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MINIMAL AND MAXIMAL SOLUTIONS OF FOURTH ORDER
ITERATED DIFFERENTIAL EQUATIONS
WITH SINGULAR NONLINEARITY

KRISTINA ROSTAS

ABSTRACT. In this paper we are concerned with sufficient conditions for the
existence of minimal and maximal solutions of differential equations of the
form

L4y+f(t7y) =0,
where Lay is the iterated linear differential operator of order 4 and f: [a, c0) X
(0,00) — (0, 00) is a continuous function.

1. INTRODUCTION

The purpose of this paper is to study the existence of positive solutions with
specific asymptotic behavior for differential equations of the form

L4y+f(t>y) = Oa
where L,y is the iterated linear differential operator of fourth order defined below
and f: [a,00) x (0,00) — (0,00) is a continuous function, nonincreasing in the
second variable.

A prototype of such equations is the equation with singular nonlinearity f(t,y) =
Q(t)y=>, where A > 0 and Q: [a,00) — (0,00) is continuous. Such equations of
the second order were studied in [3], [4].

Differential equations with iterated linear differential operator were studied, for
instance, in [5].

2. ITERATED DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER
If w and v are linearly independent solutions of
(A2) y'+ P(t)y =0,
where P € C?[a,0), then u, v € C*[a,00) and the linearly independent functions

yi(t) =u’(t), () =u?(Ou(t), ys(t) =u®)o’(t), ya(t) =v()
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satisfy the fourth order linear differential equation
(A4) y" +10P(t)y” + 10P'(t)y + [3P"(t) + 9P*(t)]y = 0,
(see [1]). Differential equation is called iterated linear differential equation of

the fourth order.
We may suppose without loss of generality that

Wlu,v](t)=1 for t>a,

where Wu, v](t) denotes Wronskian of functions u and v. An elementary calculation
shows that Wronskian of functions

yi(t) =u(t), () =u(Ou(t),  ys(t) =u®)o’(t), ya(t) =v*()
satisfies
W(u?, u?v,uwv?, v3)(t) =12 for t>a.

We suppose that the equation (AJ]) is nonoscillatory and the u(t) (resp. v(t))
denote a principal (resp. nonprincipal) solution of (As)) such that

and

[ wm= e [ e

We may assume that both u(t) and v(t) are eventually positive. Second, nonprincipal

v(t) of (As) is given by
bods
= —_ >1p.
’U(t) U(t) /to UQ(S) ) t> tO

In this paper we are concerned with the behavior of solutions of differential
equations of the form

L4y+f(tvy) = 07
where Ly is the iterated linear differential operator of order 4 and f: [a,00) x
(0,00) — (0,00) is a continuous function.
From Pélya’s factorization theory it follows that the operator L4y can be written
in the form

Lay = aa(t) (az(t) (a2(t) (a1 () (ao(t)y)))")’,

where
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3. CLASSIFICATION OF POSITIVE SOLUTIONS

Consider the fourth order differential equation

(A) Lay(t) + f(t,y(t)) =0
where Ly is the iterated linear differential operator of order 4 and f: [a,00) x
(0,00) — (0,00) is continuous, and nonincreasing in the second variable.

We assume that the equation (Asg) is nonoscillatory and put

y(t)
Lov(t) = 5k
’LL2
Loy() = Z,(t) %(Li,ly(t)) . 1<i<3,

and

u?(t) [u? VY
Lay :u36(t)( 3@)( 2(t) (UQ(t)(uf"l(t)y))))'

The domain D(L4) of the operator Ly is defined to be the set of all continuous
functions y: [Ty, 00) — (0,00), T,, > a such that L;y(t) for 0 < i < 3 exist and are
continuously differentiable on [T}, c0).

Those functions which vanish in a neighborhood of infinity will be excluded
from our consideration.

Our purpose here is to make a detailed analysis of the structure of the set of all
possible positive solutions of the equation @ We use the following lemma which
is the special case of generalized Kiguradze’s lemma (see [2]).

Lemma 1. If y(t) is a positive solution of , then either

(1) Loy(t) >0, Liy(t) >0, Loy(t) <0, Lay(t)>0, Lsyt)<0,
or

(2)  Loy(t) >0, Lyy(t) >0, Loy(t) >0, Lsy(t)>0, Lay(t) <0,
for all sufficiently large t.

Solutions satisfying and are called solutions of Kiguradze’s degree 1 and
3, respectively. If we denote by P the set of all positive solution of and by P,
the set of all solution of degree [, then we have:

P=P UP;.
Consider P, for | = {1,3}. For any y € P, the limits
lim Liy(t) = ¢ (finite),
t—oo
tlim Li_1y(t) = ¢ (finite or infinite but not zero)

both exist.

Solution y € P, is called a mazimal in Py, if ¢; is nonzero and a minimal in Py,
if ¢;_1 is finite. The set of all maximal solutions in P, denote P;[max] and the set
of all minimal solutions in P, denote P;[min].
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If ¢; = 0 for a solutions y € P, for | € {1, 3}, then y is called intermediate in P,.
The set of all intermediate solutions in P, denote P,[int].
Then

P = P;[min] U P;[int] U P [max] U Ps[min| U Ps[int] U P3[max] .

Our objective is to give sufficient conditions for the existence of maximal and
minimal solutions in P; for ¢ =1, 3.

Crucial role will be played by integral representations for those fourth types of
solutions of as derived below.
First we define: Iy = 1 and

t
1
Ii(t,s;u):/ 20 )Il_l(r,s;u)dr, 1<:1<3.

If the second, linearly independent solution v(t) of (Ag) is given by

t
d
v(t) = u(t) " for t >to, then the set of positive functions
to UQ(S)

= u?(t) v(t),

1
u?(s)
_’LL3 f L T2 ras =u ’1}2
mg(t) - (t)/ UQ(S) /1;0 UQ(T) drd () (t)’
1
2(

it =) [ s [ty | g 6o =0

defined on [t, 00) form fundamental set of positive solutions for Lyz = 0 (i.e. (A4),
which are asymptotically ordered in the sense that
oy
im i)
t=o0 25(t)

=0

for 0 <i < j <3, see [2]. It is useful to note that

Ii(t, a;u) = ;(%2Y for i=1,2,3.

The solutions from the classes Ps[max], Ps3[min|, P;[max] and P;[min] satisfy
the properties

y(t) . y(t) y(t)
li =) lim ———=— =\ lim ———— =\
o 3(t) P e u()R(l) 2 ibe2(t)u(t)
t
and lim y(®) = Ao, respectively, where 0 < \; < 00,7 =1,2,3.
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4. INTEGRAL REPRESENTATIONS FOR SOLUTIONS

Now we can derive integral representations for types Ps[max], Ps[min], Pj[max]
and P [min].

Let y be a solution of such that y(t) > 0 for t > T > a. Integrating (A))
from t to oo gives

®) L) =eot [ syl ds, e,

where ¢3 = tli)rgo Lsy(t) > 0.
If y € P3[max], then we integrate three times over [Tt to obtain
3 3 f 3 fl oo
y(t) = kou’(t) + kru (t)/ () ds + 2kou (t)/T (1) / u2(82)d52 dsy

T T

+603u3(t)/T u2(151) /;1 u2(152) /Ts2 u2(153) dsz dso dsq
+u3(t)/ Ig(t,s;u)u;(s)/oo u3(r)f(r,y(r)) drds,

T

for t > T, where k; = L;y(T) for i =0, 1,2 and we used Fubini theorem.
If y is a solution of type P3[min], then integrating with ¢3 = 0 from ¢ to oo
and then integrating the resulting equation twice from T to ¢, we have

t

1 | |
y(t) = kou®(t) + k;lug(t)/ ————dsy + 202u3(t)/ / dso dsy

T u*(s1) r u?(s1) Jpr u?(s2)

*’ll,3 t S'UL - 1\r,s;u U37' T T ras
0 | Bitss) g [ Dl we) £t drds,

for t > T, where ¢y = tlim Loy(t).

An integral representation for a solution y of type P;[max] is derived by inte-
grating with ¢3 = ¢o = 0 twice from ¢ to co and once on [T, ¢]

y(t) = kou®(t) 4 cru®(t) / 1

—— _ds;
T u?(s1)

+u3(t)/ 15)/500 Iy(r, s;u)u®(r) f(r,y(r)) drds,

7 U
for t > T, where ¢; = tlim Lyy(t) and we used Fubini theorem.
—00

If y € P;[min], then integrations of with ¢3 = cp = ¢; = 0 three times on
(t,00) yield

ylt) = o) o) [ " L, uuP(s) £ (s, y(s)) ds,

for t > T, where ¢g = tlim Loy(t).
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5. EXISTENCE THEOREMS

We are now prepared to discuss the existence of maximal and minimal solutions
of equation (A) of type P; and Ps.

Theorem 1. The equation has a positive solution of types Ps3[max] if

(4) /C>o uP(t) f(t, cv®(t)) dt < oo,
for some ¢ > 0.

Proof. We assume that holds. Then there is T' > a such that
/ u?(t) f(t,ev®(t)) dt < c.
T

Let C denote locally convex space of all continuous functions y: [T, 00) — R with
the topology of uniform convergence on compact subintervals of [T, 00).
Define the subset Y3 of C[T, 00) and mapping ®3: Y5 — C[T, 00) by

Yz = {y € C[T,00) : cv3(t) < y(t) < 2c0®(t),t > T}

and

Pay(t) = cvd(t) + u?’(t)/ IQ(t,s;u)u%(S) /00 u? (1) f(r,y(r)) drds.

T

We will show that (i): ®3 maps Y3 into Y3, (ii): ®3 is continuous on Y3, (iii): 3(Y3)
is relatively compact.

(i) Since
t 1
Ogu()/TIgtsuuzs/ y(r)) dr ds
§u3(t)/Tt[2tsuu2(s / f(r,ev®(r)) drds,
then
Day(t) > cv’(t)
and

t

Bay(t) < (1) + ud(t) /

T

Ig(t,s;u)u%(s) /00 w?(r) f(r,cv®(r)) drds

< cvd(t) + cu®(t) /T Ir(t, s;u) ugl(s) ds
< evd(t) + evd(t) = 203 (1) .

And so ®3y € Y3.
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(ii) Suppose that {y,} C Y3 and y € Y3, and that lim y, = y in the topology
of C[T,c0). We have

_ B0 [ Lt s w1
B9 (1) = Ray(0)] <o) [ Do 5105

X [OO u3(r) |f(r, yn(r)) — f(r,y(r)) | drds
<60%0) [ w91 srm(s) ~ £066) | s

Because
£ (,5n(5)) = f(s5,9(5)) | < 2f (s, cv*(5))
and tlirgo\f(s,yn(s)) — f(s,y(s))| = 0 for s > T, then applying the Lebesgue
convergence theorem, we have | P53y, (t) — P3y(t)| — 0 for n — co on every compact
subinterval of [T, co], which implies that ®3y is continuous on Y.
(iii) If y € Y3, then we have for ¢t € (T, 00)

’i(q;(t)‘%y(t))’ < QCu%(t)IQ(t’a;u)'

u3

This shows that the function % (%@gy(t)) is uniformly bounded on any compact
subinterval of [T, c0), and so function u%(t)q)gy(t) is equicontinuous on (7', 00).
Now for t1,ts € [T, 00) we see that

|<I>3y(t2) - (I)gy(tl)‘ < {U3(t2) - ﬁ@ﬁ”@éw(t?)‘
1 1
+ u?’(h)‘m‘l’sy(h) - m%y(tl)’
< 26u3(1t2)v3(t2)|u3(t2) - us(t1)|
1 1
+ U3(t1)’m@3y(t2) - mq)By(tl)’ ;

and hence ®5(Y3) is equicontinuous at every point of [T, 00). Since ®3(Y3) is clearly
uniformly bounded on [T, 00), it follow from Ascoli-Arzel theorem that ®3(Y3) is
relatively compact.

Therefore, by the Schauder-Tychonoff fixed point theorem, there exists a fixed
element y € Y3 of @3, i.e. P3y = y, which satisfies the integral equation

y(t) = cv®(t) + us(t)/ I (t, s; u)u%(s) /OO ud(r) f(r,y(r)) drds.

T
A simple computation shows that this fixed point is a solution of of type
P;[max]. The proof of Theorem |[1|is complete. O

Theorem 2. The equation has a positive solution of type P3[min] if

(5) / T2 (0(t) £ (1 culty? (1)) dt < oo,
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for some ¢ > 0.

Proof. Suppose that (5]) holds. Choose T > a so that

(6) /TOO W (t)o(t) f(t cu(t)v®(t)) dt < c.

Consider the set Y5 functions y € C[T, c0) and mapping ¥3: Y3 — C[T, 00) defined
" Yy = {y € O[T, 00) : cu(t)v*(t) < y(t) < 2cu(t)v?(t),t > T}

and
t

Wag(t) = 2eu(2(0) ~ w0 [ Dltsn) s

X /OO I (r, s;u)u®(r) f(r,y(r)) drds.

That W3(Y>) C Y> is an immediate consequence of (6]). Since the continuity of ¥
and the relative compactness of U5(Ys) can be proved as in the proof of Theorem
there exists an element y € Y5 such that Ugy = y, which satisfies

t

= 2cu(t)v?(t) — u® S;u L
ylt) = 2eu(t)o*(0) = *(0) [ Bftsi)
></ Ii(r, s;u)u®(r) f(r,y(r)) drds

for t > T. It is easy to verify that this fixed point is a solution of degree 3 of @
such that tlim Loy(t) = co exists and is finite and nonzero. This completes the
— 00

proof. O
Theorem 3. The equation has a positive solution of type Pj[max] if

(7) / T w0 () £t e (D)) dt < oo,
for some ¢ > 0.

Proof. Suppose that holds. Take T' > a so large that
/ Wty (1) (8, e (Eyo(t)) di < c.
T
Consider a closed convex subset Y7 of C[T, 00) defined by a

Yy = {y € C[T,0) : cu*(t)v(t) < y(t) < 2cu(t)v(t),t > T} .
Define the operator ®;: Y7 — C[T, co)by the following formula

t 1 e’} .

Pry(t) = cu?(t) v(t) + u3(t)/ u2(s)/ Ly(r, s;u)u®(r) f(r,y(r)) drds.

T s

Again we can show that (i) ®1(Y;) C Y3, (ii) @, is a continuous operator and (iii)
(Y1) is relatively compact.
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Therefore, ®; has a fixed point y € Y7, which gives rise to a type P;[max] solution
of @ since it satisfies
t 1 o
y(t) = cu®(t) v(t) + us(t)/ ﬁ/ Iy(r, s;u)u(r) f(r,y(r)) drds
T U=(S s

for t > T. Note that flirn L1y(t) = c. The proof is thus complete. O
L — OO

Theorem 4. The equation @ has positive solution of type Pj[min] if

(8) / V3 (t) f(t cu?(t)) dt < oo,
for some ¢ > 0.

Proof. Suppose now that holds. There exists a constant 7' > a such that

/OO V() ft,eu(t))dt <c.

T
Define the mapping ¥, by

Uy(t) = 2cu(t) — uB(t)/ L(s,t;u)u’(s) f(s,y(s)) ds.
t
Then, it can be verified without difficulty that ¥, has a fixed element y in the set
Yy = {y € C[T,00) : cu®(t) < y(t) < 2cu®(t),t > T}.

This fixed point gives rise to a required positive solution of (A]), since it satisfies

y(t) = 2cu(t) — u(t) /too I3(s, t;u)u(s) f(s,y(s)) ds.

Note that tlim Loy(t) = 2¢. This completes the proof. O
—00

6. SPECIAL CASE AND EXAMPLE
We consider equation (A)) with special function f(t,y) = Q(t)y~*
(B) Lay(t) + Q(t)y ™ =0,
where A > 0 and @: [a,00) — (0,00) is continuous. The objective of this section is

to use above theorems to establish sufficient conditions for equation (B) to have
solutions x;(t), i = 1,2, 3, 4 defined in some neighborhood of infinity with the same
asymptotic behavior as

zi(t) = u* () (1), 1<i<4,

respectively, as t — co. We write they as corollaries, where the symbol ~ is used
to denote the asymptotic equivalence

f@®)~gt) as t—oo <« lim —~=1.
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Corollary 1. A sufficient condition for to have a positive solution y4(t) which
satisfies

ya(t) ~ mv3(t)
for some m > 0 is that

/OO W) 0 (1) Qt) dt < oo

Corollary 2. A sufficient condition for to have a positive solution ys(t) which
satisfies

ys(t) ~ mul(t) v*(t)
for some m > 0 is that

/OO w? M) v T2 ) Q(t) dt < 0.

Corollary 3. A sufficient condition for to have a positive solution yo(t) which
satisfies

ya(t) ~ mu’(t) v(t)
for some m > 0 is that

/ T ) 02 (1) Q1) dE < oo

a

Corollary 4. A sufficient condition for to have a positive solution yi(t) which
satisfies

y1(t) ~ 2mu(t)
for some m > 0 is that

o0
/ u M) v (1) Q(t) dt < oo
a
We present here an example which illustrates theorems proved above and the
corollaries.

Example. Consider the nonoscillatory linear differential equation of the second
order

1 1
' +-—x=0, t>1.

4¢2
We know, that this equation has principal solution
u(t) =t2

and nonprincipal solution

o(t) = t7 Int
and that the iterated equation
5 5 81
v " / _
Tt T Y gt T
has independent solutions in the form

o) =12, () =t3Int, a3(t)=t>In%t, z4(t)=1t>Int.
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Then equation

81
16t4

v ) " 5

vVt oy - gy y+Qt)y =0, t>1,

where A > 0 and Q: [1,00) — (0,00) is continuous, has positive regular solution

a) y1(t) satisfying 1 (£) ~mt? if [t 3D (Int)3Q(t) dt < oo,

b) yo(t) satisfying yo(t) ~ mt2 Int if Ik t=2O=D(In )22 Q(¢) dt < oo,
a

¢) y3(t) satisfying ys(t) ~ mt2 In?¢ if i =3O (In ) 1=2AQ(¢) dt < oo,

oo
d) ya(t) satisfying yu(t) ~mtz In¢ it [+ 3O D(Int) 3 Q(t) dt < oo

for some m > 0.
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