)|

1< Pnl
gl <IlPnll

<NPJ* sup [(AiQuif, Qug)l

I71=lgll=1
fgeM+

< [PalPQiAQ| < e.

If further tr(BA*TyAB) = tr(BT,B) for every rank one projection B € L(L?(D))
then from Lemma 2.1 it follows that A*T, A = T},. This proves (i). We shall now

prove (ii). By applying Schwarz inequality [I] to the positive semi-definite form
(f,9) — (Tsf,q), f,9 € L2(D) we obtain

(Tsf, f) < (Re(A™T,) f, f)
= Re(A™T,f, f)

< (A Ty f, )]
<(Tuf, f) (TyAf, Af)?

for all f € L2(D). Hence (T,f, f) < (A*T,Af, f) for all f € L?(D). That is,
Ty < A*T4A. In addition to T, < Re(A*Ty), if T, = A*T,A is assumed, then we
obtain (Tyf, f) = Re(A'T,f, f) = [(A“T,f. ) = (A*T,f, f) for all f € L2(D)
and hence T, = A*T,. Now we shall prove (iii). Since A*T,A —T, > 0, it follows
that A*(A*T,A —T,)A > 0. That is, A*QT(;,A2 > A*T,A. Repeating the process
n times, we have A" T, A"t > A" T, A", Thus, {A*"T;A" |n =1,2,...} is an
increasing sequence of positive operators. This sequence is bounded, since A* is
power bounded. Therefore, it converges to a positive operator on L?(D), say B,
in the strong operator topology. Notice that

A*BA = A*(lim A" T,A™)A

n—oo

= lim A" T,A™!

n—oo

= B.
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(AT, + T, A)
2

From the operator inequality T}, < , we have

- 2

[A* (A" T, A™) + (A*" T, A™) A
5 .

By letting n tend to oo, we have B < w = Re(A*B). Thus B = A*B.
Since Ty < B, it follows that the range of Ty is contained in the range of B,

and hence [0], we have Ty = A*T, = K. To prove (iv) suppose [|A| < 1 and
A*T¢A 2 T¢. Now

(T2 A)(T, 2 A) — (T, AT A) = ATy A — T2 AAT)?
= AT, A - T2 AAT,?
> T, — T, AA'T,"
= T,/%(1 — AAY T}
>0

and therefore T(;/ ’Ais a hyponormal operator. To prove (v), we can assume
without loss of generality that A = 1. Let h be any unit vector from the range
of E. Multiplying the equations ETyF = E and ET;IE =FEby F,=h®h
from the left and also from the right we obtain (h ® h)T,(h ® h) = h ® h and
(h®h)T¢_1(h®h) = h®h. These imply (Tyh,h) = 1 and <T¢_1h, h) = 1. Consider

the Cauchy-Schwarz inequality for the new inner product

(f.9) =(T,"'f,9),f g€ LiD).

Insert f =Ty4h and g = h. As h is a unit vector, we see that there is equality in
the corresponding inequality

(T, Toh )| < (T, T, Toh) (T, 0 1)
This gives us that Tyh is a nonzero scalar multiple of h. It is clear that this scalar

is necessarily 1. So we have Tyh = h for any unit vector i from the range of F.
This proves our claim. The proof of (vi) follows from Lemma 2.2. To prove (vii),

observe that S = Sy+ where ¢ (z) = (%). From Lemma 2.5, it follows that
Sy+ TSy =T, and from (iv) we obtain T(;ﬂSw is a hyponormal operator. O]

Theorem 3.3. Let T}, be a positive Toeplitz operator on the Bergman space L (D)
with symbol ¢ € L>®(D). Then there exists a sequence {A,} of operators in
L(LA(D)) such that A, — 0 in weak operator topology and A:TsA, > Ty for all

n. Thus A;;/T;z/éln(z) > ¢(z2) for all z € D.

Proof. We take an index set I for the set of all pairs n. = (P,, €) where P, is the
finite dimensional projection on L?(D),e > 0. Set (P, €1) < (P, €2) if m < r
and €; > €5. By Theorem 3.2, for each n. there exists A,, € L(L?(D)) such that
|P.AP,|| < e and AXTyA, > Ty. Let U, = {A € L(LA(D)) : |P.AP,| < €}. Tt
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is not difficult to see that each n. € I defines a WOT-neighbourhood U, of 0.
It is also clear that in this way we obtain a basis of the weak operator topology
neighbourhoods of 0. Furthermore notice that for each n., we have A,, € U, for
all m > n.. Hence A,, — 0 in the weak operator topology. 0

4. BEREZIN TRANSFORM OF POSITIVE TOEPLITZ OPERATORS

In this section we show that if 7T}, is a non-negative Toeplitz operator in
L(L%(D)) then there exists a rank one operator R; € £(L2(D)) such that ¢(z) >
a®Ry(z) for all z € D and for some constant o > 0. Here ¢ is the Berezin

transform of T}, and R; is the Berezin transform of R;.
Let H and K be Hilbert spaces and let T' € L(H, K). A maximizing vector

for T is a non-zero vector x € H such that ||Tz| = ||T||||z||. Thus a maximizing
vector for T' is one at which 7" attains its norm. On a Banach space, even rank
one operators need not have maximizing vectors [3]. The operator (Hz)(t) =

tz(t),0 < t < 1, is bounded on L?*(0,1) but has no maximizing vector. However,
compact operators on Hilbert spaces do have maximizing vectors [3].

Theorem 4.1. Let Ty be a non-negative Toeplitz operator in L(LZ(D)) with sym-
bol ¢ € L>®(D) and ¢ > 0. Then there exists a non-negative operator C' €
L(LA(D)) such that ||C — Ty|| < €, Re = C — Ty = e(h @ h) for some h € LZ(D)
and the operator C has a mazimizing vector. Further, ¢(z) > o?Ry(z) for all
z € D and for some constant o > 0.

Proof. Let Ty be a non-negative Toeplitz operator in £(L?(D)) and € > 0. Now

ITsll = sup (Tog. g) = sup{(Tug,9) : g = 19 € (ker T)"}.

geL?(D)
llgll=1

Hence there exists a unit vector h € (kerTy)* such that || Ty]| — % < (Tyh,h).

Define R.k = e(k,h)h = e(h ® h)k. Then R, is a non-negative operator of rank
one and || R.|| = €. Moreover,

||T¢ + Re” = Ssup <(T¢ + Re)fv f>

If1I=1

> (T + Re)h, h)
€

> ||T. —.

> T+ 5

Now T + R. is non-negative, and so ||T + R.|| lies in the spectrum of T} + R..
Since R, is compact, Weyl’s theorem implies essential spectrum of Ty + R, is equal
to the essential spectrum of T},. But the spectrum of T} is bounded by [|T}|| and
hence ||T,, + R.|| must lie in the discrete spectrum of T, + R.. In other words,
there exists a unit vector f € L2(D) such that (T, + R.)f = ||Ty + R.||f. Finally,
we can assume without loss of generality that f € (kerT,)*. This is so, since
LE(D) =ker Ty @ (ker Ty)* and if f = f1 + fo, f1 € ker T, fo € (ker Ty)* then

(Ty + Re)fr = (fi,h)h = 0.
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Thus if we write C' = T}, + R, then C' is non-negative, ||C' — Ty|| = || R.|| = € and
ICEIl=ICIIIfIl- That is, f is a maximizing vector of C. Now let € = 1. Then
Ry = (h®h),||h]|=1. Let

E={XeL(L}D)): X >0,(X[, )" <(Tsf, f) (Rig,g)for allf,g € L2(D)} .
Now suppose X € E. Then for f, g € L?(D),

U R—

= (Tsf, f) + (Rig,9) + 2Re (X f, g)

> 2(Tyf. [)'/* (Rug, 9)"* + 2Re (X f, g)
>2|(Xf,9)| +2Re(Xf,9g)

> 2(X [, 9)| = 2[{X f, 9)| = 0.

T, X

Conversely, if X > 0 and ( ) is a positive operator in £(L2 & L?) then

(& HOONAE HOH)
(G 260

for all f,g € L2(D). A simplification of these inner products yields

(X, 9) P <(Tpf, [)(Rig,g) for all f,g € L2(D).
Hence X € E. Thus

E = {X € L(L?2(D)): X >0 and ( I;jf 1){( ) is a positive operator in £(L? & Li)} .
1

We shall now verify that I)l(laé(X = aR; = a(h ® h) for some constant o > 0.
<

Suppose Ty is a positive invertible operator in £(L2(D)). Then from [2], [3] it
1 1
follows that r)?a]{;(X = ———h®h=——-—D~R;, ascalar multiple of R;. If T}
© 1T, * 1l 1T, *

is an arbitrary positive operator then it follows from [2] that r)r(la%cX is again a
€

scalar multiple of Ry, and

maxX:maX{'r’Rl:TZO,( Ty ri ) 20}.

XeF T’Rl Rl

The inequality <(:}? ré% 1) (‘g) , <£>> > 0 is equivalent to
1 1

(Tsf, f) +1(Rig, f) + r(Rif.g) + (Rug.g) 2 0 for all f,g € L(D).

This can be rewritten as

(Tof. f) + |1Ri(g +rf)I* = | RufI? =0
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which holds for all f,g € L2(D) if and only if (T f, f) — r?|| R f||* > 0 or equiv-
alently, 7Ry < Ty. Thus from [3], it follows that r)r(laigX = max{rR; : r >
€

0,7 Ry < Ty} = /MTy, R) Ry where
_1 _ .
MTy, Ry) = T, 2h||72,if h € Range(T?),
0, otherwise.

T¢ OéRl
OéRl R1
(aRk,, ko) |? < (Tyk,, k.)(Riky, k) for all z,w € D. Hence

|a|2|<k52, h)(h, k:w)|2 < $(Z)|<h, kw)|2 for all z,w € D.

If 7 # 0 then there exists w € D such that (A, k,,) # 0. Thus o(2) > |a)?|(h, k) |2 =
a’R;(z) for all z € D. O

Thus r)x(la%(X = aR,, for some o > 0. Hence > > 0. That is,
(S
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