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ABSTRACT. For semisimple, commutative Banach algebras A and B, some
Banach algebra properties of the Cartesin product A x B are characterized in
terms of A and B. A couple of results are also proved for non-commutative
Banach algebras.

1. INTRODUCTION

Let (A, |- [|4) and (B, | - ||z) be semisimple, commutative Banach algebras. Let
A x B denote their Cartesian product. Then A x B is a semisimple, commutative
Banach algebra with co-ordinatewise product and with maximum norm; namely,

1@, b)| := max{|all.4, [b]l5} (o € A; b€ B).

Note that the Gelfand space (resp., Shilov boundary) of A x B is homeomorphic
to the topological sum of the Gelfand spaces (resp., Shilov boundaries) of A and
B. Based on this result, we prove that the properties like UUNP, QDZP, TAP,
etc. are carried forward from A4 and B to A x B and vice-versa. Note that
not all properties of A and B can be carried forward to A x B. For example,
let A = B = C. Then they are division algebras but their cartesian product
A x B = C? is not a division algebra.
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2. MAIN RESULTS ON A X B

To set notations, we start with the definition of sum topology [3, p-33].

Definition 2.1. Let (X, 1) and (Y, 75) be topological spaces such that X and Y
are disjoint. Let 7={U C XUY  :UNX €npand UNY € r}. Then 7 is a
topology on X UY | which is the sum topology on X UY. The topological space
(X UY, 1) is the topological sum of X and Y, which will be denoted by X [{ Y.

Let A(A) be the Gelfand space and 0.A be the Shilov boundary of A. For
a€ A leta: A(A) — C be defined as a(y) = p(a) (p € A(A)).

The following result is proved in [0] for A and B being unital. Because of
the identities, the Gelfand spaces are compact Hausdorff spaces and the proof
becomes much easier. Here we prove it without assuming identities and with
different method.

Theorem 2.2. A(A x B) = A(A)HA(B) and 0(A x B) =2 0AlHIB.

Proof. Note that A x B is the direct sum of the two closed ideals A x {0} and
{0} x B. So A(A x B) = A(A) U A(B) set theoretically. By [1, Lemma 2.2.15],
A(A) and A(B) are open in A(A x B) carrying the topologies induced from
A(A x B). Thus A(A x B) = A(A)HA(B). - -

Now, let @ € A. Since AUB = m, we have a = (a,0). Since (a,0) assumes
its maximum on 9(A x B), the @ would assume its maximum on 9(A x B). So
J(Ax B) is a closed boundary for A. Since 0.A is the smallest closed boundary for
A, we get 0A C I(AxB). Similarly, 0B C 9(Ax B). Hence 0.AUIB C J(AXx B).

For the reverse inclusion, let (a,b) € A x B. Then (a,b) = @ or (a,b) = b. If

(a,b) =@, then (a, b) attains its maximum on dA. If (a,b) = b, then (a, b) attains
its maximum on 0B. Hence 0. AUOB is a closed boundary for AxB. Since 9(AxB)
is the smallest closed boundary for A x B, we have 9(A x B) C 0.AU 0B. Hence
I(Ax B) =2 0AlHIB. O

Now we characterize some Banach algebra properties of A x B in terms of A
and B. We start with the unique uniform norm property (UUNP) which was
introduced by Bhatt and Dedania [1].

Definition 2.3. A norm || - || (not necessarily complete) on A is a uniform norm
if ||a*|| = Jla]|* (a € A). The Banach algebra A has unique uniform norm property
(UUNP) if it admits exactly one uniform norm.

Theorem 2.4. A x B has UUNP if and only if A and B have UUNP.

Proof. Let A x B have UUNP. Let F' C A(A) be a closed set of uniqueness for A.
Then by definition of sum topology FUA(B) is a closed subset of A(A)UA(B) =
A(A x B). Moreover, it is also a set of uniqueness for A x B. Since A x B has
UUNP, by [I, Theorem 2.3], 0AUIB = 0(A x B) C F UA(B). Since A(A) and
A(B) are disjoint, 0.A C F. Thus 0A is the smallest closed set of uniqueness for
A. Hence, by [1, Theorem 2.3], A has UUNP. Similarly, we can show that B has
UUNP.
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Conversely, assume that .4 and B have UUNP. Let F' C A(A x B) be a closed
set of uniqueness for A x B. Then F = (FNA(A)) U (FNA(B)). Let Fq =
FNA(A). Then Fjy is a closed set of uniqueness for A. Since A has UUNP,
by [!, Theorem 2.3], A C F4. Similarly 0B C Fy. Hence, by Theorem 2.2,
IAXxB)=0AU0B C FuUFg = F. Thus 0(A x B) is the smallest closed
boundary of A x B. Hence, again by [, Theorem 2.3], A x B has UUNP. O

Definition 2.5. [, p-198] A is regular if for every closed set F' C A(A) and
¢ € A(A)\ F, there exists a € A such that a(¢) =1 and a|r = 0.

The next result follows from [/, Theorem 4.3.8]. However, we prove it here
with elementary arguments.

Theorem 2.6. A x B is reqular iff A and B are regular.

Proof. Let A x B be regular. Let F' be a closed subsets of A(A) and let ¢ €
A(A)\ F. Then F is closed in A(A x B) and ¢ € A(A x B) \ F. By the
hypothesis, there exists (a,b) € A x B such that (a,b)|r = 0 and (a,b)(p) = 1.
But (a,b) = (a,0) = a on A(A). Hence alr = 0 and a(p) = 1. Thus A is regular.
Similarly, B is regular.

Conversely, let A and B be regular. Let F' be a closed subsets of A(A x B)
and ¢ € A(Ax B)\ F. Let Fy = FNA(A) and Fg = FNA(B). Then Fu
and Fp are closed subsets of A(A) and A(B) respectively and ¢ € A(A) \ Fu
or p € A(B)\ Fg. Suppose ¢ € A(A)\ F4. Then, by the hypothesis, there
exists a € A such that a|p, = 0 and a(¢) = 1. Then (a,0)|r = a|p, = 0 and

(Z,\O)(go) = a(p) = 0. Similarly, if ¢ € A(B) \ Fp, then there exists b € B such
that b|p, = 0 and b(¢) = 1. Then (0,b)|r = blp, = 0 and (0,b)(p) = b(p) = 0.
Hence A x B is regular. O

Definition 2.7. [, Definition 4, p-71] A has Quasi Divisior of Zero Property
(QDZP) if there exists an open set G C A(A) such that

(1) 0ACG.
(2) For every open subset U of G, there exists a € A and a non-empty open
subset V of U such that @ =1 on V and @ = 0 on U°.

Theorem 2.8. A x B has QDZP iff A and B have QDZP.

Proof. Let A x B have QDZP. Then there exists an open set G C A(A x B) which
satisfies the following properties.

(1) 9(A x B) C G.
(2) For each open subset U of G, there exists (a,b) € A x B and a nonempty
open subset V' of U such that (a,b) =1 on V and (a,b) = 0 on U°.
Let G4 = GNA(A). Then G4 will be open in A(A) and A C G 4. Now let

U C G4 be open. Then U will be open in G also. Hence, by the hypothesis,
there exist (a,b) € A x B and an open set ¢ # V C U satisfying (2) above. Since

U C A(A), we have @ = (a,0) = (a,b). Hence A has QDZP. Similarly, B has
QDZP.
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Conversely, suppose A and B have QDZP. Then there exist open subsets G4 C
A(A) and G C A(B) which satisfies the properties in the definition of QDZP.
Let G = G4 U Gg. Then 8(A X B) = 0AUOIB C EALJ@B = GuUGE = G.
Let U C G be open. Then Uy = U NG 4 and Ug = U N Gg are open in G4 and
G, respectively. Hence there exist a € A a/I\ld b € B such that @ = 0 outside
U, a = 1 on some open subset ¢ 7é/ViC Uy, b =0 outside Ug and b = 1 on some

—

open subset ¢ # Vg C Ug. Then (a,b) = 0 outside U = U4 U Up and (a,b) =1
on ¢ #V,UVg CU. Thus A x B has QDZP. O
Definition 2.9. [, Definition 5, p-72] Let M C A be a maximal ideal. A
separating net for M is a net {gq faea in A such that

(1) supse ralda) < oo;

(2) limg oo 7a(ags) =0 (a € M);

(3) There exists b € A such that ¢,b = g, (o € A);

(4) For each o € A, there exists p, € A such that p, + ¢o — paga = 0.

Definition 2.10. [5, Definition 5, p-72] A has Topological Annihilator Property
(TAP) if there exists a dense subset D C 0A such that ker ¢ admits a separating
net for every ¢ € D.

Theorem 2.11. A x B has TAP iff A and B have TAP.

Proof. Let A x B have TAP. Then there exists dense subset D C 9(A x B) such
that ker ¢ (¢ € D) admits a separating net. Let Dg = D NOA. Then Dy will
be a dense subset of A. Let o4 € Dy. Define ¢(a,b) = pa(a) ((a,b) € A x B).
Then ¢ € D. Hence ker ¢ admits a separating net say (aq,bs). Then (a,) will
be a separating net for ker ¢ 4. Thus A has TAP. Similarly, B has TAP.
Conversely, let A and B have TAP. Then there exist dense subsets D4 C 0A
and Dg C 0B such that each ker ¢ (¢ € D4U Dg) admits a separating net. Then
D = D4 U Dg is a dense subset of 0AU B = 0(A x B). Hence A x B has
TAP. 0

Note: For the rest, A and B are not assumed to be commutative.

Definition 2.12. |1, p-223] A norm | - | on A is spectral if r4(a) < |a| (a € A),
where r4(+) is the spectral radious on A. The algebra A has Spectral Extension
Property (SEP) if every norm on A is spectral.

The SEP is a very important property in Banach algebras [1, p-222]). We do
not know the converse of the following result even for commutative case.

Theorem 2.13. If A x B has SEP, then A and B have SEP.

Proof. Let | - | be a norm on A. Define |(a,b)|; = |a| + ||b]|5, where || - ||5 is the
Banach algebra norm on B. Since A x B has SEP, we have

ra(a) =raxp(a,0) < |(a,0)]; = |a] (a € A).
Thus | - | is spectral on A, and so .4 has SEP. Similarly, B has SEP. O

Definition 2.14. A norm |- | on A is semisimple if the completion of (A, | - |)
is semisimple. The A has Weak Spectral Extension Property (WSEP) if every
semisimple norm on A is spectral.
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If A is commutative, then A has UUNP iff A has WSEP [I, Proposition-2.1].
Thus the WSEP is a non-commutative analogue of the UUNP. Unfortunately, we
do not know the converse of the following result also.

Theorem 2.15. If A x B has WSEP, then A and B have WSEP.

Proof. Let |- |4 and | - |5 be semisimple norms on A and B, respectively. Define
(a,b)| = |a|la + bz ((a,b) € A x B).

Then |- | is a norm on A x B. Note that (A, |- |4) % (B,|-|5) = (A x B,|-1);
where (X, ||| - |||)” denotes the completion of (X, ||| - |||). Since |- |4 and | - |5 are
semisimple norms on A and B, (A, |- |4)x (B, |- |s) = (A x B, | -|)is semisimple.
So, by the hypothesis, | - | is a spectral norm on A x B. Hence,

lala = [(a,0)] < raxs(a,0) =ra(a).
Thus | - | 4 is a spectral norm on A. Similarly, | - |5 is spectral on B. O
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