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ABSTRACT. In this paper, by using Mond-Pecari¢ method we provide some
inequalities for connections of positive definite matrices. Next, we discuss
specifications of the obtained results for some special cases. In doing so, we
use a-arithmetic, a-geometric and a-harmonic operator means.

1. INTRODUCTION

Throughout M,,(C) denotes the C*-algebra of n x n complex matrices. For
matrices X, Y € M,,(C), the notation Y < X (resp., Y < X) means that X —Y is
positive semidefinite (resp., positive definite). A linear map ® : M, (C) — M (C)
is said to be positive if 0 < &(X) for 0 < X € M, (C). If in addition 0 < ®(X)
for 0 < X € M,,(C) then @ is said to be strictly positive.

A real function h : J — R defined on interval J C R is called an operator
monotone function, if for all Hermitian matrices A and B (of the same order)
with spectra in J,

A< B implies h(A) < h(B)

(see [1, p. 112]).
For o € [0, 1], the a-arithmetic mean of n x n positive definite matrices A and
B is defined as follows

AV,B = (1—a)A+ aB. (1.1)
For a = 1 one obtains the arithmetic mean AVB = (A + B).
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For a € [0, 1], the a-geometric mean of n x n positive definite matrices A and
B is defined by
AfoB = AY2(ATY2BATY2)a 412 (1.2)

(see [9, 15]). In particular, for & = 1 equation (1.2) defines the geometric mean

2
of A and B defined by
AﬁB _ A1/2(A_1/2BA_1/2)1/2A1/2
(see [2, 10, 15])

For a € [0, 1], the a-harmonic mean of n X n positive definite matrices A and

B is defined by

Al,B=(1-a)A™ +aB ™. (1.3)
For oo = % we obtain the harmonic mean of A and B given by
1 1 !
ABB=(-A""+-B"
(22 427)
(see [11]).

Ando’s inequality [I] asserts that if ® : M, (C) — M (C) is a positive linear
map and A, B € M, (C) are positive definite then

D(AfaB) < ®(A)1.2(B). (1.4)

Lee [10] established the following reverse of inequality (1.4) with a = § (see
also [12]).

Theorem A [10, Theorem 4] Let A and B be n x n positive definite matrices.

Assume @ : ML, (C) — M (C) is a positive linear map.
If mA < B < M A with positive scalars m, M then

VM + /m
P(A)i®(B) < WQQMB).

Recently, Seo [15] showed difference and ratio type reverses of Ando’s inequality
(1.4), as follows.
Theorem B [15, Theorem 1] Let A and B be n X n positive definite matrices

such that mA < B < MA for some scalars 0 < m < M and let ® : M,(C) —
My (C) be a positive linear map.
Then for each o € (0,1)

P(A)a®(B) — ®(AfaB) < —C(m, M, ) ®(A),
where the Kantorovich constant for the difference C(m, M, «) is defined by
M® —me\ a1 Mm® — mMe
a(M —m) M-m

C(m, M, a) = (a—l)(

Theorem C [15, Theorem 3] Let A and B be n x n positive definite matrices
such that mA < B < MA for some scalars 0 < m < M and let ® : M,(C) —
My (C) be a positive linear map.

Then for each o € (0,1)

D(A)ta®(B) < K (m, M, a) " ®(A2,B),
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where the generalized Kantorovich constant K(m, M, «) is defined by
mM® — Mm® [(a—1 M*—m> \°
(a=1)(M—-m)\ « mM>*—Mm>)

K(m,M,a) =

Theorem D [3, Theorem 2.1] Let A and B be n X n positive definite matrices
such that 0 < by < A< a; and 0 < by < B < ay for some scalars 0 < b; < a;,
i=1,2.

If @ : M,,(C) — Mg(C) is a strictly positive linear map, then for any operator
mean o with the representing function f, the following double inequality holds:

W' (D(A)1.B(B)) < (wB(A)V.B(B) < ~®(AsB), (1.5)
ol
_arbi(f(b2ay )= f(a2b] ")) _arasf(baay h)—bibafazbyh) o
EUhege po= T T v = SR e w o= o and o €
0,1).

The purpose of this paper is to demonstrate a unified framework including
Theorems A, B, C and D as special cases. Following the idea of Mond-Pecari¢
method [5, 11], in our approach we use a connection ¢y induced by a contin-
uous function f : J — R. We focus on double inequalities as in (1.5) (cf. [0,
Theorem 3.1]).

In Section 2, we formulate conditions for four functions fi, fs, g1, g2, under
which the following double inequality holds (see Theorem 2.3):

g, P(A)os,®(B) < (Ao, B) < <I>(A09291_1(Aaf13)), (1.6)

with suitable constant c,, (see (2.8)). Here the crucial key is the behaviour of the
superposition g,g; *. By substituting at +1 — «, t* and (at~' +1—a)~! in place
of gagy ' (t), we get variants of the above double inequality (1.6) for a-arithmetic,
a-geometric and a-harmonic operator means, respectively. Also, some further
substitutions for fi, f2, g2 are possible. Thus we can obtain some old and new
results as special cases of (1.6) (see Theorem 2.9 and Corollaries 2.6-2.18).

2. RESULTS

Let f : J — R be a continuous function on an interval J C R. The f-connection
of an n x n positive definite matrix A and an n X n hermitian matrix B such that
the spectrum Sp (A~Y/2BA~1/2) C J, is defined by

AoiB = A2 f(A7V2BATY2) A2 (2.1)

(ct. [7, p. 637, o).
Note that the operator means (1.1), (1.2) and (1.3) are of the form (2.1) with

the functions at + 1 — «, t* and (at™! + 1 — a) 71, respectively.
For a function f : J — R, defined on an interval J = [m, M| with m < M, we
define

M)—f(m Mf(m)—mf(M . aft+bd
S MOOf g MIION g = min S (22)

(see [11]).
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Lemma 2.1. (See [7, Theorem 1], c¢f. also [11, Corollary 3.4].) Let A and B be
n X n positive definite matrices such that mA < B < MA with 0 <m < M.

If o4 is a connection with operator monotone concave function f >0 and ® is
a strictly positive linear map, then

cs ®(A)o;®(B) < ®(AosB), (2.3)
where ¢y is defined by (2.2).
Remark 2.2. (i): For all positive linear maps ®, the equality
®(A)o;B(B) = O(Ac;B) (2.4)

holds for the arithmetic operator mean oy = V,, o € [0, 1].

(ii): In general, for other connections oy, (2.4) can hold for some specific ®.
For example, taking oy = 4., o € [0,1], and ®(-) = U*(-)U with unitary
U, we have

U (At B)U = (U"AU)$a(U"BU),
which is of form (2.4).

(iii): Clearly, if the equality (2.4) is met (e.g., if f is affine), then (2.3) holds

with ¢; = 1 (see (2.20), (2.30)-(2.31)).

Our first result is motivated by [%, Theorem 2.1] (see Theorem D in Section 1).

Theorem 2.3. Let f1, fo, g1, g2 be continuous real functions defined on an interval
J = [m,M] C R. Assume that go > 0 and g2g;' are operator monotone on
intervals J and J' = ¢1(J), respectively, with invertible g, and concave go. Let
A and B be n x n positive definite matrices such that mA < B < MA with
0<m< M.

If & : M,,(C) — My(C) is a strictly positive linear map and

g1(t) < f1(t) and  fo(t) < go(t) fort e J, (2.5)
max g1 (t) = max f,(), (2.6)
then
Cga (I)(A)Ufz(I)(B) < q)(AngB) < CD(Anggl_l(Ao—le))> (27)
where cg, s defined by
Agy = —92(]\1{/}:7{3(7”) , by, = —MQQ("X}:ZW(M) and cg4, = Itrél}l —ag;z(tl))”. (2.8)

Proof. Since mA < B < MA, we obtain m®(A) < &(B) < M®(A) by the
positivity of ®. In consequence, by the strict positivity of ®, we get m < W < M
and Sp (W) C [m, M] for W = ®&(A)~/20(B)®(A)~1/2.
It follows from the second inequality of (2.5) that
F((2(A)"2D(B)(D(A))™?) < g2((B(A)) 72 (B)(B(A))71/?),
and further
D(A)op,B(B) < D(A)0,, ®(B). (2.9)
According to Lemma 2.1 applied to operator monotone function g, we have
Cgy P(A)0g, ®(B) < ©(Acy, B).
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This and (2.9) imply
cg, P(A)op, ®(B) < ®(Acy, B), (2.10)
proving the left-hand side inequality of (2.7).
It follows that for h = gy 0 g7 ',
Aoy, B = Aopeq, B = Aoy (Acy, B), (2.11)
where o means superposition. In fact, we have
Abnog B = AV (h o g)(A"V2BA-Y2) AY2 = AV2p(g,(A-Y2BA-1/2)) AY/?
— AVZR(ATV2ZAY2g (A2 BATY) A2 A1/2) A1/
= AY2h(A7Y2(Ao,, B)ATV?)AY? = Agy, (Ao, B).
On the other hand, it follows from the first inequality of (2.5) that
GI(ATVZBAY2) < (A2 BAY?)
and next
Aoy, B < Aoy, B. (2.12)
It is seen from (2.5) that

. .
min q1(t) < min fy (t),

which together with (2.6) gives
f()) C (). (2.13)

Denote
Zy =AY (Ao, B)A™Y? = g, (A71/2BA7Y?)
and
Wo = A"?(Ac;, BYAT? = f{(A"V2BAT/?).
Then Sp (Zy) C g1(J) and Sp (W) C fi(J), because Sp (A~'/2BA~Y/2) C J.
Since h = g, 0 g; ! is operator monotone on J' = g;(J), from (2.12) and (2.13)
we obtain

h(AY?(Ac, B)A™Y?) < h(AV%(Ac;, B)A™Y/?)

and next
Aoy (Ao, B) < Aoy (Ao, B). (2.14)
Therefore, by (2.11) and (2.14), we deduce that
P(Aoy,B) < CID(Aag291_1(AUfIB)). (2.15)
Now, by combining (2.10) and (2.15), we conclude that (2.7) holds true. O

Remark 2.4. In Theorem 2.3, if in addition f; and g; are nondecreasing on [m, M|,
then condition (2.6) simplifies to

g1 (M) = fi(M).

Likewise, if f; and ¢; are nonincreasing on [m, M], then (2.6) means
gr(m) = fi(m).
Corollary 2.5. Under the assumptions of Theorem 2.5.
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(i): If g2gy " is an affine function, i.e., gogy ' (s) = as + b for s € gi(J),
a >0, then (2.7) reduces to

g, P(A)op, ®(B) < ®(Acy,B) <a®(Aop B) +bP(A). (2.16)

(ii): If gog; ' is a power function, i.e., gogy'(s) = s for s € g1(J), a €
[0,1], then (2.7) reduces to

e ®(A)01,B(B) < (A0, B) < B(Aay, (Ao, B)). (2.17)

(iii): If g2g; ' is an inverse function of the form gagy ' (s) = (as ' +1—a)™t
for s € g1(J), a € [0,1], then (2.7) reduces to

¢ ®(A)o®(B) < B(A0,,B) < B([(1 ~ )A™ + (Ao, B) ). (218)

Proof. (i). To show (2.16), observe that a > 0 implies the operator monotonicity
of gog7(s) = as + b (see [4, p. 113)).
It is not hard to verify that

Ao, -1(Aop B) = a Aoy B+ bA.

Hence
(Ao, -1(Aoy B)) = a®(Aoy, B) + b (A).

Now, it is sufficient to apply (2.7).

(ii). To see (2.17), it is enough to use (2.7) together with the operator mono-
tonicity of gog; ' (s) = s with a € [0,1] (see [4, p. 115]).

(iii). Finally, (2.18) is an easy consequence (2.7) for the operator monotone
function gog;'(s) = (as™' + 1 —a)~! with a € [0, 1] (see [4, p. 114]). O

The next result develops some ideas in [12, 11].

Corollary 2.6. Let f1, f2,g be continuous real functions defined on an interval
J = [m, M] with invertible operator monotone concave g >0 on J. Let A and B
be n X n positive definite matrices such that mA < B < M A.

If @ : M, (C) — M (C) is a strictly positive linear map and

fa(t) < g(t) < fi(t) forte J,

max g(t) = max f,(7),

then
cg ®(A)op,®(B) < (Ao, B) < ®(Aoy, B), (2.19)
where ¢y is defined by (2.8) for go = g.
In particular, if g is an affine function, i.e., g(t) = at +b fort € J, a > 0,
then (2.19) reduces to

D(A)oy,®(B) < b(A) + ad(B) < ®(Acy, B). (2.20)

Proof. Tt is enough to apply Theorem 2.3 with ¢; = go = g. Then the super-
position g, 0 g ' is the identity function s — s, s € g(J). So, (2.16) reads as
(2.19).

To see (2.20), use (2.19) with ¢; = 1 (see Remark 2.2). O

Remark 2.7. The right-hand inequality in (2.20) can be used to obtain Diaz-
Metcalf type inequalities [3, 14].
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Remark 2.8. A specialization of Corollary 2.6 leads to [3, Theorem 2.1] (see
Theorem D in Section 1).
Namely, it is easy to verify that the spectrum Sp (Z) C J, where Z = A~Y/2BAY/2
and J = [m, M| with m = Z—? and M = 2.
By weighted arithmetic-geometric inequality (see [3])
t*w* < at+ (1 —a)w forac[0,1]and t >0, w > 0. (2.21)

Since ¢ = oy with operator monotone function f on [0,00), f must be strictly
increasing and concave. Hence

pt +v < f(t) fort e J.

AS a consequence,
at+ (1 —a)w < %f(t) fort € J. (2.22)
By setting
filt) = %f(t), f(t) =0 g(t)=(1-a)w+at, tel,

we see that conditions (2.5)-(2.6) are satisfied (cf. (2.21)-(2.22) and Remark 2.4).
Moreover,
of, =8, and o0, =V,.
Now, it is not hard to check that inequalities (2.20) in Corollary 2.6 applied to
the matrices wA and B yield (1.5), as required.

The special case of Theorem 2.3 for f; = fo = f gives the following result.

Theorem 2.9. Let f, g1, 92 be continuous real functions defined on an interval
J = [m, M]. Assume g5 > 0 and gog; " are operator monotone on J and J' =
g1(J), respectively, with invertible g; and concave go. Let A and B be n X n
positive definite matrices such that mA < B < MA.

If @ : M, (C) — My(C) is a strictly positive linear map and

gi(t) < f(t) < golt) forte

max g1 (t) = max f(?),

then

g, ©(A)os®(B) < P(Aoy,B) < ®<A0'9291—I(Ao'fB)), (2.23)
where cg, > 0 is given by (2.8).
Proof. Apply Theorem 2.3 for f; = fo = f. O

Corollary 2.10. Under the assumptions of Theorem 2.9.

(i): If G297 is an affine function, i.e., gzgfl(s) = as+ b for s € g1(J),
a >0, then (2.23) reduces to

¢y, D(A)o;B(B) < B(Avy,B) < a®(Ac;B) + bB(A). (2.24)

(ii): If gog; ' is a power function, i.e., gogy'(s) = s for s € g1(J), a €
[0, 1], then (2.23) reduces to

cg, P(A)o®(B) < ®(Aoy,B) < ®(Aoy, (Ao B)). (2.25)
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(iii): If g2g; ' is an inverse function of the form gagy ' (s) = (as ' +1—a)™t
fors € gi(J), a €[0,1], then (2.23) reduces to

Cgp ®(A)o;®(B) < ®(Acy,B) < O([(1 — a)A™ + a(Acy, B) 7). (2.26)
Proof. Apply Theorem 2.9. OJ

Remark 2.11. (1): It is worth emphasing that the above inequality (2.24)
can be viewed as a reverse inequality of Aujla and Vasudeva [3]:

®(Ao;B) < D(A)o;B(B)

for an operator monotone function f : (0, 00) — (0, c0).
(ii): In the case f(t) = t'/? inequality (2.24) is similar to that in [ 1, Corol-
lary 3.7].

By employing the second part of Theorem 2.9 for some special functions g; and
go we obtain the following.

Corollary 2.12. Let f : J = R and g : J — R be continuous real functions with
interval J = [m, M| and invertible operator monotone concave g on J. Let A and
B be n x n positive definite matrices such that mA < B < M A.

If & : M, (C) — My(C) is a strictly positive linear map and

arg(t) + b < f(t) < agg(t)+by forteJ,ar >0, ay >0,

max(a1g(t) +br) = max f(¢),

ted
then
¢y, D(A)o;®(B) < az®(Ac,B) + byd(A) < % ®(AosB) + (b2 . %bl) o(A),
1 1
(2.27)
where ¢,y > 0 is given by (2.8) with g = asg + by > 0.
If in addition det ( Zl 21 > = 0 then (2.27) becomes
2 by
Cgy D(A)oB(B) < ay®(AcyB) + by®(A) < 2 (Ao B). (2.28)

ai

Proof. By putting ¢;(t) = a19(t) + by and ga(t) = aag(t) + be for t € J, we find
that gog; ' : g1(J) — R is an affine function, i.e.,

9297 (s) = Bt by— b forse g1(J). (2.29)
aq aq
Making use of (2.29) and Theorem 2.9, eq. (2.24), with @ = > and b = by — 2b;
yields (2.27).
Inequality (2.28) is an easy consequence of (2.27). O]

The special case of Corollary 2.12 for g(t) = t, t € J, leads to some results of
Kaur et al. [7, Theorems 1 and 2].
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Corollary 2.13 (Cf. Kaur et al. [7, Theorems 1 and 2|). Let f : J — R be a
continuous real function with interval J = [m, M]. Let A and B be n x n positive
definite matrices such that mA < B < MA.

If & : M, (C) — My(C) is a strictly positive linear map, and

art + by < f(t) <agt+by forte J,a; >0, as >0,

arM + b, = rgleé?]xf(t),

then
B(A)o;B(B) < ax®(B) + by®(A) < %@(AafB) + (bQ - %bl) D(A). (2.30)
1 1
. ., aq b1
If in addition det ( ) =0 then
(05} b2
B(A)o;P(B) < ax®(B) + by®(A) < 2 B(Ac;B). (2.31)

3]
Proof. Use Corollary 2.12, eq. (2.27) and (2.28) with ¢,, = 1 (see Remark 2.2). [
Remark 2.14. (1): With a; = ag, inequality (2.31) can be restated as
D(A)os®(B) < as®(B) + b, P(A) < (Ao B).

This can be obtained for an operator monotone (concave) function f as
in the Mond-Pecari¢ method [, 11].

(ii): Inequality (2.30) with a; = aq and f(t) =t oy =4, 0 < a <1, is of
type as in Theorem B (see Section 1).

(iii): When a; # as and f(t) =1, 0y =4, 0 < a < 1, then (2.31) leads to
Theorem C.

(iv): With suitable choosen a; # as and oy = f1/2, f(t) = t*/?, inequality
(2.31) can be used to derive Cassels, Kantorovich, Greub-Rheinbold type
inequalities, etc. (cf. Theorem A, see also [12, 13, 11] and references
therein).

We now consider consequences of Theorem 2.9 for case of geometric mean.

Corollary 2.15. Let f : J — R and g : J — (0,1] be continuous real functions
with interval J = [m, M| and invertible operator monotone g. Let A and B be
n X n positive definite matrices such that mA < B < M A.

If @ : M, (C) — My (C) is a strictly positive linear map and, 0 < a < < 1,

gﬁ(t) < f(t) < g%(t) forte J,

m B - m
i (t) ey f®),
then

g ®(A)o,0(B) < B(Aoye B) < B(As (AosB)), (2.32)

where c,, > 0 is given by (2.8) with concave g = g°.
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Proof. By substituting g;(t) = ¢°(t) and go(t) = ¢g*(t) for t € J, we have
1 o
991" = () ogogTo ()7 = ()",

where the symbol o stands for superposition. Thus gag; '(s) = s7, s € g1(J), is
an operator monotone function. For this reason, Theorem 2.9, eq. (2.25), forces
(2.32). O

Corollary 2.16. Let f:J — R be a continuous real function with interval J =
[m, M]. Let A and B be nxn positive definite matrices such that mA < B < M A,
O<m< M<1.

If @ : M, (C) — M (C) is a strictly positive linear map and, 0 < a < < 1,

< f(t) <t* forte J,
M? = max f(t),
then
¢ D(A)oy®(B) < (A B) < (A2 (Ao B)),

where ¢y, > 0 is given by (2.8) with go(t) = t*.
Proof. Employ Corollary 2.15 with g(t) = t. O
We now apply Theorem 2.9 in the context of harmonic mean (cf. [0, Lemma 3.3]).

Corollary 2.17. Let f: J — R and g : J — Ry be continuous real functions
with intervals J = [m, M| and invertible operator monotone g on J. Let A and
B be n x n positive definite matrices such that mA < B < MA.

If & : M, (C) — My(C) is a strictly positive linear map and 0 < a < < 1,

Bla)™ +1=8)"" < f(t) < (alg(t)) " +1-a)" forteJ,

max(3(g(t)) " +1 - §)"" = max f(#),

teJ
then
Cgo P(A)0;P(B) < (A0 (a(1/g)+1-a)1 B) < ®(AL,(AcsB)), (2.33)
where v = § and ¢4, > 0 is given by (2.8) with concave g»(t) = (a(g(t)) ™" +1 -
a)~t

—1 -1
Proof. By setting ¢ (t) = (% +1-— ﬁ) and ¢o(t) = (ﬁ +1-— a) fort € J,

we derive

—1
g297(s) = [9 n ((1 Ca)— (- m?)] for s € g1(J),
5 3
with 3+ (1-a-(1-0)5)=1L0<g<land0<1-a-(1-0)F <1

Therefore gog; *(s) = (ys~' + 1 —~)~! is an operator monotone function. So, in
accordance with Theorem 2.9, inequality (2.26) implies (2.33). O
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Corollary 2.18. Let f: J — R be a continuous real function with interval J =
[m, M]. Let A and B be nxn positive definite matrices such that mA < B < M A,
O0<m< M.

If ® : ML, (C) — M (C) is a strictly positive linear map and, for0 < a < <1,

Bt rH1-p) < ft)<(at ' +1—0a)?t forteJ,
(BM™" 41— 8)"" = max f(t),

then
cg, P(A)o;®(B) < ©(A!,B) < ®(A!, (Ao B)),

where v = § and cg, > 0 is given by (2.8) with g,(t) = (at™'+1—a)t.

Proof. Utilising Corollary 2.17 with g(t) =t we get the desired result. O
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