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WEIGHTED COMPOSITION OPERATORS AND DYNAMICAL
SYSTEMS ON WEIGHTED SPACES OF HOLOMORPHIC
FUNCTIONS ON BANACH SPACES

J. S. MANHAS

ABSTRACT. Let Bx and By be the open unit balls of the Banach Spaces X and
Y, respectively. Let V and W be two countable families of weights on Bx and
By, respectively. Let HV (Bx) (or HV, (Bx)) and HW (By) (or HW; (By))
be the weighted Fréchet spaces of holomorphic functions. In this paper, we
investigate the holomorphic mappings ¢ : Bx — By and ¢ : By — C
which characterize continuous weighted composition operators between the
spaces HV (Bx) (or HV, (Bx)) and HW (By) (or HWy (By)) . Also, we ob-
tained a (linear) dynamical system induced by multiplication operators on these
weighted spaces.

1. INTRODUCTION

Weighted composition operators have been appearing in a natural way on dif-
ferent spaces of analytic functions. For example, it is well known that isometries
on most of the spaces of analytic functions are described as weighted composition
operators. For details on isometries and weighted composition operators, we re-
fer to the monographs of Fleming and Jamison(see [ 1, 12]). In recent years, the
theory of weighted composition operators on different spaces of analytic functions
is gaining more importance as it includes two nice classes of operators such as
composition operators and multiplication operators. A detailed account of com-
position operators can be found in three monographs (see Cowen and MacCluer
[10], Shapiro [21] and Singh and Manhas [22]).

In the last few years many authors are engaged in studying the behaviour
of these operators between the weighted spaces of holomorphic functions H, (B)

Date: Received: 12 October 2012; Accepted: 17 December 2012.
2010 Mathematics Subject Classification. Primary 47B33; Secondary 47B38, 47D03, 37B05,
32A10, 30HO5.
Key words and phrases. Weighted composition operator, weighted Frechet space, Weight,
dynamical system, multiplication operator.
58



WEIGHTED COMPOSITION OPERATORS 59

whenever B is the unit disk of C or, more in general, an open subset of CV. We re-

fer to [3, 4, 6, 7, 8, 13, 23] for more information on composition operators on these
weighted spaces. Also, Contreras and Hernandez-Diaz [)], Montes-Rodriguez 1]
and Manhas [17] has made a study of weighted composition operators on weighted

spaces of analytic functions. Recently, Garcia, Maestre and Sevilla—Peris [15, 10]
have explored a study of composition operators on the weighted spaces H, (Bx)
and HV (Bx) where By is the open unit ball of a Banach space X. In this paper,
strongly inspired by the work of Garcia, Maestre and Sevilla—Peris [15, 10], we
study weighted composition operators between the weighted spaces H, (Bx) and
H, (By) and between the spaces H,, (Bx) and H,, (By). Also, we characterize
weighted composition operators between the weighted Fréchet spaces HV (Bx)
and HW (By) and between the spaces HV, (Byx) and HW, (By ), where V' and
W are two countable families of weights on Bx and By, respectively.

2. PRELIMINARIES

Let X be a complex Banach space and let Ux be a balanced open subset of X.
By a weight we mean an upper semicontinuous function v : Ux — [0,00). A set
of weights V' is called a Nachbin family if for every v;,v, € V and A > 0, there
exists v € V such that Avy < v and A\vy < v on Ux. In what follows V' denotes a
Nachbin family of continuous weight functions such that for every x € Uy, there
exists v € V for which v () > 0. A subset B C Uy is Ux -bounded if it is bounded
and its distance to X\Uy is greater that zero. A function f : Uy — [0,00) is
said to vanish at infinity outside Ux -bounded sets if for each € > 0, there exists
a Ux -bounded set B such that f(z) < ¢, for every x € Ux\B. Let V and W
be two Nachbin families of continuous weight functions on Uy. Then we say that
V < W if for every v € V, there exists w € W such that v < w. Let H (Ux) be
the space of all holomorphic functions f : Ux — C.

Now, the weighted spaces of holomorphic functions associated with V' are de-
fined as follows:

_ ) feHUx):|fll, =sup{v(@)[f(z)|: € Ux} < oo,
HV(UX)_{ : for every v € V : }’

and

v (0 - {

f € HV (Ux) : v|f| vanishes at infinity outside
Ux — bounded sets for every v € V )

Both spaces are endowed with the weighted topology 7y generated by the family
{I]-ll, : v € V} of seminorms. The family of closed absolutely convex neighbour-
hoods of the form

B, ={f € HV (Ux) (resp.HV; (Ux)) - || fIl, <1}

is a basis of these spaces. It is observed that if X is a Banach space of finite
dimension the elements B in the definition of HV; (Ux) are considered to be
compact, but any compact subset of an infinite-dimensional Banach space has
empty interior, hence every f : Ux — [0,00) continuous on Ux and vanishing at
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infinity outside compact subsets of Ux is identically zero. By H, (Ux) we denote
the subspace of H (Ux) of those functions which are bounded on Uy -bounded
subsets of Ux. If V is a countable family of continous weights, then HV (Ux) and
HV, (Ux) are weighted Fréchet spaces. If the family of continuous weights has a
unique element V' = {v} such that v () > 0, for all z € Ux, then HV (Ux) and
HV; (Ux) endowed with |.||, are Banach spaces and are denoted by H, (Ux) and
H,, (Ux), respectively. The space of bounded holomorphic functions is denoted
by H*> (Ux) .

Following [14, Definition 1], we say that a family V' of weigths defined on Uy
satisfies Condition-I if for each Ux -bounded subset B of Uy, there exists v € V'
such that inf{v (z): 2z € B} > 0. If V satisfies Condition-I, then HV (Ux) C
Hy, (Ux) ([14, Proposition 2]). Also, if V' = {v} and Ux = Bx, the open unit ball
of a Banach space X, then in this setting, a set A C By is said to Bx— bounded if
there exists 0 < v < 1 such that A C vBx. Also, a weight v satisfies Condition-I
if inf {v (z) : x € yBx} > 0 for every 0 < v < 1. If X is finite dimensional, then
all weights on By satisfy Condition-I1. By B, we denote the closed unit ball of
H, (Bx) . It is well-known that in H, (Bx) the 7y (norm) topology is finer than
the 7y (compact-open) topology ([19, Section 3]) and that B, is 17— compact ([19,
p. 349)).

A weight v is said to be radial if v (Az) = v (x) for every A € C with |\| =1
and every x € Bx ([!, 3]). Given any weight v, following [2], we consider an

1
associated growth condition u : Bx — (0, +00) defined by u (z) = ﬂ.With
v(z

this new function we can rewrite

B, ={f € H,(Bx): [f[ <u}.
From this, @ : Bx — (0,400) is defined by

() =sup{[f (z)| : f € Bu}

1
and a new associated weight © = —. All these functions are defined by Bierstedt,

Bonet and Taskinen for open subsets of CV in [2]. In ([2], Proposition 1.2) the
following relations between weights for open sets in CV are proved. The same
arguments work for the unit ball of a Banach space.

Proposition 2.1. Let X be a Banach space and v a weight defined on Bx. Then
the following hold:

(i) 0<wv <79 and v is bounded and continuous i.e, v is a weight.

(ii) U (respectively ) is radial and decreasing or increasing whenever u (re-
spectively v) is so.

(i) fll, < 1 4f and only if | fll; < 1.

(iv) For each x € By, there exists f, € B, such that f, (z) =

—_

(z)

(3

Also, we use the property of the associated weight: v (z) < 0 (x), for every
r € By, the element d,, the point evaluation functional of (H, (Bx))" defined
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by 6, (f) = f(x), for every f € H,(Bx) satisfies ||6,|, = %{1;) A weight v
is said to be essential if there exists ¢ > 0 such that v(z) < 0(x) < cv(z), for
all x € Bx [23]. For more details on weighted spaces of holomorphic functions
defined on open subsets of CV, we refer to [I, 2]. Also, we refer to [14, 19] for
more information on weighted spaces of holomorphic functions defined on the
unit ball of a Banach space.

3. CHARACTERIZATIONS OF WEIGHTED COMPOSITION OPERATORS

Let X and Y be Banach spaces. Let Ux and Uy be balanced open subsets of X
and Y, respectively. Let ¢ : Uy — Uy and ¢ : Ux — C be holomorphic mappings.
Then the weighted composition operator Wy, : (H (Uy),70) = (H (Ux) , 7o), de-
fined by Wy f = 1. foe, for every f € H (Uy), is clearly linear and continuous
with respect to the compact-open topology 79. Now, we shall discuss the continu-
ity of the weighted composition operators between the weighted spaces HV (Ux)
and HW (Uy) and between the spaces HV, (Ux) and HW, (Uy ).

Proposition 3.1. Let V and W be Nachbin families of weights on Ux and Uy,
respectively. Let ¢ : Uy — Ux and ¢ : Uy — C be holomorphic mappings. Then
Wy HV (Ux) = HW (Uy) is continuous if W || < Vog.

Proof. To show that W, is continuous, it is enough to show that Wy, is contin-
uous at the origin. For, let w € W and B,, be a neighbourhood of the origin in
HW (Uy) .Then by the given condition, there exists v € V such that w [1)| < vog.
That is, w(z) |Y(x)] < v(p(x)), for every x € Uy. We claim that Wy, (B,) C B,
Let f € B,. Then ||f||, <1 and

IWouwfll, = sup{w (@) [¢ ()| [f (¢ (x))] : @ € Uy}

<sup{v (¢ (2))|f (¢ (x))]: 2 €Uy}
<sup{v(y)[f ()] :y € Ux}
=, =1
This proves our claim and W, is continuous. O]

Proposition 3.2. Let V and W be Nachbin families of weights on Ux and Uy,
respectively such that V' satisfies Condition-1. Let ¢ : Uy — Ux and ¢ : Uy — C
be holomorphic mappings. Then Wy : HVy (Ux) — HW, (Uy) is continuous if

(i) Wiy <Voo;
(ii) for every w € W, e > 0 and Ux—bounded set A, the set ¢~ (A)NF (w ||, €)
is Uy —bounded, where F'(w|¢y],e) ={y € Uy : w (y) [¢ (y)| > €}.

Proof. According to Proposotion 3.1, condition (i) implies that Wy, : HV (Ux) —
HW (Uy) is continuous. To show that W, : HVy (Ux) — HW, (Uy) is contin-
uous, it is enough to show that W, , is an into map. Let f € HV,(Ux).To
show that Wy, f € HW, (Uy), we need to show that for w € W, the func-
tion w. 1. fog| vanishes at infinity outside Uy —bounded sets. Let w € W and
€ > 0. Then consider the set K = {y € Uy 1w (y) [¢¥ (y)||f (¢ (y))] > €}. We
shall show that K is Uy—bounded set. By Condition (i), there exist v € V
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such that w(y) ¥ (v)] < v(é(y)), for every y € Uy. Since f € HV,y(Ux),
there exists a set B C Ux which is Ux—bounded such that v (z)|f (z)| <
e, for every x € Ux\B. Also, since V satisfies Condition-I, f € H, (Ux).

Let a = sup{|f(z)|: 2 € B}. Clearly ¢ (K) C B. Also, K C F<w|1/)|,£>
a
and hence K C ¢~ (B) N F (w 9], f) . By Condition (ii), the set ¢! (B) N
a

F (w Y], E) is Uy —bounded and hence K being a subset of Uy —bounded set
a

is also Uy —bounded. This shows that w (y) ¢ (y)| |f(d(y))| < €, for every y €
Uy \ K. This completes the proof. O

Corollary 3.3. Let V and W be Nachbin families of weights on Ux and Uy,
respectively. Let ¢ : Uy — Ux be a holomorphic mapping.

Then

(1) Wy : HV (Ux) — HW (Uy) is continuous ifp € H* (Uy) and W < Voé.

(1)) Wy = HVo(Ux) — HWy(Uy) is continuous if v € HW,y(Uy) and
W || < Voo, where V' satisfies condition-1.

Remark 3.4. If Uy = Uy = G is an open connected subset of CN (N > 1), then
Proposition 3.1 and Proposition 3.2 reduce to Theorem 3.1 and Theorem 3.2 of

[17]-

Next, for given single weights v and w, our efforts are to obtain necessary and
sufficient conditions for the weighted composition operator W, to be continuous
on the weighted Banach spaces and then using these results we shall establish the
characterization of the continuity of Wy, on the weighted Fréchet spaces.

Remark 3.5. Let H; and Hs be two Banach spaces of holomorphic functions
whose topologies are stronger than the pointwise convergence topology. Then by
the closed graph theorem Wy, : H; — Ho is continuous if it is well-defined.

Proposition 3.6. Let ¢ : Uy — Uy be a holomorphic mapping such that ¢ (Ux)
is Uy —bounded set, and let v € H* (Ux). Let v and w be continuous weights

on Ux and Uy, respectively such that w satisfies Condition-1 and v is bounded.
Then Wy + Hy (Uy) — H, (Ux) is continuous

Proof. Let f € H, (Uy). Then f € H, (Uy) because w satisfies Condition-I and
so Hy, (Uy) C Hy(Uy). Since ¢ (Ux) is Uy —bounded set, there exists m > 0 such
that sup {|f (¢ (z))| : @ € Ux} < m. Also, since ) € H*® (Ux) , there exists k > 0
such that sup {|¢ (z)| : € Ux} < k. Since v is bounded, there exists a > 0 such
that sup {v (z) : € Ux} < a. Now, consider,

Woufll, = sup{v (x) | (2)]|f (¢ (x))] : © € Ux}

< supw (x).sup |¢ (z)|.sup |f (¢ (x))]
zeU, zeUx zeUx

< akm.

This shows that Wy, f € H,(Ux). Thus Wy, is well defined and hence by
Remark 3.5, Wy is continuous. U]
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Theorem 3.7. Let Bx and By be the open unit balls of the Banach spaces X and
Y, respectively. Let ¢ : Bx — By and ¢ : Bx — C be holomorphic mappings.
Let w and vbe continuous weights on Bx and By, respectively. Then the following

are equivalent:
(i) Wy Hy,(By) = Hy, (Bx) is continuous;

O N
(i1) sup{~?()¢1(px<))) : GBX}< ;
(111) sup{W :xEBX} < 0.

Moreover, the following holds

Wl = sup { WO e
If v is an essential weight, then Wy, - H, (By) — H,, (Bx) is continuous if and
only if sup {—wiizfjégﬂ r € By } 0.

Proof. Since w < w, clearly (#ii) = (i¢). Now, assume that (ii) holds. Let M =

sup {% tx € BX} and let f € H, (By).Then we have

Woufll,, = sup {w (2) ¢ (z) f (¢ (2))] - & € Bx}

N CIGIGIN »
—sup { I (00 0 () s € v
—w(x)|1/)(x)|x sup{v T )| x

Ssup{ 00 GBx} p{0 (¢ (x))|f (¢ (2))|: 2 € Bx}

< M| fllz = MI1l,-

This proves that the operator W, 4 is continuous and hence establishes Condition
(i). Now suppose that W, is continuous. Assume that Condition (iii) does not

hold. Then there exists a sequence {x,},.y € Bx such that <x("; ’(w ():U)n)‘
0 (¢ (s,
n, for all n. For each ¢ (x,), there exists f, € B, such that |f, (¢ (z,))] >
1
————— . But for every n € N, we have
20 (¢ (wn))

Wopfally = Woy fallg 2 @ (20) [ (z0)] [ fa (¢ (20))]
20 (¢ (za)) ~ 2
This contradicts the fact that Wy, (B,) is bounded. Finally, we estimate ||Wy || -

If we put M = sup{%:

Woufll, < MIF,, for every f € Hy (By).

xeB X} , then we have already seen in the

proof that
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From this it clearly follows that

w () [¢ ()]
v (¢ (x))
Now, for each x € By, the point evaluation functional ¢, € (H, (Bx))". Also,

since (Wyy)" (02) = ¥ () 8y, for each x € Bx, we have

|(Wop)" (9)ll,
1921,

Wl Ssup{ :xeBX}.

Woull = (W)l =

_ [ @8,
1021,
g @) (@)
i(¢(x)
¢ (z)|w (z)
= o)
for every x € Bx. This proves that
¢ (z)|w (z)

Wl = sup { venx)
o v (¢ (x))
With this the proof of the theorem is completed. O

Theorem 3.8. Let By and By be the open unit balls of X and Y, respectively.
Let ¢ : Bx — By and ¢ : Bx — C be holomorphic mappings. Let w and v
be continuous weights on Bx and By, respectively, such that v is bounded and
satisfies Condition-1. Then Wy, : H, (By) — H,, (Bx) is continuous if and only
if v € H, (Bx) and

w ()¢ (z)]
$m{ 5(o(x)

Proof. Suppose that Wy, is continuous. Since the constant function 1 belongs
to H, (By), we have Wy ,1 = ¢ € H, (Bx). Also, from Theorem 3.7, it follows

o (x)] > 70} < 00, for some 0 <y < 1.

that sup {% tT € BX} < 00. Clearly it implies that
sup{% o (z)]] > %} < 00, forsome 0 <~y <1.

Conversely, suppose that given conditions hold. Let

_ o Je@ @ ~
M= p{ e ww<>W>%}< |

Since ¢ € H,, (Bx) , we have

k =sup{w (x) | (z)]: x € Bx} < oo. Let f € H, (By)
Then we show that

Wo.wfll,, = sup{w (2) [¢ (x) f (¢ ()] : © € Bx} < 00,
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Let € Bx be such that ||¢ (x)|| > 0. Then

w @)l (@) @)] = TSN a0 ) 16 ()] < M1, = 21171,
Let # € Bx be such that ||¢ (z

)| < 7. Since v satlsﬁes Condition-1, f € H, (By)
and hence there exists a > 0 such that sup {| f):ye 'yOBy} < «. Further, it
implies that

w () [¢ (2))f (6 (2))] < sup{w () [¢ (2)] : @ € Bx}sup {|f(y)| : y € 1By}

< ko
Thus it follows that

Wouwfll, =sup{w (@) |¢ (z) f (¢ (2))| -z € Bx} < oc.

This shows that W, ,f € H, (Bx), for every f € H,(By). Hence by Remark
3.5, Wy is continuous. O

Remark 3.9. (i) If ¢ () = 1, for every € By, then it is already seen in [15,
Example 2.4] that Condition-I for the weight v in Theorem 3.8 is necessary to

w@ @) g ) >%} <

(¢ (x))
0o, for some 0 < vy < 1.

(ii) If ¢ () = 1, for every x € By, then Theorem 3.7 and Theorem 3.8 reduce
to Proposition 2.3 of [15].

(iii) If Bx = By = D, the open unit disk in the complex plane, then Theorem
3.7 reduces to Proposition 3.1 of [9] and the boundedness results given in Theorem
2.1 of [18].

(iv) If ¥ (x) = 1, for every x € By and Bx = By = D, then Theorem 3.7
reduces to Proposition 2.1 and Corollary 2.2 of [0]).

prove that Wy, is a continuous operator 1fsup{

In the following Corollary 3.10, we record a special case of Theorem 3.7 which
characterizes multiplication operators M, : H, (Bx) — H, (Bx), which we de-
fined as My f = 1.f, for every f € H, (Bx).

Corollary 3.10. Let ¢b : Bx — C be a holomorphic mapping. Let w and v be
continuous weights defined on Bx. Then the following are equivalent:

(i) My : H,(Bx)— H, (Bx) is continuous; (i) sup {W tx € BX} <

Q]

) up { 2LV )

0 (x)

Moreover, the following holds|| M| = sup {

:xGBX}<oo.

w () [¢ (2)]
v ()
If v is an essential weight, then My : H, (Bx) — H,, (Bx) is continuous if and
only ifsup{M ‘T € BX} < 0.
v ()

Remark 3.11. If Bx = D, the open unit disk in the complex plane and v = w
with v essential, then Corollary 3.10 reduces to Proposition 2.1 of [5].

:x € By
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Theorem 3.12. Let Bx and By be the open unit balls of the Banach spaces X and
Y, respectively. Let ¢ : Bx — By and v : Bx — C be holomorphic mappings. Let
w and v be continuous weights on Bx and By, respectively, such that v satisfies

Condition-1 and vanishes at infinity outside By —bounded sets. Then the operator
W+ Hyy (By) = Hy, (Bx) is continuous if and only if (i) ¢ € H,, (Bx) and

. w(z) ¢ (z)]
(1) Sup{ (6 @) .IEB)(} < 00.
Proof. Suppose that given conditions are satisfied. Since ¢ € H,, (Bx), w ||
vanishes at infinity outside Bx—bounded sets. Let ¢ > 0. Then there exists
a Bx—bounded set S of Bx such that w (z)|¢ (z)| < €, for every x € Bx\S.
Clearly the set F(w|i],e) = {z € Bx : w(x) |1 (x)| > €} is Bx—bounded and
hence the condition (ii) of Proposition 3.2 is satisfied. Thus from Proposition
3.2, it follows that Wy, is continuous. Conversely, suppose that Wy, is con-
tinuous.Then using the same arguments of Theorem 3.7, it can be proved that
{w () [ ()]
supq ————
0 (¢ (x))
to H,, (By), we have Wy, (1) =9 € H,, (Bx). This completes the proof. O
Remark 3.13. If Bx = By = D, the open unit disk in C, then Theorem 3.12
reduces to Proposition 3.2 of [9].

rxeB X} < 00. Also, since the constant 1 function belongs

4. WEIGHTED COMPOSITION OPERATORS ON WEIGHTED FRECHET SPACES

Let V and W be two countable families of continuous bounded weights on
Bx and By, respectively. Then we consider the weighted composition operators
Wsy o+ HV (Bx) — HW (By). Garcia, Maestre and Sevilla-Peris [16, Propo-
sition 10] proved a general result which allows them to give conditions on the
continuity of the composition operators ([16, Proposition 11]), on these weighted
Fréchet spaces.The same general result also permits us to give a characterization
of the continuity of the weighted composition operators on these weighted Fréchet
spaces. First we state this general result. Let (H,7) and (G, 7’) be Hausdorff lo-
cally convex spaces. For each n, let E,, and F,, be Banach spaces with closed unit
balls B, and C,, and norms ||.||, and |.| . Suppose that E,; C E, C E; C H,
B,y1 € B,and F,,.; CF,CF CG, Cyy1 CC,, for every n. Suppose that for
each n, both B, and C,, are compact in (H,7) and (G, 7’), respectively. Let E
be the projective limit of (£,), and F be the projective limit of (F,), . Let us
assume that for every n € N and all z € E,, there exists a sequence {y;}, C E
converging to x in (H,7) such that [|ys||, < [|z||,, , for all k.

Theorem 4.1. Let T : (H,7) — (G,7") be a continuous linear operator:
(a) The following are equivalent:
(i) TECF,
(i) T e L(E,F);
(i11) For each m, there is n such that TE, C F;
(iv) For each m, there is n such that T : E, — F, is well defined and
continuous.
(b) The following are equivalent:
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(i) T:FE — F is bounded;

(i) There exists n such that for all m, TE, C F,,;

(11i) There exists n such that for all m, T : E, — F,, is well defined and
continuous.

(c) The following are equivalent:

(i) T :FE — F is compact (resp. weekly compact);

(ii) There ezists n such that for all m, T : E, — F,, is compact (resp.
weekly compact).

Let (H,7) = (H (Bx),m) and (G,7') = (H (By),70). Then the weighted
composition operator Wy, : (H (Bx),7) — (H (By), ) is linear and con-
tinuous, where ¢ : By — Bx and v : By — C are holomorphic mappings. Let
V ={v,},2, and W = {w,} -, be two increasing families of continuous bounded
weights satisfying Condition-I on Bx and By, respectively. Let E, = H, (Bx)
(or H,), (Bx)) and F, = H,, (By) (or Hu,), (By)). Then each of them is a
Banach space and they satisfy H,, ., (Bx) € H,, (Bx) C H,, (Bx) € H(Bx),
the closed unit ball B,, is To-compact ([0, 19]) and B,,,, C B,, for all n (the
same is true for H,, (By), Hw,), (By) and H(,,) (Bx) ). Let E = HV (Bx)
(or HVy (Bx)) and F'= HW (By) (or HWy(By).

For f € H (Bx), consider its Taylor series expansion at zero, f = >~ Pnf.

For each k € N, the k-th Cesaro mean (][I, Proposition 4] or [I, section 1]) is
defined by
|k l k m
Crf(@) = =7 ; (mz mf<:c>> mg( = 1) nf ()

Since every weight is bounded on By, every polynomial belongs to HV (Bx).
In particular, for every f € H (Bx), the sequence (Cif), isin HV (Bx). Also,
Crf — fin 79 (see [1, 14]). If v is a radial weight then for all f € H, (Bx),

sup {v (z) |Crf ()] : © € Bx} <sup{v () [f (z)] : 2 € Bx}

(see [I, Proposition 1.2 (b)] also [11]). Hence, if every v € V' is radial, then the
spaces and the weighted composition operator satisfy all the above conditions to
apply Theorem 4.1 in a very similar way to that used by Garcia, Maestre and
Sevilla—Peris to obtain the following generalizations of [16, Proposition 11].

Theorem 4.2. Let ¢ : By — Bx and v : By — C be holomorphic mappings. Let
V =A{v,}.2, and W = {w,} 2, be increasing countable families of continuous
bounded weights satisfying Condition-1 on Bx and By, respectively such that each
vy, 15 radial. Then the following are equivalent:

(1) Wy HV (Bx) = HW (By) is continuous;

(i) For each w € W, there exists v € V such that Wy, : H, (Bx) — H,, (By)
18 continuous;

(iii) For each w € W, there ezists v € V' such that

w () |4 (z)] }

sup ————— & € By ; < oc.
{ (¢ (x))

Proof. Follows from Theorem 4.1 and Theorem 3.7. 0J
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Corollary 4.3. Let ¢ : Bx — C be a holomorphic mapping. Let V = {v,}. -,
and W = {w,},~, be increasing countable families of continuous bounded weights
satisfying Condition-1 on Bx such that each v, is radial. Then the following are
equivalent:

(i) My :HV (Bx) — HW (Bx) is continuous;

(i) For each w € W, there exists v € V such that M, : H, (Bx) — H,, (By)
18 continuous;

(i1i) For each w € W, there exists v € V' such that

sup{M:xeBX} < Q.
v (z)
Proof. Follows from Theorem 4.1 and Theorem 3.8. 0

Theorem 4.4. Let ¢ : By — Bx and ¢ : By — C be holomorphic mappings.
Let V. ={v,} ~, and W = {w,},—, be increasing countable families of bounded
continuous radial weights satisfying Condition-1 on Bx and By, respectively such
that each v, vanishes at infinity outside Bx—bounded sets. Then the following
are equivalent:

(i) Wy HVy (Bx) = HWy (By) is continuous;

(i1)  For each w € W, there exists v € V such that Wy, : H,, (Bx) —
Hy, (By) is continuous;

(i1i) For each w € W, there exists v € V' such that

w@ [P @) N
S“p{ 7(6(r) GBY}<
and ) € Hy, (By) .

Proof. Follows from Theorem 4.1 and Theorem 3.12. O

Corollary 4.5. Let Ux be a balanced open subset of a Banach space X. Then
every 1 € H*(Ux) induces a multiplication operator My, on HV (Ux).

Proof. Let f € HV (Ux) and let v € V. Then

1My fll, = sup{v (z) [ ()| [f (2)] : 2 € Bx}
< (1]l NI -

This implies that M, is a multiplication operator. 0

5. DYNAMICAL SYSTEM INDUCED BY MULTIPLICATION OPERATORS

Let g : Ux — C be a bounded analytic function. Then for each ¢t € R, we define
Yy Ux — C as ¢ (z) = 9@ for every x € Ux. Clearly each 1), is bounded
analytic function on Uyx. Thus according to Corollary 4.5, each 1, induces a
multiplication operator My, on HV (Ux).

Theorem 5.1. Let h, be a sequence converging to h in H* (Ux) and let f, be a
sequence converging to f in HV (Ux). Then the product of f, and h, converges
to fhin HV (Ux) .
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Proof. Let v € V. Then

[ fnhn = fhll, = sup{v (2) [fn (2) hn (2) = f (2) b (2)] - 2 € Ux}
_ o (@) b () = fo (2) B () + fo (2) B () |
sup{v(m) () h(2) '.Q:EUX}
< sup{v (2) | fu (2)|[7n (x) = b (2)] - 2 € Ux}
+sup {v (z) |h (2)] [fu (x) = f (@) - 2 € Ux}
< 1 fully n = Al + 1PNl 1. = Fll, = O

as [|h, — h||, — 0 and ||f, — fl, = O. O

Theorem 5.2. Let V be a countable family of continuous weights on Ux. Let
[[:Rx HV (Ux) = H (Ux) be defined as [[ (¢, f) = My, f, for everyt € R and
fe HV (Ux). Then [] is a (linear) dynamical system on HV (Ux).

Proof. Since for every t € R, My, is a multiplication operator on HV (Ux), it
follows that [] (¢, f) € HV (Ux), for every t € R and f € HV (Ux). Thus []
is a function from R x HV (Ux) — HV (Ux). Now, it can be easily seen that
[ is linear and [](0, f) = f, for every f € HV (Ux). Also, it is obvious that
[1&+s, f)=11&T11(s,f)).for every t,s € R and f € HV (Ux). In order to
show that [] is a dynamical system on HV (Ux), it is enough to show that []
is jointly continuous. Let {(¢,, f,)} -, be a sequence in R x HV (Ux) such that
(tn, fn) = (t,f) in R x HV (Ux). We shall show that [] (¢., f.) = [[ (¢, f) in
HV (Ux). That is, we have to prove that v, f, converges to ¢,f in HV (Ux).
But this follows from a more general fact that we have proved in Theorem 5.1.
Hence [] is a linear dynamical system on HV (Ux). O

Remark 5.3. (i) Let F ={My, : t € R} be the family of multiplication operators
defined above. Then the following observations are straightforward:

(a) My, .f= My, (My,f), for every t,s e Rand f € HV (Ux).

(b) My,f = f, for every f € HV (Ux).

(c) lg%thf = f, for every f € HV (Ux).

Thus the family F is a Co-group of multiplication operators on HV (Ux) .

(i) Also, we show that the family F is locally equicontinuous in B (HV (Ux)).
That is, for every fixed s € R, the subfamily F, = {M,, : —s <t < s} is equicon-
tinuous on HV (Ux) . Since the map ¢t — My, is continuous, where B (HV (Ux))
is the space of all continuous linear operators on HV (Ux) with the strong opera-
tor topology , we conclude that for each s € R, the family F;, = {M,, : —s <t < s}
is a bounded set in B(HV (Ux)). Also, for each f € HV (Ux), the set Fy(f) =
{My,f:—s<t<s} is bounded in HV (Ux). Now, from a Corollary of the
Banach-Steinhaus Theorem ([20, Theorem 2.6]), it follows that the family F
is locally equicontinuous.

Acknowledgement.The author would like to thank the referee for his/her care-
ful reading which improves the paper. The research of the author was supported

by SQU grant No.IG/SCI/DOMS/11/01. .



70

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

J.S. MANHAS

REFERENCES

. K.D. Bierstedt, J. Bonet and A. Galbis, Weighted Spaces of Holomorphic Functions on

Balanced Domains, Michigan Math. J. 40 (1993), 271-297.

K.D. Bierstedt, J. Bonet and J. Taskinen, Associated Weights and Spaces of Holomorphic
Functions, Studia Math. 127(1998), 137-168.

J. Bonet, Weighted Spaces of Holomorphic Functions and Operators Between them, Seminar
of Mathematical Analysis, Proceedings, Uni., Malaga and Sevilla, Eds: Girela, G. Lépez,
R. Villa, Sevilla, (2003), 117-138.

J. Bonet, P. Domanski and M. Lindstrom, Essential Norm and Weak Compactness of
Composition Operators on Weighted Spaces of Analytic Functions, Canad. Math. Bull. 42
(1999), 139-148.

J. Bonet, P. Domanski and M. Lindstrom, Pointwise Multiplication Operators on Weighted
Banach Spaces of Analytic Functions, Studia Math. 137 (1999), 177-194.

J. Bonet, P. Domanski, M. Lindstrom and J. Taskinen, Composition Operators between
Weighted Banach Spaces of Analytic Functions, J. Austral. Math. Soc. Ser. A 64 (1998),
101-118.

J. Bonet and M. Friz, Weakly Compact Composition Operators on Locally Convexr Spaces,
Math. Nachr. 245 (2002), 26—44.

J. Bonet, M. Friz and E. Jord4, Composition Operators between Inductive Limits of Spaces
of Holomorphic Functions, Publ. Math. Debrecen 67 (2005), 333-348.

M.D. Contreras and A.G. Herndndez-Diaz, Weighted Composition Operators in Weighted
Banach Spaces of Analytic Functions, J. Austral. Math. Soc. Ser. A 69 (2000), 41-60.

C. Cowen and B. MacCluer, Composition Operators on Spaces of Analytic Functions, Stud-
ies in Advanced Mathematics, CRC Press, Boca Raton, 1995.

R.J. Fleming and J.E. Jamison, Isometries on Banach Spaces: Function Spaces, Chapman
and Hall, 2002.

R.J. Fleming and J.E. Jamison, Isometries on Banach Spaces: Vector-Valued Function
Spaces, Vol. 2, Chapman and Hall/CRC, 2008.

P. Galindo, M. Lindstrom and R. Ryan, Weakly Compact Composition Operators Between
Algebras of Bounded Analytic Functions, Proc. Amer. Math. Soc. 128 (2000), 149-155.

D. Garcia, M. Maestre and P. Rueda, Weighted Spaces of Holomorphic Functions on Banach
Spaces, Studia Math. 138 (2000), 1-24.

D. Garcia, M. Maestre and P. Sevilla—Peris, Composition Operators between Weighted
Spaces of Holomorphic Functions on Banach Spaces, Ann. Acad. Sci. Fenn. Math. 29 (2004),
81-98.

D. Garcia, M. Maestre and P. Sevilla—Peris, Weakly Compact Composition Operators Be-
tween Weighted Spaces, Note Mat. 25 (2005/2006), 205-220.

J.S. Manhas, Weighted Composition Operators on Weighted Locally Convexr Spaces of An-
alytic Functions, Southeast Asian Bull. Math. 29 (2005), 127-140.

A. Montes-Rodréguez, Weighted Composition Operators on Weighted Banach Spaces of
Analytic Functions, J. London Math. Soc. 61 (2000), 872-884.

P. Rueda, On the Banach-Dieudonne Theorem for Spaces of Holomorphic Functions,
Quaest. Math. 19 (1996), 341-352.

W. Rudin, Functional Analysis, McGraw-Hill Series in Higher Mathematics, McGraw-Hill
Book Co., New York, 1973.

J.H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlag,
Berlin, 1993.

R.K. Singh and J.S. Manhas, Composition Operators on Function Spaces, Elsevier Science
Publishers, North- Holland Math. Studies 179, Amsterdam, 1993.

J. Taskinen, Compact Composition Operators on General Weighted Spaces, Houston Math.
J. 27 (2001), 203-218.



WEIGHTED COMPOSITION OPERATORS 71

DEPARTMENT OF MATHEMATICS AND STATISTICS, COLLEGE OF SCIENCE, SULTAN QA-
B0OOS UNIVERSITY, P.O. Box 36, P. C. 123 AL-KHOD, SULTANATE OF OMAN
E-mail address: manhas@squ.edu.om



	1.  Introduction
	2.  Preliminaries
	3.  Characterizations of Weighted Composition Operators
	4.  Weighted Composition Operators on Weighted Fréchet Spaces
	5.  Dynamical System Induced by Multiplication Operators
	References

