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ABSTRACT. In this paper, we prove existence of optimal bundles for a count-
able set of data in a broad class of normed spaces, which extend previous
known results for a finite data set in a Hilbert space. In addition, we study the
behavior of deviations and diameters for an increasing sequence of data sets.

1. INTRODUCTION

In [1] it was introduced the following:

Given a Hilbert space F', a finite subset Y C F and a closed subspace V'
of F, let E(Y,V) be the total distance of the data set Y to the subspace V,
ie. E(Y,V) = Y ey @(f,V), where d is the Euclidean metric. If TI,(F) =
{V subspace of F :dim V < n} and

Ep(Y)= inf E(Y,V),
VeI, (F)
a subspace Vy C Fis called optimal if E(Y, V) = Er(Y).

In [1] the authors gave a constructive proof of existence of optimal subspaces
and applications to problem of finding a model space that describes a given class
of signals or images.

In [2, 3] the authors introduced and solved a new problem for F' = R? and
F = L*(R%): To prove the existence of [ subspaces in II,,(F) minimizing

Z min d*(f,V;), V; € IL,(F).
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A solution to the last problem is called an optimal bundle. The problem of finding
an optimal bundle appears in several situations of practical interest, for examples
the reader can see [3, 3.

Our main objective in this paper is to establish existence results of optimal
bundle in normed spaces, as general as possible, for a data set not necessarily
finite. A natural extension to the above problems is consider a countable data
set Y and a norm defined on the set of real number sequences.

Let m € NU {oo} and let {u}}, be the canonical basis in R™, where R>
means RY. Let (F, || ||) be a normed space. For n,l € N we consider the set

Bin(F):={V=(Vi, - V)V, e L,(F),1<i <1}

If V€ B,(F), it will be called a bundle.
Let Y = {fi}7r; C F and let p : R™ — [0,00] be a monotone norm, i.e., p

is a norm such that if |z;x| < |y for all &, p <Z xkuk) <p (Z ykuk) For
k=1 k=1

D#AYiCYand V = (Vi,---, V) € B,(F), we define the deviation of the set Y;
from the bundle V as

E(Y1,V)=p ( Z f?glgld(fk?%)uk) ) (1.1)

freyr

where d(f,U) = ing |f — u|| is the distance of f to the set U. Note that
ue

E(Y1,V)=p (Z d (fr, U2y V) uk) .

freEV

The diameter of the set Y is defined by

Ep(Y)= inf E(Yi,V).
VEBZ,’!L(F)

A bundle Vy € B, ,,(F) is called an optimal bundle for Y; if
E(Y1,Vo) = Ep(Y]) < 0.

If [ =1, an optimal bundle is known as optimal subspace (see [5]).

Given Z C F, we denote spanZ the linear space generated by the elements of
Z. Throughout this paper we write X = spanY .

The concepts of diameter and optimal subspace were introduced by Kolmogorov
in [9], when p is the supremum norm. With this norm, Garkavi in [0] proved
existence of optimal subspaces for a compact data set. Other work about these
concepts can be seen in [12]. Recently, in [5] it was proved existence of optimal
subspace in reflexive Banach spaces when p is a monotone norm and Y a finite
set. Also the authors studied properties of deviations and diameters.

If p is not the supreme norm, it is unknown to us results of existence for an
infinite set of data, even in a Hilbert space. In Section 2 we prove existence of
optimal bundles for a countable set of data in a broad class of normed spaces.
Also, we give an algorithm to construct optimal bundles when the data set is
finite. In Section 3 we study the behavior of deviations and diameters for an
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increasing sequence of data sets. Finally, we give some properties of deviations
and diameters in Section 4.

2. EXISTENCE OF OPTIMAL BUNDLES

Observe that if [ > m, then Vo = (span{fi}, - ,span{fn}, {0}, - ,{0}) €
B (F) is an optimal bundle for Y. If X has dimension at most n, then Vy =
(X,---,X) € B,(F) is an optimal bundle for Y. So, from now on we assume
n<dimX and 1 <[l <m.

We will need the following lemma which was proved in ([L1] p. 273).

Lemma 2.1. Let G be a Banach space of dimension n and let G* be its conjugate
space. Then there exist n linearly independent elements ey, -+ ,e, € G and n
functionals g1, -+ ,gn € G* such that |lex]| = ||lgkll = 1, gi(ex) = 1 if i = k, and
giler) =0ifi £k, 1<ik<n.

Consequently, for every e =Y a;e; € G we have then |a;| < |lel], 1 <i < n.
i=1

For a linear space W with norm || - ||, we consider the following sets

A(W) = {<wk>z;1 ey (Z uwkuuk> < oo} ,
and

Ao(W) = {(wk)?zl € AW): lim p ( > |Iwk|!u/s) = 0}~

k=N+1

If m < oo, we observe that Ag(W) = A(W).
The following example shows that some condition about the data set must be
required to assure existence of optimal bundles.

Example 2.2. Let F' = R? be with the Euclidean norm, m = oo, n = [ = 1, and
p (Ot wpuy) = (O, 27)2. We consider fj, = <\/LE’ 1). It is easy to see that
Y = {fi}321 ¢ Ao(F). Suppose that for some V' € By 1(F), E(Y,V) < co. If

V = span{(vy,v2)}, v} + v3 = 1, we have

00 1 v 2
E(Y,V)*= 1+——(——|—v) .
Then |vs] = 1 and v; = 0. So E(Y,V)* = >3 & = o0, a contradiction.
Therefore there is not an optimal bundle for Y.

Next, we establish the main result of this section.

Theorem 2.3. Let G be a Banach space and let G* be its conjugate space. If
Z = {hi}i, € Ao(GY), then there exists Vo € By,,(G*) such that Vg is an
optimal bundle for Z.
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Proof. We only consider m = oo. The case m < oo follows with the obvious
modifications. If hy = 0 for all k&, Vq = (0,--- ,0) is the optimal bundle. Assume
hi, # 0 for some k. Let {V,}sen C B (G*) be such that

E(Y,V.) < Bor(Y) + . (2.1)

We write Vg = (Viy,-+-,Vy). Given two bundles V. = (Vi,--- | V}) and U =
(Uy,---,Uy) with V; € U; we have E(Y,U) < E(Y,V). So, w.lo.g. we can
assume dimVy; =n, 1 < j <[. By Lemma 2.1, foreachseNand1<j<l
there exists a basis {eij}j: of Vy; such that e = 1, and |¢'| < g for

g= Zlcieéj
Let g, = Zc’; i; € Vi be such that d(hg, Vi) = [|he — gl|. Tt is easy to see

that [|gg[| < 2[[2ul|. So,

| < gl < 20| =: B,

forall s,keN, 1 <i<nand1<j <.
Let Bg+ be the closed unit ball of G* and let P be the product topological space

oo nl

P = HBG* X HH — B> Brl

k=11=1

where Bg+ has the weak-star topology and [—fy, 5x] C R has its natural topol-
ogy. By Banach Alaoglu’s Theorem B¢« is weakly-star compact, so Tychonoff’s
Theorem implies that P is compact. Hence, the sequence {p;}seny C P given by

_ 1 n 1 n 11 in 11 In 21 2n 21 2n
Ds = (Egpy ey €01y ey Caps vy €y Cals vy Cals ey Cs s ooy Col'y Cops wos Caly vvy Cop s ooy Col's 2)

has one limit point, say

_ 1 n 1 11 in 11 21 2n 21 2n
P = (€015 -5 €015+ €ty > €01> Cots 5 C1 > -5 COL > ++» Cozacma- Cots 5 Cols s Cot s )

Since Z € Ag(G*) and hy # 0 for some k, for € > 0 there exists N € N such that

p( Z ||hk||uk> <€ and min Al = M > 0. (2.2)

Rt hp#0,1<k<N
By the definition of the norm in G*, for each 1 < k < N, 1 < j < [, there is
x; € G such that

n

hi(zeg) — Y ceb; (i) -

=1

|zx;]l <1 and — Me <

E ki i
1=

We consider the neighborhood U of p defined by

. 1 n l n 11 1n 11 in 21 2n 21 2n
U={(w,.,w},.,w, ., a, .,ai" ., a, " al', a0 L a)t )"

EP:‘w;-(xm)—eéj(xw)|<eand a —COJ <Me, 1< j,0<,
1<i<n,1<uk<N}.
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Since p is a limit point of {ps}sen, there exists r € N, r > l such that
’e;{j(xw) - eéj(xm)| <€ and ‘cm - 003| < Me,

foralll1 < j,o<[;1<i1<nand 1 <wuk < N. Consequently, if 1 < k < N,
hy # 0, and 1 < j <[, we have

E ki i
1=

n

hi(eg) = Y chieb; (zas)

i=1
ki i ki i
E :60360] xk] E :c’l”j r] xk]

< Hhk g’l‘j | + Z ‘015366] 'rkj 6261’] (mkj)‘

— Me <

< ‘hk(xk] gm Tk ’ +

hkza r] + Z |COJ - cm‘ ‘60] xk])}

+Z v et () — eq;(ns))|
From definition of gf ;, if by = 0 then ¢fi = 0 for all j,i. So

Zc’ggeg]
Let V; = span{eoj, et 1< <l and Vo = (Vi, -+, Vi) € By ,(G*). Then
min d(hy, V;) < mm d(hk,Vm) (3n+ De|lhell, 1<k<N.

<j<

1<5<i

< d(hy, Vi) + (3n+ Dellhl, 1<k<N, 1<j<l.

Finally from (2.1) and (2.2) we have,

N
E(Y,Vy) =p ( min d(hg, V;)u, + Z min d(hg, J)uk>

— 1<5<i 1<J<
N oo
<p ( min d(h, V) k> +p ( 2. min d(he, Vj>uk>
k=1 k=N+1
N N >
< p< in d(f, Vi) ) + (3 + 1)ep (anm) +p< 3 ||hk||uk)
k=1 k=1 k=N+1

< B(Y,V,)+ <1+ (3n +1)p (ZHMW))
< Eqe(Y)+e€ <2+ (Bn+1)p (Znhkﬂwf))-

As € > 0 is arbitrary, the proof is complete. Il



92 H.H. CUENYA, F.E. LEVIS, C.N. RODRIGUEZ

Corollary 2.4. Let F' be a Banach space which is isometrically isomorphic to
some conjugate space. If Y = {fi}7, € Ao(F), then there exists Vo € By, (F)
such that Vq is an optimal bundle for Y. In particular, if F' is a reflexive space,
the assertion remains.

Example 2.5. The classical Lebesgue spaces L,(€2), 1 < p < oo, where (2 is an
open set in RY, satisfy the hypothesis of Corollary 2.4.

The following simple property is an immediate consequence of the definition.

Lemma 2.6. Let G and H be normed spaces, G C H, andY = {fr}}; € Ao(G).
Then
Ep(Y) < Eg(Y).

Let F™* be the second conjugate space of F' and let Jp : F' — F™ be the
canonical mapping. We write f = Jp(f), f € F.
As another consequence of Theorem 2.3, we also obtain the following result.

Theorem 2.7. Let F' be a Banach space. Assume that there exists a linear
projector p : F** — F with unit norm. If Y = {fi}}, € Ao(F), then there is
Vo € B, (F) such that Vy is an optimal bundle for'Y .

Proof. By Theorem 2.3, there exists an optimal bundle Wy = (Wy,--- W) €
By, (™) for Jp(Y). Set Vo = (p(Wh), -+, p(W1)) € Bin(F), and let gi; be a
best approximation to fi from W;, for all k,j. Since p (fy) = fi and |p| = 1,
then

d(fe, W) < N fw = 2|l = lp (Fe — gx5) | < || fe = gn5|| = d (fis W5) - (2:3)
By (2.3) we have
E(Y, V) < E(Jp(Y),Wy) = Epe (Jp(Y)).

Since Jp is an isometry, from Lemma 2.6 we get Eps«(Jp(Y)) < Ep(Y). Thus,
E(Y, Vo) < Er(Y) and the theorem is proved. O

Example 2.8. The space L;([0, 1]), satisfies the hypothesis of Theorem 2.7 (see

[10])-

Remark 2.9. (a) In a conjugate space, the Krein Milman Theorem implies that
the unit ball has extreme points. On the other hand, it is well known that the
unit ball of L;([0, 1]) has not extreme points, so L;([0, 1]) is not isometrically
isomorphic to any conjugate space and Corollary 2.4 cannot be applied in
this space.

(b) Theorem 2.7 implies Corollary 2.4. In fact, if F'is isometrically isomorphic to
some conjugate space, there exists a linear operator with unit norm projecting
F** onto F (see [1], p. 55).

(c) It is interesting to note that if F' is a Banach space not containing a subspace
isometrically isomorphic to [y, then F' is isometrically isomorphic to some
conjugate space if only if there exists a linear projector p : F** — F with unit
norm (see [7], p. 221).

Next, we give another theorem on the existence of optimal bundles.
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Theorem 2.10. Let F be a Banach space and let Y = {fi}7, € No(F). If X is
1sometrically isomorphic to some conjugate space, and there exists a lineal metric
selection Py : F — X, with unit norm, then there is Vo € By, (F') such that V|
1s an optimal bundle for'Y .

Proof. By Corollary 2.4, there is a linear optimal bundle Vo = (V3,---, V) €
Bin(X)forY. Let W = (Wq,--- , W) € B ,(F) and W' = (Px(Wy),---, Px(W))).
Since Py is a lineal metric selection, we have Px(f) = frx and W' € B, ,(X). We
choose gi; € W, such that d(fx, W) = || fx — gi;l|. Then Px(gx;) € Px(W;) and
d(fr, Px(W5)) < 1fi = Px(gip) | = 1Px (fe = gi) | < |1fx — g5l

So, E(Y, Vo) < E(Y,W') < E(Y,W). 0

(2.4)

Remark 2.11. In ([5], p. 196) the authors show an example such that Theorem
2.10 can be applied, but Corollary 2.4 cannot.

Next, we give an algorithm to construct optimal bundles using optimal sub-
spaces when Y is a finite set. It extends a similar algorithm proved in ([2],
Theorem 2.2) for a Hilbert space.

Theorem 2.12. Let F' be a normed space, Y = {fi}iy C F, m < oo, and let p
be the p-norm in R™, 1 < p < co. Assume that there is an optimal subspace for
Yy, for allYy C Y, Y1 # 0. Then there exists Vo € B ,(F) such that Vg is an
optimal bundle forY .

Proof. Suppose 1 < p < oo. We denote by m the set of all [-tuples P =
(Y1, ,Y)) of subsets of Y such that

I
Y:UYi and Y;NY; =0 for i#j.

=1

Note that we allow some of the elements of P € m; to be the empty set.
For P = (Y1,---,Y)) € m, and Y; # ), we choose W(P) € By, (F) an optimal

subspace for Y. Since the cardinal of 7 is finite, there exists P* = (Y}*,--- ,Y}*) €
m; such that
l I
oD Al Wa(P)u | <> (Z d(fk,WS<P>>uk) . (25)
s=1 frEY? s=1 frEYs
for all P = (Y3, -+ ,Y;) € m. Since p is a p-norm, it follows that

l

Do D A WP uw | =P | D Y d(fe, W(P))us |- (2.6)

freYy s=1 freYy
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and (2.6) imply,

I I
mew#«Z}:WMWPWQ<Zﬁ(Zﬂmm@m0,
s=1 freYy s=1 fL€Ys

(2.7)
for all P = (Y3,---,Y)) € m.
On the other hand, given V. = (V4,---,V]) € B, ,(F) we can find a [-tuple
P' = (Y{,---Y/) € m such that

Y, = {fk €Y' d(fy, Vi) = nin, d(fmvj)} -

Since W (P') is an optimal subspace for Y/, we have

l !

Yoo DD dlfe WaPu | <D P | Y dlfi, Viue | = BP(Y, V).
s=1 freY! s=1 freY{

In consequence, from (2.7) with P = P’ we obtain E(Y,V,) < E(Y,V), V €

B (F).

The case p = oo follows with the obvious modifications. O

Now, we give an example where only Theorem 2.12 can be applied because the
normed space is not Banach space. Let (Sf(R), || - ||2) be the space of sequences
of real number with finite support. Let p be the Euclidian norm in R3, n = 2,
and let Y = {fx}}_, be such that f;(j) = d;;, d;; the Kronecker Delta function.
A straightforward computation shows that for all Y; C Y, Y] # (), there exists an
optimal subspace.

3. CONVERGENCE OF DEVIATIONS AND DIAMETERS FOR AN INCREASING
SEQUENCE OF DATA

The following theorem immediately follows from the monotony property of the
norm.

Proposition 3.1. Let Y = {fi}7, C F, V € B,(F) and Yn = {fi}r 1,
1< N<m. Then
(a) E(Yn, V) < E(Yyi1,V);
(b) E(Yn,V) < E(Y,V);
(¢) Er(Yn) < Ep(Yyi1);
(d) Ep(Yn) < Ep(Y).
Theorem 3.2. Let Y = {f.}32, € Ao(F) and Y = {fx}2_, N € N. Then
(a) lim Ep(Yy) = Ep(Y);
(b) If Vi is an optimal bundle for Yy then A}im E(Y,Vy)=Er(Y).
—00

Proof. (a) According to Proposition 3.1 (¢)-(d), we have Er(Yy) T «, as N — oo,
with o < Ep(Y) < co. Let € = Ep(Y)—a > 0. By hypothesis there exists M € N
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such that

p< > ||fk||uk> <3

k=M+1

Let V = (V1,--- , Vi) € Biu(F) be such that £(Yys, V) < Ep(Yar)+ 5. Therefore,

Er(Y) <EY,V)=p (Z mm d(fr, Vj)ur + Z mm d(fk, J)uk>

k_

M 00
<p ( min d(fi, V) k) +p ( > min d(fy, Vj)uk> (3.1)
k=1 - '

k=M+1 —

< E(Yy, V) +p< > kaHuk>

k=M+1
< EF(YM) +e<a+te= EF(Y),
a contradiction. So, A}im Er(Yn) = Er(Y).
—00
(b) From (3.1) and Proposition 3.1 (d) we have

Be(Y) < B(Y, Vi) < E(YN,VN>+p< S i d fk,vj>uk)

k=N+1 7=
< Ep(Yy) +P< > kaHuk) < Er( )+P< > kaHuk),
k=N-+1 k=N+1

for all N € N. Taking the limit as N — oo, we get A}im E(Y,Vy)=Ep(Y). O
—00

4. PROPERTIES OF DEVIATIONS AND DIAMETERS

The properties established in the next theorem immediately follow.

Proposition 4.1. Let Y = {fi}i 1, Z = {h}}y € A(F) and let V = (V4,--- , V),
W = (Wy,--- W) € Bin(F). Then the following statements hold.

(@) |B.V) = BV < p (£ 1 o)
(b) If W, CV;, 1<j<I, then E(Y,V) < E(Y,W);

(¢) |E(Y) — En(Z)| < p (i i — hknuk) ,
(@) |E(Y,V) — E(Y,W)| < p (i (d(f,T) —d<fk,U>>uk), where T = UV

Jj=1

!
and U = |J W;.
j=1

We recall that the metric projection on a set D C F', when it is well defined,
is given by Pp(f) ={g € D : |lg = fIl = d(f, D)}.



96 H.H. CUENYA, F.E. LEVIS, C.N. RODRIGUEZ

Next, our propose is to study the continuity of the function E(Y,.). So, we
consider a notion of distance between two bundles V = (V;,--- | V}) and W =

(Wi, , W), which was introduced in [5],

bt s ogepipnerin},

! l
where Pp and Py are the metric projections on thesets T = |J V;and U = J W},
j=1 7=1

4.(V, W) = sup {

respectively.
The following theorem is a direct consequence of Proposition 4.1, (d).

Theorem 4.2. Assume the same hypothesis of Proposition 4.1. Then
[E(Y, V)= EQY, W)| < p [ Y |l fullux | de(V, W).
k=1
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