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ON MANIFOLDS OF FUNCTIONS
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Dedicated to Peter W. Michor at the occasion of his 60th birthday

Abstract. Differential forms on the Fréchet manifold F(S,M) of smooth
functions on a compact k-dimensional manifold S can be obtained in a natural
way from pairs of differential forms on M and S by the hat pairing. Special
cases are the transgression map Ωp(M)→ Ωp−k(F(S,M)) (hat pairing with
a constant function) and the bar map Ωp(M) → Ωp(F(S,M)) (hat pairing
with a volume form). We develop a hat calculus similar to the tilda calculus
for non-linear Grassmannians [6].

1. Introduction

Pairs of differential forms on the finite dimensional manifolds M and S induce
differential forms on the Fréchet manifold F(S,M) of smooth functions. More
precisely, if S is a compact oriented k-dimensional manifold, the hat pairing is:

Ωp(M)× Ωq(S)→ Ωp+q−k(F(S,M))

ω̂ · α = −
∫
S

ev∗ ω ∧ pr∗ α ,

where ev : S ×F(S,M)→M denotes the evaluation map, pr: S ×F(S,M)→ S
the projection and −

∫
S

fiber integration. We show that the hat pairing is compatible
with the canonical Diff(M) and Diff(S) actions on F(S,M), and with the exterior
derivative. As a consequence we obtain a hat pairing in cohomology.

The hat (transgression) map is the hat pairing with the constant function 1, so it
associates to any form ω ∈ Ωp(M) the form ω̂ · 1 = ω̂ = −

∫
S

ev∗ ω ∈ Ωp−k(F(S,M)).
Since X(M) acts infinitesimally transitive on the open subset Emb(S,M) ⊂ F(S,M)
of embeddings of the k-dimensional oriented manifold S into M [7], the expression
of ω̂ at f ∈ Emb(S,M) is

ω̂(X1 ◦ f, . . . ,Xp−k ◦ f) =
∫
S

f∗(iXp−k . . . iX1ω), X1, . . . , Xp−k ∈ X(M) .
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When S is the circle, then one obtains the usual transgression map with values in
the space of (p− 1)-forms on the free loop space of M .

Let Grk(M) be the non-linear Grassmannian of k-dimensional oriented submani-
folds of M . The tilda map associates to every ω ∈ Ωp(M) a differential (p−k)-form
on Grk(M) given by [6]

ω̃(Ỹ 1
N , . . . , Ỹ

p−k
N ) =

∫
N

iY p−k
N
· · · iY 1

N
ω , ∀Ỹ 1

N , . . . , Ỹ
p−k
N ∈ Γ(TN⊥) = TN Grk(M) ,

for ỸN section of the orthogonal bundle TN⊥ represented by the section YN of
TM |N . The natural map

π : Emb(S,M)→ Grk(M) , π(f) = f(S)

provides a principal bundle with the group Diff+(S) of orientation preserving
diffeomorphisms of S as structure group.

The hat map on Emb(S,M) and the tilda map on Grk(M) are related by
ω̂ = π∗ω̃. This is the reason why for the hat calculus one has similar properties to
those for the tilda calculus. The tilda calculus was used to study the non-linear
Grassmannian of co-dimension two submanifolds as symplectic manifold [6]. We
apply the hat calculus to the hamiltonian formalism for p-branes and open p-branes
[1] [2].

The bar map ω̄ = ω̂ · µ is the hat pairing with a fixed volume form µ on S, so

ω̄(Y 1
f , . . . , Y

p
f ) =

∫
S

ω(Y 1
f , . . . , Y

p
f )µ , ∀Y 1

f , . . . , Y
p
f ∈ Γ(f∗TM) = TfF(S,M) .

We use the bar calculus to study F(S,M) with symplectic form ω̄ induced by a
symplectic form ω on M . The natural actions of Diffham(M,ω) and Diffex(S, µ),
the group of hamiltonian diffeomorphisms of M and the group of exact volume pre-
serving diffeomorphisms of S, are two commuting hamiltonian actions on F(S,M).
Their momentum maps form the dual pair for ideal incompressible fluid flow [12]
[4].

We are grateful to Stefan Haller for extremely helpful suggestions.

2. Hat pairing

We denote by F(S,M) the set of smooth functions from a compact oriented
k-dimensional manifold S to a manifold M . It is a Fréchet manifold in a natural
way [10]. Tangent vectors at f ∈ F(S,M) are identified with vector fields on M
along f , i.e. sections of the pull-back vector bundle f∗TM .

Let ev : S ×F(S,M)→M be the evaluation map ev(x, f) = f(x) and pr: S ×
F(S,M)→ S the projection pr(x, f) = x. A pair of differential forms ω ∈ Ωp(M)
and α ∈ Ωq(S) determines a differential form ω̂ · α on F(S,M) by the fiber integral
over S (whose definition and properties are listed in the appendix) of the (p+q)-form
ev∗ ω ∧ pr∗ α on S ×F(S,M):

(1) ω̂ · α = −
∫
S

ev∗ ω ∧ pr∗ α .
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In this way we obtain a bilinear map called the hat pairing:
Ωp(M)× Ωq(S)→ Ωp+q−k

(
F(S,M)

)
.

An explicit expression of the hat pairing avoiding fiber integration is:

(ω̂ · α)f (Y 1
f , . . . , Y

p+q−k
f ) =

∫
S

f∗
(
iY p+q−k
f

. . . iY 1
f

(ω ◦ f)
)
∧ α ,(2)

for Y 1
f , . . . Y

p+q−k
f vector fields on M along f ∈ F(S,M). Here we denote by

f∗βf the “restricted pull-back” by f of a section βf of f∗(ΛmT ∗M), which is a
differential m-form on S given by f∗βf : x ∈ S 7→ (ΛmT ∗xf)(βf (x)) ∈ ΛmT ∗xS,
where T ∗xf : T ∗f(x)M → T ∗xS denotes the dual of Txf .

The fact that (1) and (2) provide the same differential form on F(S,M) can be
deduced from the identity

(ev∗ ω)(x,f)(Y 1
f , . . . , Y

p−k
f , X1

x, . . . , X
k
x ) = f∗(iY p−k

f
. . . iY 1

f
(ω ◦ f))(X1

x, . . . , X
k
x )

for Y 1
f , . . . , Y

p−k
f ∈ TfF(S,M) and X1

x, . . . , X
k
x ∈ TxS.

Since X(M) acts infinitesimally transitive on the open subset Emb(S,M) ⊂
F(S,M) of embeddings of the k-dimensional oriented manifold S into M , we
express ω̂ at f ∈ Emb(S,M) as:

(3) (ω̂ · α)f (X1 ◦ f, . . . ,Xp+q−k ◦ f) =
∫
S

f∗(iXp+q−k . . . iX1ω) ∧ α .

One uses the fact that the “restricted pull-back” by f of iXp+q−k◦f . . . iX1◦f (ω ◦ f)
is f∗(iXp+q−k . . . iX1ω).

Next we show that the hat pairing is compatible with the exterior derivative of
differential forms.

Theorem 1. The exterior derivative d is a derivation for the hat pairing, i.e.

(4) d (ω̂ · α) = ̂(dω) · α+ (−1)pω̂ · dα ,
where ω ∈ Ωp(M) and α ∈ Ωq(S).

Proof. Differentiation and fiber integration along the boundary free manifold S
commute, so

d (ω̂ · α) = d −
∫
S

ev∗ ω ∧ pr∗ α = −
∫
S

d (ev∗ ω ∧ pr∗ α)

= −
∫
S

ev∗ dω ∧ pr∗ α+ (−1)p −
∫
S

ev∗ ω ∧ pr∗ dα = ̂(dω) · α+ (−1)pω̂ · dα

for all ω ∈ Ωp(M) and α ∈ Ωq(S). �

The differential form ω̂ · α is exact if ω is closed and α exact (or if α is closed
and ω exact). In the special case p+ q = k these conditions imply that the function
ω̂ · α on F(S,M) vanishes.

Corollary 2. The hat pairing induces a bilinear map on de Rham cohomology
spaces
(5) Hp(M)×Hq(S)→ Hp+q−k(F(S,M)

)
.
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In particular there is a bilinear map
Hp(M)×Hq(M)→ Hp+q−k(Diff(M)

)
.

Remark 3. The cohomology group Hq(S) is isomorphic to the homology group
Hk−q(S) by Poincaré duality. With the notation n = k − q, the hat pairing (5)
becomes

Hp(M)×Hn(S)→ Hp−n(F(S,M)
)
,

and it is induced by the map (ω, σ) 7→ −
∫
σ

ev∗ ω, for differential p-forms ω on M
and n-chains σ on S.

If S is a manifold with boundary, then formula (4) receives an extra term
coming from integration over the boundary. Let i∂ : ∂S → S be the inclusion and
r∂ : F(S,M)→ F(∂S,M) the restriction map.

Proposition 4. The identity

(6) d (ω̂ · α) = ̂(dω) · α+ (−1)pω̂ · dα+ (−1)p+q−kr∗∂(ω̂ · i∗∂α
∂
)

holds for ω ∈ Ωp(M) and α ∈ Ωq(S), where the upper index ∂ assigned to the hat
means the pairing

Ωp(M)× Ωq(∂S)→ Ωp+q−k+1(F(∂S,M)
)
.

Proof. For any differential n-form β on S ×F(S,M), the identity

d −
∫
S

β −−
∫
S

dβ = (−1)n−k −
∫
∂S

(i∂ × 1F(S,M))∗β

holds because of the identity (19) from the appendix. The obvious formulas
pr ◦(i∂ × 1F(S,M)) = i∂ ◦ pr∂ , ev ◦(i∂ × 1F(S,M)) = ev∂ ,

for ev∂ : ∂S ×F(S,M)→M and pr∂ : ∂S ×F(S,M)→ ∂S, are used to compute

d (ω̂ · α) = d −
∫
S

ev∗ ω ∧ pr∗ α

= −
∫
S

d (ev∗ ω ∧ pr∗ α) + (−1)p+q−k −
∫
∂S

(i∂ × 1F(S,M))∗(ev∗ ω ∧ pr∗ α)

= −
∫
S

ev∗ dω ∧ pr∗ α+ (−1)p −
∫
S

ev∗ ω ∧ pr∗ dα+ (−1)p+q−k −
∫
∂S

ev∗∂ ω ∧ pr∗∂ i∗∂α

= ̂(dω) · α+ (−1)pω̂ · dα+ (−1)p+q−kr∂∗(ω̂ · i∗∂α
∂
) ,

thus obtaining the requested identity. �

Left Diff(M) action. The natural left action of the group of diffeomorphisms
Diff(M) on F(S,M) is ϕ · f = ϕ ◦ f . The infinitesimal action of X ∈ X(M) is the
vector field X̄ on F(S,M):

X̄(f) = X ◦ f , ∀f ∈ F(S,M) .
We denote by ϕ̄ the diffeomorphism of F(S,M) induced by the action of ϕ ∈
Diff(M), so ϕ̄(f) = ϕ ◦ f is the push-forward by ϕ.
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Proposition 5. Given ω ∈ Ωp(M) and α ∈ Ωq(S), the identity

ϕ̄∗ω̂ · α = ̂(ϕ∗ω) · α(7)
and its infinitesimal version

LX̄ ω̂ · α = ̂(LXω) · α(8)
hold for all ϕ ∈ Diff(M) and X ∈ X(M).

Proof. Using the expression (1) of the hat pairing and identity (15) from the
appendix, we have:

ϕ̄∗ω̂ · α = ϕ̄∗ −
∫
S

ev∗ ω ∧ pr∗ α = −
∫
S

(1S × ϕ̄)∗(ev∗ ω ∧ pr∗ α)

= −
∫
S

ev∗ ϕ∗ω ∧ pr∗ α = ̂(ϕ∗ω) · α ,

since pr ◦(1S × ϕ̄) = pr and ev ◦(1S × ϕ̄) = ϕ ◦ ev. �

A similar result is obtained for any smooth map η ∈ F(M1,M2) and its
push-forward η̄ : F(S,M1)→ F(S,M2), η̄(f) = η ◦ f :

η̄∗ω̂ · α = η̂∗ω · α ,
for all ω ∈ Ωp(M2) and α ∈ Ωq(S).

Lemma 6. For all vector fields X ∈ X(M), the identity iX̄ ω̂ · α = ̂(iXω) · α holds.

Proof. The vector field 0S × X̄ on S ×F(S,M) is ev-related to the vector field
X on M , so

iX̄ ω̂ · α = iX̄ −
∫
S

ev∗ ω ∧ pr∗ α = −
∫
S

i0S×X̄(ev∗ ω ∧ pr∗ α)

= −
∫
S

ev∗(iXω) ∧ pr∗ α = ̂(iXω) · α .

At step two we use formula (18) from the appendix. �

Right Diff(S) action. The natural right action of the diffeomorphism group Diff(S)
on F(S,M) can be transformed into a left action by ψ·f = f◦ψ−1. The infinitesimal
action of Z ∈ X(S) is the vector field Ẑ on F(S,M):

Ẑ(f) = −Tf ◦ Z , ∀f ∈ F(S,M) .

We denote by ψ̂ the diffeomorphism of F(S,M) induced by the action of ψ, so
ψ̂(f) = f ◦ ψ−1 is the pull-back by ψ−1.

Proposition 7. Given ω ∈ Ωp(M) and α ∈ Ωq(S), the identity

ψ̂∗ω̂ · α = ω̂ · ψ∗α
and its infinitesimal version

L
Ẑ
ω̂ · α = ω̂ · LZα

hold for all orientation preserving ψ ∈ Diff(S) and Z ∈ X(S).
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Proof. The obvious identities ev ◦(1S × ψ̂) = ev ◦(ψ−1 × 1F ), pr ◦(1S × ψ̂) = pr
and pr ◦(ψ × 1F ) = ψ ◦ pr are used in the computation

ψ̂∗ω̂ · α = ψ̂∗ −
∫
S

ev∗ ω ∧ pr∗ α = −
∫
S

(1S × ψ̂)∗(ev∗ ω ∧ pr∗ α)

= −
∫
S

(
(ψ−1 × 1F )∗ ev∗ ω

)
∧ pr∗ α = −

∫
S

ev∗ ω ∧ (ψ × 1F )∗ pr∗ α

= −
∫
S

ev∗ ω ∧ pr∗ ψ∗α = ω̂ · ψ∗α ,

together with formula (17) from the appendix at step four. �

Lemma 8. The identity i
Ẑ
ω̂ · α = (−1)pω̂ · iZα holds for all vector fields Z ∈ X(S),

if ω ∈ Ωp(M).

Proof. The infinitesimal version of the first identity in the proof of Proposition 7
is T ev .(0S × Ẑ) = T ev .(−Z × 0F(S,M)), so we compute:

i
Ẑ
ω̂ · α = i

Ẑ
−
∫
S

ev∗ ω ∧ pr∗ α = −
∫
S

i0S×Ẑ
(ev∗ ω ∧ pr∗ α)

= −
∫
S

(i0S×Ẑ ev∗ ω) ∧ pr∗ α = −
∫
S

(i−Z×0F(S,M) ev∗ ω) ∧ pr∗ α

= −
∫
S

i−Z×0F(S,M)(ev∗ ω ∧ pr∗ α)−−
∫
S

(−1)p ev∗ ω ∧ i−Z×0F(S,M) pr∗ α

= (−1)p −
∫
S

ev∗ ω ∧ pr∗(iZα) = (−1)pω̂ · iZα .

At step two we use formula (18) from the appendix. �

3. Tilda map and hat map

Let Grk(M) be the non-linear Grassmannian (or differentiable Chow variety)
of compact oriented k-dimensional submanifolds of M . It is a Fréchet manifold
[10] and the tangent space at N ∈ Grk(M) can be identified with the space of
smooth sections of the normal bundle TN⊥ = (TM |N )/TN . The tangent vector
at N determined by the section YN ∈ Γ(TM |N ) is denoted by ỸN ∈ TN Grk(M).

The tilda map [6] associates to any p-form ω on M a (p− k)-form ω̃ on Grk(M)
by:

(9) ω̃N (Ỹ 1
N , . . . , Ỹ

p−k
N ) =

∫
N

iY p−k
N
· · · iY 1

N
ω .

Here all Ỹ jN are tangent vectors at N ∈ Grk(M), i.e. sections of TN⊥ represented
by sections Y jN of TM |N . Then iY p−k

N
· · · iY 1

N
ω ∈ Ωk(N) does not depend on

representatives Y jN of Ỹ jN , and integration is well defined since N ∈ Grk(M) comes
with an orientation.

Let S be a compact oriented k-dimensional manifold. The hat map is the hat
pairing with the constant function 1 ∈ Ω0(S). It associates to any form ω ∈ Ωp(M)
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the form ω̂ ∈ Ωp−k(F(S,M)):

(10) ω̂ = ω̂ · 1 = −
∫
S

ev∗ ω .

On the open subset Emb(S,M) ⊂ F(S,M) of embeddings, formula (2) gives

(11) ω̂(X1 ◦ f, . . . ,Xp−k ◦ f) =
∫
S

f∗(iXp−k . . . iX1ω) .

Remark 9. The hat map induces a transgression on cohomology spaces
Hp(M)→ Hp−k =

(
F(S,M)

)
.

When S is the circle, then one obtains the usual transgression map with values in
the (p− 1)-th cohomology space of the free loop space of M .

Let π denote the natural map
π : Emb(S,M)→ Grk(M), π(f) = f(S) .

where the orientation on f(S) is chosen such that the diffeomorphism f : S → f(S)
is orientation preserving. The image π(Emb(S,M)) is the manifold GrSk (M) of
k-dimensional submanifolds of M of type S. Then π : Emb(S,M) → GrSk (M)
is a principal bundle over GrSk (M) with structure group Diff+(S), the group of
orientation preserving diffeomorphisms of S.

Note that there is a natural action of the group Diff(M) on the non-linear
Grassmannian Grk(M) given by ϕ ·N = ϕ(N). Let ϕ̃ be the diffeomorphism of
Grk(M) induced by the action of ϕ ∈ Diff(M). Then ϕ̃◦π = π◦ϕ̄ for the restriction
of ϕ̄(f) = ϕ ◦ f to a diffeomorphism of Emb(S,M) ⊂ F(S,M). As a consequence,
the infinitesimal generators for the Diff(M) actions on Grk(M) and on Emb(S,M)
are π-related. This means that for all X ∈ X(M), the vector fields X̃ on Grk(M)
given by X̃(N) = X|N and X̄ on Emb(S,M) given by X̄(f) = X ◦ f are π-related.

Proposition 10. The hat map on Emb(S,M) and the tilda map on Grk(M) are
related by ω̂ = π∗ω̃, for any k-dimensional oriented manifold S.

Proof. For the proof we use the fact that X(M) acts infinitesimally transitive
on Emb(S,M), so Tf Emb(S,M) = {X ◦ f : X ∈ X(M)}. With (9) and (11) we
compute:

(π∗ω̃)f (X1 ◦ f, . . . ,Xp−k ◦ f) = ω̃f(S)(X1|f(S), . . . , Xp−k|f(S))

=
∫
f(S)

iXp−k . . . iX1ω =
∫
S

f∗(iXp−k . . . iX1ω) = ω̂f (X1 ◦ f, . . . ,Xp−k ◦ f) ,

since X̄ and X̃ are π-related. �

From the properties of the hat pairing presented in Proposition 5, Lemma 6 and
Theorem 1, a hat calculus follows easily:

Proposition 11. For any ω ∈ Ωp(M), ϕ ∈ Diff(M), X ∈ X(M), and η ∈
F(M ′,M) with push-forward η̄ : F(S,M ′) → F(S,M), the following identities
hold:
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(1) ϕ̄∗ω̂ = ϕ̂∗ω and η̄∗ω̂ = η̂∗ω

(2) LX̄ ω̂ = L̂Xω

(3) iX̄ ω̂ = îXω

(4) d ω̂ = d̂ω.

Remark 12. If S is a manifold with boundary, then the formula 4. above receives
an extra term coming from integration over the boundary ∂S as in Proposition 4:

(12) d ω̂ = d̂ω + (−1)p−kr∗∂ω̂∂

for ω ∈ Ωp(M). As before, r∂ : F(S,M)→ F(∂S,M) denotes the restriction map
on functions and ω ∈ Ωp(M) 7→ ω̂∂ ∈ Ωp−k+1(F(∂S,M)).

Now the properties of the tilda calculus follow imediately from Proposition 11.

Proposition 13. [6] For any ω ∈ Ωp(M), ϕ ∈ Diff(M) and X ∈ X(M), the
following identities hold:

(1) ϕ̃∗ω̃ = ϕ̃∗ω

(2) LX̃ ω̃ = L̃Xω

(3) iX̃ ω̃ = ĩXω

(4) d ω̃ = d̃ω.

Proof. We verify the identities 1. and 4. From relation 1. from Proposition 11 we
get that

π∗ϕ̃∗ω̃ = ϕ̄∗π∗ω̃ = ϕ̄∗ω̂ = ϕ̂∗ω = π∗ϕ̃∗ω ,

and this implies the first identity. Using identity 4. from Proposition 11 we compute

π∗d ω̃ = dπ∗ω̃ = d ω̂ = d̂ω = π∗d̃ω ,
which shows the last identity. �

Hamiltonian formalism for p-branes. In this section we show how the hat
calculus appears in the hamiltonian formalism for p-branes and open p-branes [1]
[2].

Let S be a compact oriented p-dimensional manifold. The phase space for
the p-brane world volume S × R is the cotangent bundle T ∗F(S,M), where the
canonical symplectic form is twisted. The twisting consists in adding a magnetic
term, namely the pull-back of a closed 2-form on the base manifold, to the canonical
symplectic form on a cotangent bundle [11]. These twisted symplectic forms appear
also in cotangent bundle reduction.

We consider a closed differential form H ∈ Ωp+2(M). Since dimS = p, the hat
map (10) provides a closed 2-form Ĥ on F(S,M). If πF : T ∗F(S,M)→ F(S,M)
denotes the canonical projection, the twisted symplectic form on T ∗F(S,M) is

ΩH = −d ΘF + 1
2π
∗
FĤ ,

where ΘF is the canonical 1-form on T ∗F(S,M).
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For the description of open branes one considers a compact oriented p-dimensional
manifold S with boundary ∂S and a submanifold D of M . The phase space is in
this case the cotangent bundle T ∗FD(S,M) over the manifold [13]

FD(S,M) = {f : S →M |f(∂S) ⊂ D}.

The twisting of the canonical symplectic form is done with a closed differential
form H ∈ Ωp+2(M) with i∗H = dB for some B ∈ Ωp+1(D), where i : D → M
denotes the inclusion. The twisted symplectic form on T ∗FD(S,M) is

Ω(H,B) = −d ΘFD + 1
2π
∗
FD (Ĥ − ∂∗B̂∂)

with ∂ : FD(S,M) → F(∂S,D) the restriction map and πFD : T ∗FD(S,M) →
FD(S,M). To distinguish between the hat calculus for F(S,M) and the hat
calculus for F(∂S,M), we denote ̂∂ : Ωn(M)→ Ωn−p+1(F(∂S,M)).

The only thing we have to verify is the closedness of Ĥ − ∂∗B̂∂ . We first notice
that (12) implies d Ĥ = d̂H + r∗∂Ĥ

∂ , where r∂ : F(S,M) → F(∂S,M) denotes
the restriction map, and identity 4 from Proposition 11 implies d̂B

∂
= d B̂∂ . On

the other hand identity 1 from Proposition 11 ensures that î∗H
∂

= ī∗Ĥ∂ , with
ī : F(∂S,D)→ F(∂S,M) denoting the push-forward by i : D →M . Knowing that
r∂ = ī ◦ ∂, we compute:

d Ĥ = d̂H + r∗∂Ĥ
∂ = ∂∗ī∗Ĥ∂ = ∂∗î∗H

∂
= ∂∗d̂B

∂
= d ∂∗B̂∂ ,

so the closed 2-form Ĥ − ∂∗B̂∂ provides a twist for the canonical symplectic form
on the cotangent bundle T ∗FD(S,M).

Non-linear Grassmannians as symplectic manifolds. In this subsection we
recall properties of the co-dimension two non-linear Grassmannian as a symplectic
manifold.

Proposition 14 ([8]). Let M be a closed m-dimensional manifold with volume
form ν. The tilda map provides a symplectic form ν̃ on Grm−2(M)

ν̃N (X̃N , ỸN ) =
∫
N

iYN iXN ν ,

for X̃N and ỸN sections of TN⊥ determined by sections XN and YN of TM |N .

Proof. The 2-form ν̃ is closed since d ν̃ = d̃ ν by the tilda calculus. To verify that
it is also (weakly) non-degenerate, let XN be an arbitrary vector field along N such
that

∫
N
iYN iXN ν = 0 for all vector fields YN along N . Then XN must be tangent

to N , so X̃N = 0. �

In dimension m = 3 the symplectic form ν̃ is known as the Marsden–Weinstein
symplectic from on the space of unparameterized oriented links, see [12], [3].
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Hamiltonian Diffex(M,ν) action. The action of the group Diff(M,ν) of volume
preserving diffeomorphisms of M on Grm−2(M) preserves the symplectic form ν̃:

ϕ̃∗ν̃ = ϕ̃∗ν = ν̃ , ∀ϕ ∈ Diff(M,ν) .

The subgroup Diffex(M,ν) of exact volume preserving diffeomorphisms acts in
a hamiltonian way on the symplectic manifold (Grm−2(M), ν̃). Its Lie algebra is
Xex(M,ν), the Lie algebra of exact divergence free vector fields, i.e. vector fields
Xα such that iXαν = dα for a potential form α ∈ Ωm−2(M). The infinitesimal
action of Xα is the vector field X̃α. By the tilda calculus α̃ ∈ F(Grm−2(M)) is a
hamiltonian function for the hamiltonian vector field X̃α:

iX̃α ν̃ = ĩXαν = d̃α = d α̃ .

It depends on the particular choice of the potential α of Xα. A fixed continuous
right inverse b : d Ωm−2(M)→ Ωm−2(M) to the differential d picks up a potential
b(dα) of Xα. The corresponding momentum map is:

J :M→ Xex(M,ν)∗ , 〈J(N), Xα〉 = b̃(dα)(N) =
∫
N

b(dα) .

On the connected component M of N ∈ Grm−2(M), the non-equivariance of J
is measured by the Lie algebra 2-cocycle on Xex(M,ν)

σN (X,Y ) = 〈J(N), [X,Y ]op〉 − ν̃(X̃, Ỹ )(N) = ˜(bd iY iXν)(N)− ˜(iY iXν)(N)

= ˜(PiX iY ν)(N) =
∫
N

PiX iY ν .

Here P = 1Ωm−2(M) − b ◦ d is a continuous linear projection on the subspace
of closed (m − 2)-forms and (X,Y ) 7→ [PiY iXν] ∈ Hm−2(M) is the universal
Lie algebra 2-cocycle on Xex(M,ν) [14]. The cocycle σN is cohomologous to the
Lichnerowicz cocycle

(13) ση(X,Y ) =
∫
M

η(X,Y )ν ,

where η is a closed 2-form Poincaré dual to N [15].
If ν is an integral volume form, then σN is integrable [8]. The connected com-

ponent M of Grm−2(M) is a coadjoint orbit of a 1-dimensional central Lie group
extension of Diffex(M,ν) integrating σN , and ν̃ is the Kostant-Kirillov-Souriau
symplectic form. [6].

4. Bar map

When a volume form µ on the compact k-dimensional manifold S is given, one
can associate to each differential p-form on M a differential p-form on F(S,M)

ω̄(Y 1
f , . . . , Y

p
f ) =

∫
S

ω(Y 1
f , . . . , Y

p
f )µ , ∀Y if ∈ TfF(S,M) ,
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where ω(Y 1
f , . . . , Y

p
f ) : x 7→ ωf(x)(Y 1

f (x), . . . , Y pf (x)) defines a smooth function on
S. In this way a bar map is defined. Formula (2) assures that this bar map is just
the hat pairing of differential forms on M with the volume form µ

(14) ω̄ = ω̂ · µ = −
∫
S

ev∗ ω ∧ pr∗ µ .

From the properties of the hat pairing presented in Proposition 5, Lemma 6 and
Theorem 1, one can develop a bar calculus.

Proposition 15. For any ω ∈ Ωp(M), ϕ ∈ Diff(M) and X ∈ X(M), the following
identities hold:

(1) ϕ̄∗ω̄ = ϕ∗ω

(2) LX̄ ω̄ = LXω

(3) iX̄ ω̄ = iXω

(4) d ω̄ = dω.

F(S,M) as symplectic manifold. Let (M,ω) be a connected symplectic ma-
nifold and S a compact k-dimensional manifold with a fixed volume form µ,
normalized such that

∫
S
µ = 1. The following fact is well known:

Proposition 16. The bar map provides a symplectic form ω̄ on F(S,M):

ω̄f (Xf , Yf ) =
∫
S

ω(Xf , Yf )µ .

Proof. That ω̄ is closed follows from the bar calculus: d ω̄ = dω = 0. The (weakly)
non-degeneracy of ω̄ can be verified as follows. If the vector field Xf on M along S
is non-zero, then Xf (x) 6= 0 for some x ∈ S. Because ω is non-degenerate, one can
find another vector field Yf along f such that ω(Xf , Yf ) is a bump function on S.
Then ω̄(Xf , Yf ) =

∫
S
ω(Xf , Yf )µ 6= 0, so Xf does not belong to the kernel of ω̄,

thus showing that the kernel of ω̄ is trivial. �

Hamiltonian action on M . Let G be a Lie group acting in a hamiltonian way
on M with momentum map J : M → g∗. Then F(S,M) inherits a G-action:
(g · f)(x) = g · (f(x)) for any x ∈ S. The infinitesimal generator is ξF = ξ̄M for
any ξ ∈ g, where ξM denotes the infinitesimal generator for the G-action on M .
The bar calculus shows quickly that G acts in a hamiltonian way on F(S,M) with
momentum map

J = J̄ : F(S,M)→ g∗ , J̄(f) =
∫
S

(J ◦ f)µ , ∀f ∈ F(S,M) .

Indeed, for all ξ ∈ g

iξF ω̄ = iξ̄M ω̄ = iξMω = d 〈J, ξ〉 = d 〈J̄ , ξ〉 .

Let M be connected and let σ be the R-valued Lie algebra 2-cocycle on g
measuring the non-equivariance of J , i.e.

σ(ξ, η) = 〈J(x), [ξ, η]〉 − ω(ξM , ηM )(x) , x ∈M ,
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(both terms are hamiltonian function for the vector field [ξ, η]M = −[ξM , ηM ]).
Then the non-equivariance of J = J̄ is also measured by σ: for all f ∈ F(S,M)

〈J̄(f), [ξ, η]〉 − ω̄(ξF , ηF )(f) = 〈J, [ξ, η]〉(f)− ω(ξM , ηM )(f) = σ(ξ, η) .

Hamiltonian Diffham(M,ω) action. The action of the group Diff(M,ω) of symplectic
diffeomorphisms preserves the symplectic form ω̄:

ϕ̄∗ω̄ = ϕ∗ω = ω̄ , ∀ϕ ∈ Diff(M,ω) .

The subgroup Diffham(M,ω) of hamiltonian diffeomorphisms of M acts in a
hamiltonian way on the symplectic manifold F(S,M). The infinitesimal action of
Xh ∈ Xham(M,ω), h ∈ F(M), is the hamiltonian vector field X̄h on F(S,M) with
hamiltonian function h̄. This follows by the bar calculus:

d h̄ = dh = iXhω = iX̄h ω̄ .

The hamiltonian function h̄ of X̄h depends on the particular choice of the
hamiltonian function h. To solve this problem we fix a point x0 ∈M and we choose
the unique hamiltonian function h with h(x0) = 0, since M is connected. The
corresponding momentum map is

J : F(S,M)→ Xham(M,ω)∗ , 〈J(f), Xh〉 = h̄(f) =
∫
S

(h ◦ f)µ .

The Lie algebra 2-cocycle on Xham(M,ω) measuring the non-equivariance of the
momentum map is

σ(X,Y ) = −ω(X,Y )(x0) ,
by the bar calculus

σ(X,Y )(f) = 〈J(f), [X,Y ]op〉 − ω̄(XF , YF )(f)

= ω(X,Y )− ω(X,Y )(x0)(f)− ω̄(X̄, Ȳ )(f) = −ω(X,Y )(x0) .

This is a Lie algebra cocycle describing the central extension

0→ R→ F(M)→ Xham(M,ω)→ 0

where F(M) is enowed with the canonical Poisson bracket. A group cocycle on
Diffham(M,ω) integrating the Lie algebra cocycle σ if ω exact is studied in [9].
Hamiltonian Diffex(S, µ) action. The (left) action of the group Diff(S, µ) of volume
preserving diffeomorphisms preserves the symplectic form ω̄:

ψ̂∗ω̄ = ψ̂∗ω̂ · µ = ω̂ · ψ∗µ = ω̂ · µ = ω̄ , ∀ψ ∈ Diff(S, µ) .

The subgroup Diffex(S, µ) of exact volume preserving diffeomorphisms acts in a
hamiltonian way on the symplectic manifold F(S,M). The infinitesimal action of the
exact divergence free vector field Xα ∈ Xex(S, µ) with potential form α ∈ Ωk−2(S)
is the hamiltonian vector field X̂α on F(S,M) with hamiltonian function ω̂ · α.
Indeed, from iXαµ = dα follows by the hat calculus that

d (ω̂ · α) = d̂ω · α+ ω̂ · dα = ̂ω · iXαµ = i
X̂α
ω̂ · µ = i

X̂α
ω̄ .
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If the symplectic form ω is exact, then the corresponding momentum map is

J : F(S,M)→ Xex(S, µ)∗, 〈J(f), Xα〉 = (̂ω · α)(f) =
∫
S

f∗ω ∧ α.

It takes values in the regular part of Xex(S, µ)∗, which can be identified with
d Ω1(S), so we can write J(f) = f∗ω under this identification.

In general the hamiltonian function ω̂ · α of X̂α depends on the particular choice
of the potential form α of Xα. To fix this problem we consider as in Section 3
a continuous right inverse b : d Ωm−2(M) → Ωm−2(M) to the differential d , so
b(dα) is a potential for Xα. The corresponding momentum map is

J : F(S,M)→ Xex(S, µ)∗ , 〈J(f), Xα〉 = ̂(ω · bdα)(f) =
∫
S

f∗ω ∧ b(dα) .

On a connected component F of F(S,M), the non-equivariance of J is measured
by the Lie algebra 2-cocycle
σF (X,Y ) = 〈J(f), [X,Y ]〉 − ω̄(X̂, Ŷ )(f) = (ω · bd iY iXµ)̂ (f)− (ω · iY iXµ)̂ (f)

= (ω · PiX iY µ)̂ (f) =
∫
S

f∗ω ∧ PiX iY µ

on the Lie algebra of exact divergence free vector fields, for P = 1 − bd the
projection on the subspace of closed (m− 2)-forms. It does not depend on f ∈ F ,
because the cohomology class [f∗ω] ∈ H2(S) does not depend on the choice of f .
The cocycle σF is cohomologous to the Lichnerowicz cocycle σf∗ω defined in (13)
[15]. Since

∫
S
µ = 1, the cocycle σF is integrable if and only if the cohomology

class of f∗ω is integral [8].

Remark 17. The two equivariant momentum maps on the symplectic manifold
F(S,M), for suitable central extensions of the hamiltonian group Diffham(M,ω)
and of the group Diffex(S, µ) of exact volume preserving diffeomorphisms, form the
dual pair for ideal incompressible fluid flow [12] [4].

5. Appendix: Fiber integration

Chapter VII in [5] is devoted to the concept of integration over the fiber in
locally trivial bundles. We particularize this fiber integration to the case of trivial
bundles S ×M →M , listing its main properties without proofs.

Let S be a compact k-dimensional manifold. Fiber integration over S assigns to
ω ∈ Ωn(S ×M) the differential form −

∫
S
ω ∈ Ωn−k(M) defined by

(−
∫
S

ω)(x) =
∫
S

ωx ∈ Λn−kT ∗xM , ∀x ∈M ,

where ωx ∈ Ωk(S,Λn−kT ∗xM) is the retrenchment of ω to the fiber over x:

〈ωx(Z1
s , . . . , Z

n−k
s ), X1

x ∧ · · · ∧Xk
x 〉 = ω(s,x)(X1

x, . . . , X
k
x , Z

1
s , . . . , Z

n−k
s )

for all Xi
x ∈ TxM and Zjs ∈ TsS.

The properties of the fiber integration used in the text are special cases of the
Propositions (VIII) and (X) in [5]:
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• Pull-back of fiber integrals:

(15) f∗ −
∫
S

ω = −
∫
S

(1S × f)∗ω , ∀f ∈ F(M ′,M) ,

with infinitesimal version

(16) LX −
∫
S

ω = −
∫
S

L0S×Xω , ∀X ∈ X(M) .

• Invariance under pull-back by orientation preserving diffeomorphisms of S:

(17) −
∫
S

(ϕ× 1M )∗ω = −
∫
S

ω , ∀ϕ ∈ Diff+(S) ,

with infinitesimal version −
∫
S
LZ×0Mω = 0 , ∀Z ∈ X(S).

• Insertion of vector fields into fiber integrals:

(18) iX −
∫
S

ω = −
∫
S

i0S×Xω, ∀X ∈ X(M).

• Integration along boundary free manifolds commutes with differentiation.
When ∂S denotes the boundary of the k-dimensional compact manifold S
and i∂ : ∂S → S the inclusion,

(19) d −
∫
S

β −−
∫
S

dβ = (−1)n−k −
∫
∂S

(i∂ × 1M )∗β

holds for any differential n-form β on S ×M .
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