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GENERALIZED c-ALMOST PERIODIC TYPE
FUNCTIONS IN Rn

M. Kostić

Abstract. In this paper, we analyze multi-dimensional quasi-asymptotically
c-almost periodic functions and their Stepanov generalizations as well as
multi-dimensional Weyl c-almost periodic type functions. We also analyze seve-
ral important subclasses of the class of multi-dimensional quasi-asymptotically
c-almost periodic functions and reconsider the notion of semi-c-periodicity in
the multi-dimensional setting, working in the general framework of Lebesgue
spaces with variable exponent. We provide certain applications of our results
to the abstract Volterra integro-differential equations in Banach spaces.

1. Introduction and preliminaries

The notion of almost periodicity was introduced by the Danish mathematician
H. Bohr around 1924–1926 and later reconsidered by many others. Suppose that I
is either R or [0,∞) and f : I → X is a given continuous function, where X is a
complex Banach space equipped with the norm ‖ · ‖. If ε > 0, then we say that a
positive real number τ > 0 is a ε-period for f(·) if and only if ‖f(t+ τ)− f(t)‖ ≤ ε,
t ∈ I. The set constituted of all ε-periods for f(·) is denoted by ϑ(f, ε). We say
that the function f(·) is almost periodic if and only if for each ε > 0 the set ϑ(f, ε)
is relatively dense in [0,∞), which means that there exists a finite real number
l > 0 such that any subinterval of [0,∞) of length l meets ϑ(f, ε). For more details
about almost periodic functions and their applications, we refer the reader to
[6, 15, 23, 33, 40, 41, 44, 46].

The class of S-asymptotically ω-periodic functions, where ω > 0, was introduced
by H.R. Henríquez, M. Pierri and P. Táboas in [25]. This class of continuous
functions has different ergodicity properties compared with the classes of ω-periodic
functions and asymptotically ω-periodic functions, and it is not so easily com-
parable with the class of almost periodic functions since an S-asymptotically
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ω-periodic function is not necessarily uniformly continuous. For some applications
of S-asymptotically ω-periodic functions, we refer the reader to [14, 19, 24, 43].

In [30], we have recently analyzed the class of quasi-asymptotically almost perio-
dic functions. Any S-asymptotically ω-periodic function f : I → X is quasi-asympto-
tically almost periodic, while the converse statement is not true in general. The
class of Stepanov p-quasi-asymptotically almost periodic functions, which has been
also analyzed in [30], contains all asymptotically Stepanov p-almost periodic func-
tions and make a subclass of the class consisting of all Weyl p-almost periodic
functions in the sense of general approach of A.S. Kovanko [39]; thus, in [30], we
have actually initiated the study of generalized (asymptotical) almost periodicity
that intermediate the Stepanov concept and a very general Weyl concept.

The main purpose of research articles [11]–[12], written in a collaboration with
A. Chávez, K. Khalil and M. Pinto, was to analyze various classes of (Stepanov)
almost periodic functions of form F : Λ×X → Y , where (Y, ‖ · ‖Y ) is a complex
Banach spaces and ∅ 6= Λ ⊆ Rn. In our recent joint research article [22] with
V. Fedorov, we have continued the research studies [11]–[12] by developing the
basic theory of multi-dimensional Weyl almost periodic type functions in Lebesgue
spaces with variable exponents (see also the research articles [10], [32] and [38]
for further information concerning multi-dimensional almost automorphic type
functions as well as their Stepanov and Weyl generalizations).

On the other hand, the notion of (ω, c)-periodicity and various generalizations of
this concept have recently been introduced and analyzed by E. Alvarez, A. Gómez,
M. Pinto [3], E. Alvarez, S. Castillo, M. Pinto [1]–[2] and M. Fečkan, K. Liu,
J.-R. Wang [21]. In our joint research article [28] with M.T. Khalladi, A. Rahmani,
M. Pinto and D. Velinov, we have investigated c-almost periodic type functions
and their applications (the notion of c-almost periodicity, depending only on the
parameter c, is substantially different from the notion of (ω, c)-periodicity and the
recently analyzed notion of (ω, c)-almost periodicity; see the forthcoming research
monograph [31] for more details about the subject). The analysis from [28] has been
continued in [26], where the same group of authors has analyzed Weyl c-almost
periodic type functions, quasi-asymptotically c-almost periodic type functions and
S-asymptotically (ω, c)-periodic type functions in the one-dimensional setting, as
well as in the research articles [29] and [35], where the author of this paper has
analyzed multi-dimensional c-almost periodic type functions and various classes of
multi-dimensional (ω, c)-almost periodic type functions.

The main aim of this paper is to continue the research studies raised in
the above-mentioned papers by introducing and investigating various classes of
multi-dimensional quasi-asymptotically c-almost periodic functions, multi-dimen-
sional semi-c-periodic functions, multi-dimensional Weyl c-almost periodic func-
tions (see the article [4] by J. Andres and D. Pennequin for the initial study of
semi-periodicity as well as [9], [27] for more details about this topic) and their
applications to the abstract Volterra integro-differential equations.

The organization of paper can be briefly described as follows. After recalling
the basic definitions and facts about asymptotically c-almost periodic functions in
the multi-dimensional framework, we remind the readers of the basic definitions
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and facts about Lebesgue spaces with variable exponents Lp(x) (Subsection 1.1),
almost periodic type functions in Rn (Subsection 1.2), (ω, c)-periodic functions
and (ωj , cj)j∈Nn -periodic functions (Subsection 1.3). Following our approach from
[27]–[28] and [35], in Section 2 we introduce and analyze (S,D)-asymptotically
(ω, c)-periodic type functions, S-asymptotically (ωj , cj ,Dj)j∈Nn -periodic type func-
tions and semi-(cj ,B)j∈Nn -periodic functions (the last class of functions is investiga-
ted in Subsection 2.1); here, it is worth noting that the notion of (S,D)-asymptotical
(ω, c)-periodicity seems to be new even in the one-dimensional setting. Various
classes of multi-dimensional quasi-asymptotically c-almost periodic functions are
examined in Section 3 following the approach obeyed in [26] and [37], while the
Stepanov generalizations of multi-dimensional quasi-asymptotically c-almost perio-
dic type functions are examined in Section 4 (the introduced classes seem to be
new and not considered elsewhere even in the case that the exponent p(·) has a
constant value). The main aim of Section 5 is to continue our analysis of Weyl
c-almost periodic type functions from [26] in the multi-dimensional setting. Some
applications of our results to the abstract Volterra integro-differential equations are
presented in Section 6; we also provide numerous illustrative examples henceforth.

We use the standard notation throughout the paper. By (X, ‖ · ‖) and (Y, ‖ · ‖Y )
we denote two complex Banach spaces. By L(X,Y ) we denote the Banach algebra
of all bounded linear operators from X into Y with L(X,X) being denoted L(X).
The convolution product ∗ of measurable functions f : Rn → C and g : Rn → X
is defined by (f ∗ g)(t) :=

∫
Rn f(t − s)g(s) ds, t ∈ Rn, whenever the limit exists;

〈·, ·〉 denotes the usual inner product in Rn. The shorthand χA(·) denotes the
characteristic function of a set A ⊆ Rn. If t0 ∈ Rn and ε > 0, then we define
B(t0, ε) := {t ∈ Rn : |t− t0| ≤ ε}, where | · | denotes the Euclidean norm in Rn; by
(e1, e2, . . . , en) we denote the standard basis of Rn. Set Nn := {1, . . . , n}. We will
always assume henceforth that B is a collection of non-empty subsets of X such
that, for every x ∈ X, there exists B ∈ B with x ∈ B.

1.1. Lebesgue spaces with variable exponents Lp(x). The basic reference
about the Lebesgue spaces with variable exponents Lp(x) is the research monograph
[18] by L. Diening, P. Harjulehto, P. Hästüso and M. Ruzicka.

Suppose that ∅ 6= Ω ⊆ Rn is a non-empty Lebesgue measurable subset and
M(Ω : X) denotes the collection of all measurable functions f : Ω→ X; M(Ω) :=
M(Ω : R). By P(Ω) we denote the vector space of all Lebesgue measurable functions
p : Ω→ [1,∞]. For any p ∈ P(Ω) and f ∈M(Ω : X), we set

ϕp(x)(t) :=


tp(x) , t ≥ 0, 1 ≤ p(x) <∞ ,

0 , 0 ≤ t ≤ 1, p(x) =∞ ,

∞ , t > 1, p(x) =∞

and

ρ(f) :=
∫

Ω
ϕp(x)(‖f(x)‖) dx .
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We define the Lebesgue space Lp(x)(Ω : X) with variable exponent by

Lp(x)(Ω : X) :=
{
f ∈M(Ω : X) : lim

λ→0+
ρ(λf) = 0

}
.

Equivalently,

Lp(x)(Ω : X) =
{
f ∈M(Ω : X) : there exists λ > 0 such that ρ(λf) <∞

}
;

see, e.g., [18, p. 73]. For every u ∈ Lp(x)(Ω : X), we introduce the Luxemburg norm
of u(·) by

‖u‖p(x) := ‖u‖Lp(x)(Ω:X) := inf
{
λ > 0 : ρ(u/λ) ≤ 1

}
.

Equipped with the above norm, the space Lp(x)(Ω : X) becomes a Banach space
(see e.g. [18, Theorem 3.2.7] for the scalar-valued case), coinciding with the usual
Lebesgue space Lp(Ω : X) in the case that p(x) = p ≥ 1 is a constant function. If
p ∈M(Ω), we define

p− := essinfx∈Ωp(x) and p+ := esssupx∈Ωp(x) .
Set

D+(Ω) :=
{
p ∈M(Ω) : 1 ≤ p− ≤ p(x) ≤ p+ <∞ for a.e. x ∈ Ω

}
.

In the case that p ∈ D+(Ω), the space Lp(x)(Ω : X) behaves nicely, with almost all
fundamental properties of the Lesbesgue space with constant exponent Lp(Ω : X)
being retained; in this case,

Lp(x)(Ω : X) =
{
f ∈M(Ω : X) ; for all λ > 0 we have ρ(λf) <∞

}
.

We will use the following lemma (cf. [18] for the scalar-valued case):

Lemma 1.1.
(i) (The Hölder inequality) Let p, q, r ∈ P(Ω) be such that

1
q(x) = 1

p(x) + 1
r(x) , x ∈ Ω .

Then, for every u ∈ Lp(x)(Ω : X) and v ∈ Lr(x)(Ω), we have uv ∈ Lq(x)(Ω :
X) and

‖uv‖q(x) ≤ 2‖u‖p(x)‖v‖r(x) .

(ii) Let Ω be of a finite Lebesgue’s measure and let p, q ∈ P(Ω) such q ≤ p a.e.
on Ω. Then Lp(x)(Ω : X) is continuously embedded in Lq(x)(Ω : X), and
the constant of embedding is less than or equal to 2(1 +m(Ω)).

(iii) Let f ∈ Lp(x)(Ω : X), g ∈M(Ω : X) and 0 ≤ ‖g‖ ≤ ‖f‖ a.e. on Ω. Then
g ∈ Lp(x)(Ω : X) and ‖g‖p(x) ≤ ‖f‖p(x).

(iv) Suppose that f ∈ Lp(x)(Ω : X) and A ∈ L(X,Y ). Then Af ∈ Lp(x)(Ω : Y )
and ‖Af‖Lp(x)(Ω:Y ) ≤ ‖A‖ · ‖f‖Lp(x)(Ω:X).

For further information concerning the Lebesgue spaces with variable exponents
Lp(x), we refer the reader to [18], [20] and [42]. See also [16]–[17] and references
cited therein.
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1.2. Almost periodic type functions in Rn. Suppose that F : Rn → X is a
continuous function. Then we say that F (·) is almost periodic if and only if for
each ε > 0 there exists l > 0 such that for each t0 ∈ Rn there exists τ ∈ B(t0, l)
with ∥∥F (t + τ)− F (t)

∥∥ ≤ ε , t ∈ Rn .
This is equivalent to saying that for any sequence (bn) in Rn there exists a
subsequence (an) of (bn) such that (F (· + an)) converges in Cb(Rn : X), the
Banach space of bounded continuous functions F : Rn → X equipped with the
sup-norm. Any trigonometric polynomial in Rn is almost periodic and it is also
well known that F (·) is almost periodic if and only if there exists a sequence of
trigonometric polynomials in Rn which converges uniformly to F (·); here, by a
trigonometric polynomial in Rn we mean any linear combination of functions like
t 7→ ei〈λ,t〉, t ∈ Rn, where λ ∈ Rn. Any almost periodic function F : Rn → X is
almost periodic with respect to each of the variables but the converse statement
is not true in general. Further on, any almost periodic function F (·) is bounded,
uniformly continuous and the mean value

M(F ) := lim
T→+∞

1
Tn

∫
s+KT

F (t) dt

exists and it does not depend on s ∈ [0,∞)n; here, KT := {t = (t1, t2, . . . , tn) ∈
Rn : 0 ≤ ti ≤ T for 1 ≤ i ≤ n}. The Bohr-Fourier coefficient Fλ ∈ X is defined by

Fλ := M
(
e−i〈λ,·〉F (·)

)
, λ ∈ Rn .

The Bohr spectrum of F (·), defined by

σ(F ) :=
{
λ ∈ Rn : Fλ 6= 0

}
,

is at most a countable set.
If F : Rn → X is an almost periodic function, then F (·) is uniformly recur-

rent, i.e., F (·) is continuous and there exists a sequence (τk) in Rn such that
limk→+∞ |τk| = +∞ and

lim
k→+∞

sup
t∈Rn

∥∥F (t + τk)− F (t)
∥∥ = 0 .

We say that a function F : Rn → X is asymptotically uniformly recurrent if and
only if there exist a uniformly recurrent function G : Rn → X and a function
Q ∈ C0(Rn : X) such that F (t) = G(t) + Q(t) for all t ∈ Rn; here, C0(Rn : X)
denotes the vector space of continuous functions vanishing at zero when |t| → +∞.

We need the following definitions from [11] and [29]:

Definition 1.2. Suppose that D ⊆ I ⊆ Rn, c ∈ C\{0} and the set D is unbounded,
as well as ∅ 6= I ′ ⊆ I ⊆ Rn, F : I ×X → Y is a continuous function and I + I ′ ⊆ I.
Then we say that F (·; ·) is D-asymptotically Bohr (B, I ′, c)-almost periodic of type
1 if and only if for every B ∈ B and ε > 0 there exist l > 0 and M > 0 such that
for each t0 ∈ I ′ there exists τ ∈ B(t0, l) ∩ I ′ such that∥∥F (t + τ ;x)− cF (t;x)

∥∥
Y
≤ ε, provided t , t + τ ∈ DM , x ∈ B .
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Definition 1.3. Suppose that D ⊆ I ⊆ Rn and the set D is unbounded. By
C0,D,B(I ×X : Y ) we denote the vector space consisting of all continuous functions
Q : I × X → Y such that, for every B ∈ B, we have limt∈D,|t|→+∞Q(t;x) = 0,
uniformly for x ∈ B. For any T > 0, we set DT := {t ∈ D : |t| ≥ T}.

In our further analyses of Stepanov and Weyl classes, the regions I and I ′ will
be also denoted by Λ and Λ′, respectively (we aim to stay consistent with the
notation used in [31]).

Definition 1.4. Suppose that ω ⊆ Rn is a Lebesgue measurable set with positive
Lebesgue measure, D ⊆ Λ ⊆ Rn and the set D is unbounded, as well as ∅ 6= Λ′ ⊆
Λ ⊆ Rn, F : Λ ×X → Y is a continuous function and Λ + Λ′ ⊆ Λ. Then we say
that:

(i) F (·; ·) is Stepanov (Ω, p(u))-(B,Λ′)-almost periodic of type 1 if and only if
for every B ∈ B and ε > 0 there exist l > 0 and M > 0 such that for each
t0 ∈ Λ′ there exists τ ∈ B(t0, l) ∩ Λ′ such that∥∥F (t + τ + u;x)− F (t + u;x)

∥∥
Lp(u)(Ω:Y ) ≤ ε, provided t , t + τ ∈ DM , x ∈ B .

(ii) F (·; ·) is D-asymptotically Stepanov (Ω, p(u))-(B,Λ′)-uniformly recurrent
of type 1 if and only if for every B ∈ B there exist a sequence (τk) in Λ′ and a
sequence (Mk) in (0,∞) such that limk→+∞ |τk| = limk→+∞Mk = +∞ and

lim
k→+∞

sup
t,t+τk∈DMk ;x∈B

∥∥F (t + τk + u;x)− F (t + u;x)
∥∥
Lp(u)(Ω:Y ) = 0 .

If Λ′ = Λ, then we also say that F (·; ·) is D-asymptotically Stepanov (Ω, p(u))-B-al-
most periodic of type 1 (D-asymptotically Stepanov (Ω, p(u))-B-uniformly re-
current of type 1); furthermore, if X ∈ B, then it is also said that F (·; ·) is
D-asymptotically Stepanov (Ω, p(u))-Λ′-almost periodic of type 1 (D-asymptotically
Stepanov Λ′-uniformly recurrent of type 1). If Λ′ = Λ and X ∈ B, then we also say
that F (·; ·) is D-asymptotically Stepanov almost periodic of type 1 (D-asymptotically
Stepanov uniformly recurrent of type 1). Here and hereafter we will remove the
prefix “D-” in the case that D = Λ and remove the prefix “(B, )” in the case that
X ∈ B (the last can be done because the assumption X ∈ B implies that a function
F (·; ·) is Stepanov (Ω, p(u))-(B,Λ′)-almost periodic of type 1, e.g., if and only if
F (·; ·) is Stepanov (Ω, p(u))-(Bf ,Λ′)-almost periodic of type 1, where Bf denotes
the collection of all subsets of X).

1.3. (ω, c)-Periodic functions and (ωj , cj)j∈Nn-periodic functions. A conti-
nuous function F : I → X is said to be Bloch (p,k)-periodic, or Bloch periodic
with period p and Bloch wave vector or Floquet exponent k, where p ∈ Rn and
k ∈ Rn, if and only if F (t+p) = ei〈k,p〉F (t), t ∈ I (we assume here that p+I ⊆ I).
Following the recent research analyses of E. Alvarez, A. Gómez, M. Pinto [3] and
E. Alvarez, S. Castillo, M. Pinto [1]–[2], we have recently extended the notion of
Bloch (p,k)-periodicity in the following way:

Definition 1.5 ([35]). Let ω ∈ Rn \ {0}, c ∈ C \ {0} and ω + I ⊆ I. A continuous
function F : I → X is said to be (ω, c)-periodic if and only if F (t + ω) = cF (t),
t ∈ I.
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If F : I → X is a Bloch (p,k)-periodic function, then F (·) is (p, c)-periodic with
c = ei〈k,p〉; conversely, if |c| = 1 and F : I → X is (ω, c)-periodic, then we can always
find a point k ∈ Rn such that the function F (·) is Bloch (p,k)-periodic. If c = 1,
resp. c = −1, then we say that the function F (·) is ω-periodic, resp. ω-anti-periodic.
If |c| 6= 1 and F : I → X is (ω, c)-periodic, then F (t + mω) = cmF (t), t ∈ I,
m ∈ N, so that the existence of a point t0 ∈ I such that F (t0) 6= 0 implies
limm→∞ ||F (t0+mω)|| = +∞, provided that |c| > 1, and limm→∞ ||F (t0+mω)|| =
0, provided that |c| < 1.

Definition 1.6 ([35]). Let ωj ∈ R\{0}, cj ∈ C\{0} and ωjej +I ⊆ I (1 ≤ j ≤ n).
A continuous function F : I → X is said to be (ωj , cj)j∈Nn-periodic if and only if
F (t + ωjej) = cjF (t), t ∈ I, j ∈ Nn.

If cj = 1 for all j ∈ Nn, resp. cj = −1 for all j ∈ Nn, then we also say that
the function F (·) is (ωj)j∈Nn -periodic, resp. (ωj)j∈Nn -anti-periodic. The classes of
(ω, c)-periodic functions and (ωj , cj)j∈Nn-periodic functions are closed under the
operation of the pointwise convergence of functions.

Let cj ∈ C \ {0}. Then it is said that a continuous function F : I → X is
(cj)j∈Nn-periodic if and only if there exist real numbers ωj ∈ R \ {0} such that
ωjej + I ⊆ I (1 ≤ j ≤ n) and the function F : I → X is (ωj , cj)j∈Nn-periodic. It
can be simply verified that the assumption |cj | = 1 for all j ∈ Nn implies that any
(cj)j∈Nn -periodic function F : Rn → X is almost periodic.

In [35], we have also introduced the following notion:

Definition 1.7. Suppose that D ⊆ I ⊆ Rn, the set D is unbounded, ω ∈ Rn \ {0},
c ∈ C \ {0}, ω + I ⊆ I, ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I (1 ≤ j ≤ n)
and F : I ×X → Y . Then we say that the function F (·; ·) is (D,B)-asymptotically
(ω, c)-periodic, resp. (D,B)-asymptotically (ωj , cj)j∈Nn -periodic, if and only if there
exist an (ω, c)-periodic, resp. an (ωj , cj)j∈Nn-periodic, function F0 : I × X → Y
(by that we mean that for each fixed element x ∈ X the function F (·;x) is
(ω, c)-periodic, resp. (ωj , cj)j∈Nn-periodic) and a function Q ∈ C0,D,B(I : X) such
that F (t;x) = F0(t;x) +Q(t;x), t ∈ I, x ∈ X.

Before we proceed to our next section, we would like to note that the notions
of (ω, c)-periodicity and (ωj , cj)j∈Nn-periodicity have been generalized in several
other directions [35]; for example, in this paper, we have considered several various
classes of (ωj , cj ; rj , I′j)j∈Nn -almost periodic type functions. We will not deal with
these classes of functions henceforth.

2. (S,D,B)-asymptotically (ω, c)-periodic type functions,
(S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-periodic type functions and

semi-(cj ,B)j∈Nn-periodic type functions

This section investigates the classes of (S,D)-asymptotically (ω, c)-periodic type
functions, S-asymptotically (ωj , cj ,Dj)j∈Nn -periodic type functions and
semi-(cj ,B)j∈Nn -periodic type functions. In the following two definitions, we extend
the recently introduced notion of Sc-asymptotical periodicity (cf. M.T. Khalladi,
M. Kostić, M. Pinto, A. Rahmani and D. Velinov [26, Definition 3.1], where the



228 M. KOSTIĆ

authors have considered the case in which X = {0} and I = D = D1 is R or [0,∞))
and its subnotions: the S-asymptotical Bloch (ω, c)-periodicity, resp. S-asymptotical
ω-anti-periodicity (see [8, Definition 3.1, Definition 3.2], where Y.-K. Chang and
Y. Wei have considered the particular cases |c| = 1, resp. c = −1, X = {0} and
I = R = D = D1):

Definition 2.1. Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ Rn and
the set D be unbounded. A continuous function F : I × X → Y is said to be
(S,D,B)-asymptotically (ω, c)-periodic if and only if for each B ∈ B we have

lim
|t|→+∞,t∈D

∥∥F (t + ω;x)− cF (t;x)
∥∥
Y

= 0 , uniformly in x ∈ B .

Definition 2.2. Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I, Dj ⊆ I ⊆ Rn and
the set Dj be unbounded (1 ≤ j ≤ n). A continuous function F : I ×X → Y is said
to be (S,B)-asymptotically (ωj , cj ,Dj)j∈Nn -periodic if and only if for each j ∈ Nn
we have

lim
|t|→+∞,t∈Dj

∥∥F (t + ωjej ;x)− cjF (t;x)
∥∥
Y

= 0 , uniformly in x ∈ B .

Before going any further, we will present an illustrative example:

Example 2.3. Let X := c0(C) be the Banach space of all numerical sequences
tending to zero, equipped with the sup-norm. Suppose that ωj = 2π, cj ∈ C and
|cj | = 1 for all j ∈ Nn. From [35, Example 2.12], we know that the function

F1
(
t1, . . . , tn

)
:=

n∏
j=1

c
tj
2π
j sin tj , t = (t1, . . . , tn) ∈ [0,∞)n

is (2π, cj)j∈Nn -periodic. On the other hand, from [25, Example 3.1] and [30, Example
2.6], we know that the function

f(t) :=
( 4k2t2

(t2 + k2)2

)
k∈N

, t ≥ 0

is S-asymptotically ω-periodic for any positive real number ω > 0, as well as that
its range is not relatively compact in X and f(·) is uniformly continuous; let us
only note here that R. Xie and C. Zhang have constructed, in [45, Example 17],
an example of an S-asymptotically ω-periodic function which is not uniformly
continuous. Set

F
(
t1, . . . , tn, tn+1

)
:= F1

(
t1, . . . , tn

)
· f
(
tn+1

)
,
(
t1, . . . , tn, tn+1

)
∈ [0,∞)n+1 .

Then the function F (·) is S-asymptotically (ωj , cj ,Dj)j∈Nn+1-periodic, where
cn+1 = 1, ωn+1 > 0 being arbitrary, Dj = [0,∞)n+1 for 1 ≤ j ≤ n and
Dn+1 = K × [0,∞) (∅ 6= K ⊆ [0,∞)n is a compact set), as easily approved.
See also [30, Example 2.16, Example 2.17, Example 2.18].

Immediately from the corresponding definitions, we have the following result:
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Proposition 2.4.
(i) Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ Rn and the set D

be unbounded. If ω + D ⊆ D and the function F : I × X → Y is (D,B)-
-asymptotically (ω, c)-periodic, then the function F (·; ·) is (S,D,B)-asympto-
tically (ω, c)-periodic.

(ii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I, Dj ⊆ I ⊆ Rn and the set Dj
be unbounded (1 ≤ j ≤ n). If ωej + D ⊆ D and the function F : I ×X → Y
is (D,B)-asymptotically (ωj , cj)j∈Nn-periodic, then the function F (·; ·) is
(S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-periodic with Dj ≡ D for all j ∈ Nn.

We will provide the proof of the first part of the following simple result for the
sake of completeness:

Proposition 2.5.
(i) Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ Rn and the set D be

unbounded. If for each B ∈ B there exists εB > 0 such that the sequence
(Fk(·; ·)) of (S,D,B)-asymptotically (ω, c)-periodic functions converges uni-
formly to a function F (·; ·) on the set B◦ ∪

⋃
x∈∂B B(x, εB), then F (·; ·) is

(S,D,B)-asymptotically (ω, c)-periodic.
(ii) Let ωj ∈ R\{0}, cj ∈ C\{0}, ωjej +I ⊆ I, Dj ⊆ I ⊆ Rn and the set Dj be

unbounded (1 ≤ j ≤ n). If for each B ∈ B there exists εB > 0 such that the
sequence (Fk(·; ·)) of (S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-periodic func-
tions converges uniformly to a function F (·; ·) on the set B◦∪

⋃
x∈∂B B(x, εB),

then the function F (·; ·) is (S,B)-asymptotically
(ωj , cj ,Dj)j∈Nn-periodic.

Proof. The validity of (i) can be deduced as follows. By the proofs of [11,
Proposition 2.7, Proposition 2.8], it follows that the function F (·; ·) is conti-
nuous. Let ε > 0 and B ∈ B be fixed. Then there exists k0 ∈ N such that
‖Fk0(t;x) − F (t;x)‖Y ≤ ε/3(1 + |c|) for all (t, x) ∈ I × B. Further on, there
exists M > 0 such that the assumptions |t| > M , t ∈ D and x ∈ B imply
‖Fk0(t +ω;x)− cFk0(t;x)‖Y < ε/3. Then the final conclusion follows from the well
known decomposition and estimates∥∥F (t + ω;x)− cF (t;x)

∥∥
Y

≤
∥∥F (t + ω;x)− Fk0(t;x)

∥∥
Y

+
∥∥Fk0(t + ω;x)− cFk0(t;x)

∥∥
Y

+ |c| ·
∥∥Fk0(t + ω;x)− F (t;x)

∥∥
Y
≤ 3 · (ε/3) = ε .

�

The convolution invariance of function spaces introduced in Definition 2.1 and
Definition 2.2 can be shown under very mild assumptions:

Theorem 2.6. Suppose that h ∈ L1(Rn) and F : Rn × X → Y is a continuous
function satisfying that for each B ∈ B there exists a finite real number εB > 0
such that supt∈Rn,x∈B· ‖F (t, x)‖Y < +∞, where B· ≡ B◦ ∪

⋃
x∈∂B B(x, εB).
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(i) Suppose that D = Rn. Then the function

(h ∗ F )(t;x) :=
∫

Rn
h(σ)F (t− σ;x) dσ, t ∈ Rn , x ∈ X(2.1)

is well defined and for each B ∈ B we have supt∈Rn,x∈B· ‖(h∗F )(t;x)‖Y <
+∞; furthermore, if F (·; ·) is (S,Rn,B)-asymptotically (ω, c)-periodic, then
the function (h ∗ F )(·; ·) is (S,Rn,B)-asymptotically (ω, c)-periodic.

(ii) Suppose that Dj = Rn for all j ∈ Nn. Then the function (h ∗ F )(·; ·), given
by (2.1), is well defined and for each B ∈ B we have supt∈Rn,x∈B· ‖(h ∗
F )(t;x)‖Y < +∞; moreover, if the function F (·; ·) is (S,B)-asymptotically
(ωj , cj ,Rn)j∈Nn-periodic, then the function (h ∗ F )(·; ·) is likewise (S,B)-a-
symptotically (ωj , cj ,Rn)j∈Nn-periodic.

Proof. We will prove only (i). It is clear that the function (h ∗ F )(·; ·) is well
defined as well as that supt∈Rn,x∈B· ‖(h ∗ F )(t;x)‖Y < +∞ for all B ∈ B. Its
continuity at the fixed point (t0;x0) ∈ Rn ×X follows from the existence of a set
B ∈ B such that x0 ∈ B, the assumption supt∈Rn,x∈B· ‖F (t;x)‖Y < +∞ and the
dominated convergence theorem. Let ε > 0 and B ∈ B be fixed. Then there exists
a sufficiently large real number M > 0 such that ‖F (t + ω;x)− cF (t;x)‖Y < ε/2,
provided |t| > M1 and x ∈ B. Therefore, there exists a finite constant cB ≥ 1 such
that ∥∥(h ∗ F )(t + ω;x)− c(h ∗ F )(t;x)

∥∥
Y

≤
∫

Rn
|h(σ)| ·

∥∥F (t + ω − σ;x)− cF (t− σ;x)
∥∥
Y
dσ

=
∫
|σ|≤M1

|h(t− σ)| ·
∥∥F (σ + ω;x)− cF (σ;x)

∥∥
Y
dσ

+
∫
|σ|≥M1

|h(t− σ)| ·
∥∥F (σ + ω;x)− cF (σ;x)

∥∥
Y
dσ

≤ ε/2 +
∫
|σ|≥M1

|h(t− σ)| ·
∥∥F (σ + ω;x)− cF (σ;x)

∥∥
Y
dσ

≤ ε/2 + cB

∫
|σ|≥M1

|h(t− σ)| dσ .

On the other hand, there exists a finite real number M2 > 0 such that
∫
|σ|≥M2

|h(σ)|
dσ < ε/2cB. If |t| > M1 + M2, then for each σ ∈ Rn with |σ| ≤ M1 we have
|t− σ| ≥M2. This simply implies the required conclusion. �

The following result connects the notion introduced in Definition 2.1 and Defini-
tion 2.2:

Proposition 2.7. Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I, Dj ⊆ I ⊆ Rn and
the set Dj be unbounded (1 ≤ j ≤ n). If F : I ×X → Y is (S,B)-asymptotically
(ωj , cj ,Dj)j∈Nn-periodic and the set D consisting of all tuples t ∈ Dn such that
t +

∑n
i=j+1 ωiei for all j ∈ Nn−1 is unbounded in Rn, then the function F (·; ·) is

(S,D,B)-asymptotically (ω, c)-periodic, with ω :=
∑n
j=1 ωjej and c :=

∏n
j=1 cj.
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Proof. The proof simply follows from the corresponding definitions and the next
estimates:∥∥F (t + ω;x)− cF (t;x)

∥∥ =
∥∥F (t1 + ω1, . . . , tn + ωn;x

)
− c1 . . . cnF

(
t1, . . . , tn;x

)∥∥
≤
∥∥F (t1 + ω1, t2 + ω2, . . . , tn + ωn;x

)
− c1F

(
t1, t2 + ω2, . . . , tn + ωn;x

)∥∥
+
∣∣c1∣∣ · ∥∥F (t1, t2 + ω2, . . . , tn + ωn;x

)
− c2 . . . cnF

(
t1, . . . , tn;x

)∥∥
≤
∥∥F (t1 + ω1, t2 + ω2, . . . , tn + ωn;x

)
− c1F

(
t1, t2 + ω2, . . . , tn + ωn;x

)∥∥
+
∣∣c1∣∣ · [∥∥F (t1, t2 + ω2, . . . , tn + ωn;x

)
− c2F

(
t1, t2, . . . , tn + ωn;x

)∥∥
+
∣∣c2∣∣ · ∥∥F (t1, t2, . . . , tn + ωn;x

)
− c3 . . . cnF

(
t1, t2, . . . , tn;x

)∥∥]
≤ . . . .

�

The proof of following proposition is simple and therefore omitted:

Proposition 2.8. Let ω, a ∈ Rn \ {0}, c ∈ C \ {0}, α ∈ C, ω + I ⊆ I and
a + I ⊆ I. Suppose that the functions F : I × X → Y and G : I × X → Y are
(S,D,B)-asymptotically (ω, c)-periodic ((S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-pe-
riodic). Then we have the following:

(i) The function F̌ (·; ·) is (S,−D,B)-asymptotically (−ω, c)-periodic ((S,B)-a-
symptotically (−ωj , cj ,−Dj)j∈Nn-periodic), where F̌ (t;x) := F (−t;x), t ∈
−I, x ∈ X.

(ii) The functions ‖F (·; ·)‖, [F+G](·; ·) and αF (·; ·) are (S,D,B)-asymptotically
(ω, |c|)-periodic ((S,B)-asymptotically (ωj , |cj |,Dj)j∈Nn-periodic).

(iii) If a + D ⊆ D (a + Dj ⊆ Dj for all j ∈ Nn) and y ∈ X, then the func-
tion Fa,y : I × X → Y defined by Fa,y(t;x) := F (t + a;x + y), t ∈ I,
x ∈ X is (S,D,By)-asymptotically (ω, c)-periodic ((S,By)-asymptotically
(ωj , cj ,Dj)j∈Nn-periodic), where By := {−y +B : B ∈ B}.

(iv) If ω ∈ Rn \ {0}, ci ∈ C \ {0} for i = 1, 2, ω + I ⊆ I, the function
G : I ×X → C is (S,D,B)-asymptotically (ω, c1)-periodic and the function
H : I×X → Y is (S,D,B)-asymptotically (ω, c2)-periodic, then the function
F (·) := G(·)H(·) is (S,D,B)-asymptotically (ω, c1c2)-periodic, provided that
for each set B ∈ B we have supt∈I;x∈B [|G(t;x)|+ ‖F (t;x)‖Y ] <∞.

(v) Let ωj ∈ R \ {0}, cj,i ∈ C \ {0} and ωjej + I ⊆ I (1 ≤ j ≤ n, 1 ≤ i ≤
2). Suppose that the function G : I × X → C is (S,B)-asymptotically
(ωj , cj,1,Dj)j∈Nn-periodic and the function H : I → X is (S,B)-asymptoti-
cally (ωj , cj,2,Dj)j∈Nn-periodic. Set cj := cj,1cj,2, 1 ≤ j ≤ n. Then the func-
tion F (·) := G(·)H(·) is (S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-periodic, pro-
vided that for each set B ∈ B we have supt∈I;x∈B [|G(t;x)|+ ‖F (t;x)‖Y ] <
∞.

It should be noted that the classes of (ω, c)-periodic functions and (ωj , cj)j∈Nn -pe-
riodic functions can be profiled in the following way ([35]; see also Example 2.18 of
this paper for an interesting application):
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(i) Let ω = (ω1, ω2, . . . , ωn) ∈ Rn\{0}, ω+I ⊆ I, c ∈ C\{0} and S := {i ∈ Nn :
ωi 6= 0}. Denote by A the collection of all tuples a = (a1, a2, . . . , a|S|) ∈
R|S| such that

∑
i∈S ai = 1. Then a continuous function F : I → X

is (ω, c)-periodic if and only if, for every (some) a ∈ A, the function
Ga : I → X, defined by

Ga
(
t1, t2, . . . , tn

)
:= c

−
∑

i∈S
aiti
ωi F

(
t1, t2, . . . , tn

)
, t =

(
t1, t2, . . . , tn

)
∈ I ,

is (ω, 1)-periodic.
(ii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I (1 ≤ j ≤ n) and the

function F : I → X is continuous. For each j ∈ Nn, we define the function
Gj : I → X by

Gj
(
t1, t2, . . . , tn

)
:= c

−
tj
ωj

j F
(
t1, t2, . . . , tn

)
, t =

(
t1, t2, . . . , tn

)
∈ I .

Then F (·) is (ωj , cj)j∈Nn -periodic if and only if, for every t = (t1, t2, . . . , tn)
∈ I and j ∈ Nn, we have

Gj
(
t1, t2, . . . , tj + ωj , . . . , tn

)
= Gj

(
t1, t2, . . . , tj , . . . , tn

)
.

Using these clarifications, we can introduce various spaces of pseudo-like (S,D,B)-
-asymptotically (ω, c)-periodic type functions and pseudo-like (S,B)-asymptotically
(ωj , cj ,Dj)j∈Nn -periodic type functions following the method proposed in [1, Defini-
tion 2.4, Definition 2.5] and [2, Definition 2.4, Definition 2.5]; we will skip all related
details for simplicity. The interested reader may also try to formulate extensions of
[26, Proposition 3.1, Corollary 3.1-Corollary 3.2] in the multi-dimensional setting.

2.1. Semi-(cj ,B)j∈Nn-periodic functions. In this subsection, we will briefly ex-
hibit the main results about the class of multi-dimensional semi-(cj ,B)j∈Nn -periodic
functions. For the sake of brevity, we will always assume here that the region I
has the form I = I1 × I2 × · · · × In, where each set Ij is equal to R, (−∞, aj ] or
[aj ,∞) for some real number aj ∈ N (1 ≤ j ≤ n).

We will use the following definition:

Definition 2.9. Suppose that F : I × X → Y is a continuous function and
cj ∈ C \ {0} (1 ≤ j ≤ n). Then we say that F (·; ·) is semi-(cj ,B)j∈Nn-periodic if
and only if, for every ε > 0 and B ∈ B, there exist real numbers ωj ∈ R \ {0} such
that ωjej + I ⊆ I (1 ≤ j ≤ n) and∥∥F (t +mωjej ;x

)
− cmj F (t;x)

∥∥ ≤ ε, m ∈ N, j ∈ Nn, t ∈ Rn, x ∈ B .(2.2)
The function F (·; ·) is said to be semi-B-periodic if and only if F (·; ·) is
semi-(cj ,B)j∈Nn -periodic with cj = 1 for all j ∈ Nn.

Suppose that j ∈ Nn, x ∈ X and |cj | 6= 1. Fix the variables t1, ·· ·, tj−1, tj+1, . . . , tn.
Then there exist three possibilities:

1. Ij = R. Then, due to (2.2), the function f : R → Y given by f(t) :=
F (t1, · · ·, tj−1, t, tj+1, . . . , tn), t ∈ R is semi-cj-periodic of type 1+ in the sense of
[27, Definition 3(i)] and therefore f(·) is cj-periodic due to [27, Theorem 1]. Hence,
the function F (·;x) is cj-periodic in the variable tj .
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2. Ij = [aj ,+∞) for some real number aj ∈ R. Then the function F (·;x) is
cj-periodic in the variable tj , which follows from the same argumentation applied
to the function f(t) := F (t1, · · ·, tj−1, t− aj , tj+1, . . . , tn), t ≥ 0.

3. Ij = (−∞, aj ] for some real number aj ∈ R. Then the function F (·;x) is
cj-periodic in the variable tj , which follows from the same argumentation applied
to the function f(t) := F (t1, · · ·, tj−1,−t− |aj |, tj+1, . . . , tn), t ≥ 0.

In the remainder of this subsection, we will assume that |cj | = 1 for all j ∈ Nn.
Then any semi-(cj ,B)j∈Nn -periodic function F : I×X → Y is bounded on any subset
B of the collection B, as easily approved; even in the one-dimensional setting, this
function need not be periodic in the usual sense (see [27, p. 2]). Furthermore, if for
each integer k ∈ N the function Fk : I×X → Y is semi-(cj ,B)j∈Nn -periodic and for
each B ∈ B there exists a finite real number εB > 0 such that limk→+∞ Fk(t;x) =
F (t;x) for all t ∈ I, uniformly in x ∈ B· ≡ B◦∪

⋃
x∈∂B B(x, εB), then the function

F (·; ·) is likewise semi-(cj ,B)j∈Nn -periodic.
Let B ∈ B be fixed. In what follows, we consider the Banach space l∞(B : Y )

consisting of all bounded functions f : B → Y, equipped with the sup-norm. Suppose
that the function F : I ×X → Y is semi-(cj ,B)j∈Nn-periodic. Define the function
FB : I → l∞(B : Y ) by[

FB(t)
]
(x) := F (t;x) , t ∈ I, x ∈ B .

Then the mapping FB(·) is well defined and semi-(cj)j∈Nn-periodic. Using now
an insignificant modification of the proofs of [4, Lemma 1, Theorem 1], we may
conclude that for each set B ∈ B there exists a sequence of (cj)j∈Nn-periodic
functions (Fk : I ×X → Y )k∈N such that limk→+∞ Fk(t;x) = F (t;x) for all t ∈ I,
uniformly in x ∈ B. The converse statement is also true; hence, we have the
following important result:

Theorem 2.10. Suppose that F : I ×X → Y is continuous. Then the function
F (·; ·) is semi-(cj ,B)j∈Nn-periodic if and only if for each set B ∈ B there exists
a sequence of (cj)j∈Nn-periodic functions (Fk : I → l∞(B : Y ))k∈N such that
limk→+∞ Fk(t) = FB(t) uniformly in t ∈ I.

Now we would like to present the following illustrative application of Theorem
2.10:

Example 2.11. Suppose that q1, . . . , qn are odd natural numbers. Define F : Rn →
C by

F
(
t1, t2, . . . , tn

)
:=

∑
l=(l1,l2,...,ln)∈Nn

eit1/(2l1q1+1)eit2/(2l2q2+1) . . . eitn/(2lnqn+1)

l1!l2! . . . ln! ,

for any t = (t1, t2, . . . , tn) ∈ Rn. Then F (·) is semi-(−1,−1, . . . ,−1)-periodic
function since it is a uniform limit of (−1,−1, . . . ,−1)-periodic functions

Fk(t) :=
∑
|l|≤k

eit1/(2l1q1+1)eit2/(2l2q2+1) . . . eitn/(2lnqn+1)

l1!l2! . . . ln! , t ∈ Rn, k ∈ N .
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We continue with the observation that the statements of Proposition 2.5, Propo-
sition 2.7, Proposition 2.8, Proposition 2.9, Proposition 2.12, Theorem 2.13 and
Proposition 2.17 of [28] admit very simple reformulations in the multi-dimensional
setting. For example, if F : I → R is semi-(cj)j∈Nn-periodic, then cj ∈ {−1, 1} for
all j ∈ Nn; furthermore, if F (t) ≥ 0 for all t ∈ I, then cj = 1 for all j ∈ Nn.

Any semi-(cj)j∈Nn-periodic function F : I → Y can be extended uniquely to a
semi-(cj)j∈Nn -periodic function F̃ : Rn → Y and therefore it has a mean value as an
almost periodic function; see e.g., the proof of [11, Theorem 2.36]. Furthermore, any
semi-(cj)j∈Nn -periodic function F : I → Y is semi-periodic. In the one-dimensional
case, [4, Lemma 2] tells us that there exists a positive real number θ > 0 such that
σ(F ) ⊆ θ·Q, which enables one to construct a great deal of almost periodic functions
which are not semi-periodic. A similar situation holds in the multi-dimensional
setting, when we have the following:

Proposition 2.12. Suppose that the function F : I → Y is semi-(cj)j∈Nn-periodic,
λ = (λ1, λ2, . . . , λn) ∈ σ(F ) and µ = (µ1, µ2, . . . , µn) ∈ σ(F ). Then there exist
non-zero real numbers ωj ∈ R \ {0} (1 ≤ j ≤ n) such that λjωj ∈ 2πZ and
µjωj ∈ 2πZ for all j ∈ Nn.

Proof. By the foregoing, we may assume that I = Rn, λ = µ and cj = 1 for
all j ∈ Nn. We will follow the proof of [5, Corollary 4.5.4(d)] with appropriate
modifications. First of all, note that limk→+∞ k−1∑k−1

j=0 z
j = 0 if |z| = 1 and

z 6= 1, while limk→+∞ k−1∑k−1
j=0 z

j = 1 if z = 1. Our assumption is that

lim
T→+∞

1
Tn

∫
[0,T ]n

e−i〈λ,t〉F (t) dt 6= 0 and lim
T→+∞

1
Tn

∫
[0,T ]n

e−i〈µ,t〉F (t) dt 6= 0 .

By Theorem 2.10, the proof of [4, Lemma 2] and continuity, we may assume without
loss of generality that F (·) is (ωj , cj)j∈Nn -periodic for some non-zero real numbers
ωj ∈ R \ {0} (1 ≤ j ≤ n). We have

lim
T→+∞

1
Tn

∫
[0,T ]n

e−i〈λ,t〉F (t) dt

= lim
T→+∞

1
Tn

bT/|ω1|c∑
j1=0

. . .

bT/|ωn|c∑
jn=0

∫∏n

k=1
[jk|ωk|,(jk+1)|ωk|]

e−i〈λ,t〉F (t) dt

= lim
T→+∞

1
Tn

bT/|ω1|c∑
j1=0

. . .

bT/|ωn|c∑
jn=0

∫
[0,|ω1|]×...×[0,|ωn|]

e
i

[
λ1j1|ω1|+···+λnjn|ωn|

]
e−i〈λ,t〉F (t) dt

= lim
T→+∞

{[ 1
T

bT/|ω1|c∑
j1=0

(
eiλ1|ω1|

)j1]
. . .
[ 1
T

bT/|ωn|c∑
jn=0

(
eiλn|ωn|

)jn]}

= lim
T→+∞

[ 1
T

bT/|ω1|c∑
j1=0

(
eiλ1|ω1|

)j1]
. . . lim

T→+∞

[ 1
T

bT/|ωn|c∑
jn=0

(
eiλn|ωn|

)jn]
.



GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN Rn 235

The final conclusion follows by observing that the product of above limits, which
exist in C, is not equal to zero if and only if exp(iλj |ωj |) = 1 for all j ∈ Nn, as well
as that the same calculation can be given for the tuple µ. �

The Stepanov classes of semi-(cj ,B)j∈Nn -periodic functions can be also analyzed;
see [9, Section 3] for more details given in the one-dimensional setting.

3. Multi-dimensional quasi-asymptotically c-almost
periodic type functions

In this section, we investigate several various classes of multi-dimensional
quasi-asymptotically c-almost periodic functions. We start by introducing the
notion of D-quasi-asymptotical (B, I ′, c)-almost periodicity and recall the notion of
D-quasi-asymptotical (B, I ′, c)-uniform recurrence here (it can be easily shown that
the notion of quasi-asymptotical uniform recurrence introduced in [37, Definition 9],
with D = I = I ′ = R, is equivalent with the corresponding notion introduced in the
second part of the following definition; concerning the first part of this definition,
it extends the notion of quasi-asymptotical c-almost periodicity introduced in [26,
Definition 3.3]):

Definition 3.1. Suppose that D ⊆ I ⊆ Rn, ∅ 6= I ′ ⊆ I ⊆ Rn, the sets D and I ′

are unbounded, F : I ×X → Y is a continuous function and I + I ′ ⊆ I. Then we
say that:

(i) F (·; ·) is D-quasi-asymptotically (B, I ′, c)-almost periodic if and only if for
every B ∈ B and ε > 0 there exists l > 0 such that for each t0 ∈ I ′ there
exists τ ∈ B(t0, l) ∩ I ′ such that there exists a finite real number M(ε, τ) > 0
such that∥∥F (t + τ ;x)− cF (t;x)

∥∥
Y
≤ ε, provided t, t + τ ∈ DM(ε,τ), x ∈ B.(3.1)

(ii) F (·; ·) is D-quasi-asymptotically (B, I ′, c)-uniformly recurrent if and only
if for every B ∈ B there exist a sequence (τk) in I ′ and a sequence (Mk) in
(0,∞) such that limk→+∞ |τk| = limk→+∞Mk = +∞ and

lim
k→+∞

sup
t,t+τk∈DMk ;x∈B

∥∥F (t + τk;x)− cF (t;x)
∥∥
Y

= 0 .

If I ′ = I, then we also say that F (·; ·) is D-quasi-asymptotically (B, c)-almost pe-
riodic (D-quasi-asymptotically (B, c)-uniformly recurrent); furthermore, if X ∈ B,
then it is also said that F (·; ·) is D-quasi-asymptotically (I ′, c)-almost periodic
(D-quasi-asymptotically (I ′, c)-uniformly recurrent). If I ′ = I and X ∈ B, then we
also say that F (·; ·) is D-quasi-asymptotically c-almost periodic (D-quasi-asympto-
tically c-uniformly recurrent). We remove the prefix “D-” in the case that D = I,
remove the prefix “(B, )” in the case that X ∈ B and remove the prefix “c-” if
c = 1.

In [11] and [29], we have also analyzed the notion of D-asymptotical Bohr
(B, I ′, c)-almost periodicity of type 1, which is a special case of D-quasi-asymptotical
(B, I ′, c)-almost periodicity. The notion of D-quasi-asymptotical (B, I ′, c)-uniform
recurrence, which generalizes the notion of D-quasi-asymptotical (B, I ′, c)-almost
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periodicity, has been also introduced in [29, Definition 2.25(ii)], under the slightly
different name of D-asymptotical (B, I ′, c)-uniform recurrence of type 1. It is evident
that the notion of D-asymptotical Bohr (B, I ′, c)-almost periodicity of type 1 (see
Definition 1.2) is a special case of the notion of D-quasi-asymptotical (B, I ′, c)-almost
periodicity introduced in Definition 3.1(i). The following generalization of [37,
Proposition 2] can be deduced straightforwardly (we can simply formulate an
extension of [37, Proposition 3] in the multi-dimensional setting, as well):

Proposition 3.2. Suppose that D ⊆ I ⊆ Rn, c ∈ C \ {0} and the set D is
unbounded, as well as ∅ 6= I ′ ⊆ I ⊆ Rn, F : I×X → Y is a continuous function and
I+I ′ ⊆ I. If the function F (·; ·) is D-quasi-asymptotically (B, I ′, c)-almost periodic,
resp. D-quasi-asymptotically (B, I ′, c)-uniformly recurrent, and Q ∈ C0,D,B(I ×X :
Y ), then [F + Q](·; ·) is D-quasi-asymptotically (B, I ′, c)-almost periodic, resp.
D-quasi-asymptotically (B, I ′, c)-uniformly recurrent.

We continue by providing an illustrative example:

Example 3.3. The function F : Rn → R, given by F (t) := sin(ln(1 + |t|)), t ∈ Rn,
is quasi-asymptotically almost periodic but not asymptotically uniformly recurrent;
this can be shown as in the one-dimensional case (see [37, Example 3]). Furthermore,
it can be easily shown that F (·) is quasi-asymptotically c-almost periodic for some
c ∈ C \ {0} if and only if c = 1.

In the following result, we show that the notion introduced in the previous
section can be viewed as a particular case of the notion introduced in Definition
3.1(i), under some very reasonable assumptions (in the second part, we can also
consider the situation in which I ′ := ωjej · N for some j ∈ Nn):

Proposition 3.4.
(i) Let ω ∈ I \ {0}, c ∈ C \ {0}, |c| ≤ 1, ω + I ⊆ I and D ⊆ I ⊆ Rn. Set I ′ :=

ω · N. If a continuous function F : I ×X → Y is (S,D,B)-asymptotically
(ω, c)-periodic, then the function F (·; ·) is D-quasi-asymptotically (B, I ′, c)-
-almost periodic.

(ii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + I ⊆ I, Dj ⊆ I ⊆ Rn, the set
Dj be unbounded (1 ≤ j ≤ n) and the set D consisting of all tuples
t ∈ Dn such that t +

∑n
i=j+1 ωiei for all j ∈ Nn−1 be unbounded in Rn.

Set ω :=
∑n
j=1 ωjej, I ′ := ω · N and c :=

∏n
j=1 cj. If F : I × X → Y is

(S,B)-asymptotically (ωj , cj ,Dj)j∈Nn-periodic, |c| ≤ 1 and ω ∈ I, then the
function F (·; ·) is D-quasi-asymptotically (B, I ′, c)-almost periodic.

Proof. The proof of (i) is very similar to the proof of [26, Proposition 3.2]. First
of all, note that our assumptions ω ∈ I \ {0} and D + ω · N0 ⊆ D imply that the
set D is unbounded, whilst the assumptions ω ∈ I \ {0} and ω + I ⊆ I imply
that I ′ is an unbounded subset of I and I + I ′ ⊆ I. Let B ∈ B and ε > 0 be
fixed. Then we can take l = 2|ω| in Definition 3.1(i) since for each t0 = n′ω ∈ I ′,
where n′ ∈ N, there exists τ = nω ∈ B(t0, l) ∩ I ′, with n′ = n + 1. Since the
function F (·; ·) is (S,D,B)-asymptotically (ω, c)-periodic, we have the existence of
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a finite real number M > 0 such that the assumptions |t| > M and t ∈ D imply
‖F (t+ω;x)−cF (t;x)‖ < ε/n for all x ∈ B. Let t ∈ D and |t| > M(ε, τ) ≡M+n|ω|.
Then (3.1) holds since the assumptions t, t + τ ∈ DM(ε,τ) and x ∈ B imply:∥∥F (t + τ ;x)− cF (t;x)

∥∥
Y

≤
n−1∑
k=0
|c|n−k−1

∥∥∥F (t + (k + 1)ω;x)− cF (t + kω;x)
∥∥∥
Y

≤
n−1∑
k=0

∥∥∥F (t + (k + 1)ω;x)− cF (t + kω;x)
∥∥∥
Y
≤ n(ε/n) = ε ,

as claimed. To deduce (ii), it suffices to observe that our assumptions imply by
Proposition 2.7 that the function F (·; ·) is (S,D,B)-asymptotically (ω, c)-periodic,
with ω =

∑n
j=1 ωjej . After that, we can apply the first part of proposition. �

The spaces introduced in Definition 3.1 do not form vector spaces under the
pointwise addition of functions and these spaces are not closed under the pointwise
multiplication with scalar-valued functions of the same type, as is well known in the
one-dimensional case ([30]). The introduced spaces are homogeneous and, under
certain reasonable assumptions, these spaces are translation invariant, invariant
under the homotheties with ratio b > 0 and the reflections at zero with respect
to the first variable; details can be left to the interested readers. Furthermore,
we have the following statements stated here without simple proofs (see also [11,
Proposition 2.7, Proposition 2.8]):

Proposition 3.5.
(i) Suppose that D ⊆ I ⊆ Rn, ∅ 6= I ′ ⊆ I ⊆ Rn, the sets D and I ′ are

unbounded, F : I ×X → C is a continuous function and I + I ′ ⊆ I.
(i) If F (·; ·) is D-quasi-asymptotically (B, I ′, c)-almost periodic and, for

every B ∈ B, there exists a real number cB > 0 such that |F (t;x)| ≥ cB
for all x ∈ B and t ∈ I, then the function 1/F (·; ·) is D-quasi-asympto-
tically (B, I ′, 1/c)-almost periodic.

(ii) F (·; ·) is D-quasi-asymptotically (B, I ′, c)-uniformly recurrent if and
only if for every B ∈ B there exist a sequence (τk) in I ′ and a sequence
(Mk) in (0,∞) such that limk→+∞ |τk| = limk→+∞Mk = +∞ and

lim
k→+∞

sup
t,t+τk∈DMk ;x∈B

∥∥F (t + τk;x)− cF (t;x)
∥∥
Y

= 0 .

(ii) If (Fk(·; ·)) is a sequence of D-quasi-asymptotically (B, I ′, c)-almost perio-
dic functions, resp. D-quasi-asymptotically (B, I ′, c)-uniformly recurrent
functions, such that for each B ∈ B there exists a finite real number εB > 0
such that limk→+∞ Fk(t;x) = F (t;x) for all t ∈ R, uniformly in x ∈ B· ≡
B◦ ∪

⋃
x∈∂B B(x, εB), then the function F (·; ·) is D-quasi-asymptotically

(B, I ′, c)-almost periodic, resp. D-quasi-asymptotically (B, I ′, c)-uniformly
recurrent.
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The proof of following result is very similar to that of Theorem 2.6 and therefore
omitted (the assumption on compact support of function h(·) made in [37] for the
class of quasi-asymptotically uniformly recurrent functions is superfluous):

Theorem 3.6. Suppose that h ∈ L1(Rn), ∅ 6= I ′ ⊆ Rn is unbounded and F :
Rn ×X → Y is a continuous function satisfying that for each B ∈ B there exists a
finite real number εB > 0 such that supt∈Rn,x∈B· ‖F (t, x)‖Y < +∞, where B· ≡
B◦∪

⋃
x∈∂B B(x, εB). Suppose that D = Rn. Then the function (h∗F )(·; ·), given by

(2.1), is well defined and for each B ∈ B we have supt∈Rn,x∈B· ‖(h ∗ F )(t;x)‖Y <
+∞; furthermore, if F (·; ·) is Rn-quasi-asymptotically (B, I ′, c)-almost periodic, resp.
Rn-quasi-asymptotically (B, I ′, c)-uniformly recurrent, then the function (h ∗F )(·; ·)
is likewise Rn-quasi-asymptotically (B, I ′, c)-almost periodic, resp.
Rn-quasi-asymptotically (B, I ′, c)-uniformly recurrent.

Accepting the notation employed in [30] and [37], we have the following (I = R
or I = [0,∞); ω ∈ I):

(i) Suppose that f ∈ SAPω(R : X) ∩ AAA(R : X), resp. f ∈ SAPω(I :
X) ∩AAP (I : X). Then f ∈ APω(R : X), resp. f ∈ APω(I : X).

(ii) Suppose that f ∈ SAPω(R : X) ∩ AA(R : X), resp. f ∈ SAPω(I : X) ∩
AP (I : X). Then f ∈ Cω(R : X), resp. f ∈ Cω(I : X).

(iii) AAA(R : X)∩Q−AAP (R : X) = AAP (R : X) and [AAA(R : X)\AAP (R :
X)] ∩Q−AAP (R : X) = ∅.

(iv) AA(R : X) ∩Q−AAP (R : X) = AP (R : X).
(v) Let F(I : X) be any space of functions h : I → X satisfying that for each

τ ∈ I the supremum formula holds for the function h(·+ τ)− h(·), i.e.,
sup
t∈I
‖h(·+ τ)− h(·)‖ = sup

t∈I, |t|≥a
‖h(·+ τ)− h(·)‖ , a ∈ I .

Then we have: [F(I : X) + C0(I : X)] ∩Q − AUR(I : X) ⊆ AUR(I : X)
and F(I : X) ∩Q−AUR(I : X) ⊆ UR(I : X).

Furthermore, the above statements can be reformulated for the corresponding
Stepanov classes.

We will only note here that these statements admit very simple generaliza-
tions in the multi-dimensional setting. For example, if I = Rn or I = [0,∞)n
and the function F : I → Y is both S-asymptotically (ωj , cj , I)j∈Nn-periodic and
I-asymptotically Bohr (I, 1)-almost periodic, then the function F (·) is (ωj , cj)j∈Nn -
-periodic (see also [37, Example 4], which can be used to provide certain examples of
compactly almost automorphic functions in Rn which are not quasi-asymptotically
uniformly recurrent [11]-[10]). The crucial thing is that the proof of [37, Theorem
1] works in the multi-dimensional setting (see the item (v) above).

4. Stepanov classes of quasi-asymptotically c-almost periodic type
functions

In this section, we investigate the Stepanov classes of quasi-asymptotically
c-almost periodic type functions (the Weyl and Besicovitch generalizations of
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quasi-asymptotically c-almost periodic type functions can be also introduced and
analyzed but we will skip all related details concerning this issue here). We will
always assume that c ∈ C \ {0}, Ω is a fixed compact subset of Rn with positive
Lebesgue measure, ∅ 6= Λ ⊆ Rn satisfies Λ+Ω ⊆ Λ, D ⊆ Λ ⊆ Rn, ∅ 6= Λ′ ⊆ Λ ⊆ Rn,
the sets D and Λ′ are unbounded, as well as Λ + Λ′ ⊆ Λ .

We employ the following conditions:

(MD −B)S : φ : [0,∞)→ [0,∞), p ∈ P(Ω)
F : Λ× (0,∞)× Λ′ → (0,∞),F : Λ× N→ (0,∞)

and F : Λ→ (0,∞) .

We will follow the approach obeyed for introduction of notion in [37, Definition
13–Definition 15], only, in which we do not loose the valuable information about the
translation invariance of introduced spaces (cf. also [37, Definition 10 – Definition
12], where this is not the case):

Definition 4.1. Let (MD −B)S hold.
(i) A function F : Λ×X → Y is called Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-

-asymptotically almost periodic, resp. Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-
-asymptotically uniformly recurrent, if and only if for every B ∈ B and ε > 0
there exists l > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, l) ∩ Λ′
such that there exists a finite real number M(ε, τ) > 0 such that

sup
t∈DM(ε,τ):t+τ∈DM(ε,τ);x∈B

F(t, ε, τ)φ
(∥∥F (·+ t + τ ;x)− cF (·+ t;x)

∥∥
Y

)
Lp(·)(Ω) ≤ ε ,

(4.1)

resp. there exist a strictly increasing sequence (τk) in Λ′ whose norms
tending to plus infinity and a sequence (Mk) of positive real numbers
tending to plus infinity such that

lim
k→+∞

sup
t∈DMk :t+τk∈DMk ;x∈B

F(t, k)φ
(∥∥F (·+ t + τk;x)− cF (·+ t;x)

∥∥
Y

)
Lp(·)(Ω) = 0 .

(ii) Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ Rn and the set
D be unbounded. A function F : Λ × X → Y is said to be Stepanov
[S,Ω,B,D, p, φ, F]-asymptotically (ω, c)-periodic if and only if for each
B ∈ B we have

lim
|t|→+∞,t∈D

F(t)φ
(∥∥F (t + ω + ·;x)− cF (t + ·;x)

∥∥
Y

)
Lp(·)(Ω)

= 0 , uniformly in x ∈ B .

(iii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + Λ ⊆ Λ, Dj ⊆ Λ ⊆ Rn and the set
Dj be unbounded (1 ≤ j ≤ n). A function F : Λ ×X → Y is said to be
[S,Ω,B,D, p, φ, F]-asymptotically (ωj , cj ,Dj)j∈Nn -periodic if and only if for
each j ∈ Nn we have

lim
|t|→+∞,t∈Dj

F(t)φ
(∥∥F (t+ ωjej + ·;x)− cjF (t+ ·;x)

∥∥
Y

)
Lp(·)(Ω)

= 0 , uniformly in x ∈ B .

Definition 4.2. Let (MD −B)S hold.
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(i) A function F : Λ×X → Y is called Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-
-asymptotically almost periodic of type 1, resp. Stepanov-[Ω,B,Λ′,D, p, φ,
F, c]-quasi-asymptotically uniformly recurrent of type 1, if and only if for
every B ∈ B and ε > 0 there exists l > 0 such that for each t0 ∈ Λ′
there exists τ ∈ B(t0, l) ∩ Λ′ such that there exists a finite real number
M(ε, τ) > 0 such that

sup
t∈DM(ε,τ):t+τ∈DM(ε,τ);x∈B

F(t, ε, τ)φ
(∥∥F (·+ t + τ ;x)− cF (·+ t;x)

∥∥
Lp(·)(Ω:Y )

)
≤ ε ,

resp. there exist a strictly increasing sequence (τk) in Λ′ whose norms
tending to plus infinity and a sequence (Mk) of positive real numbers
tending to plus infinity such that

lim
k→+∞

sup
t∈DMk :t+τk∈DMk ;x∈B

F(t, k)φ
(∥∥F (·+ t+τk;x)− cF (·+ t;x)

∥∥
Lp(·)(Ω:Y )

)
= 0 .

(ii) Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ Rn and the set
D be unbounded. A function F : Λ × X → Y is said to be Stepanov
[S,Ω,B,D, p, φ, F]-asymptotically (ω, c)-periodic of type 1 if and only if for
each B ∈ B we have

lim
|t|→+∞,t∈D

F(t)φ
(∥∥F (t + ω + ·;x)− cF (t + ·;x)

∥∥
Lp(·)(Ω:Y )

)
= 0 , uniformly in x ∈ B .

(iii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + Λ ⊆ Λ, Dj ⊆ Λ ⊆ Rn and the set
Dj be unbounded (1 ≤ j ≤ n). A function F : Λ ×X → Y is said to be
[S,Ω,B,D, p, φ, F]-asymptotically (ωj , cj ,Dj)j∈Nn -periodic of type 1 if and
only if for each j ∈ Nn we have

lim
|t|→+∞,t∈Dj

F(t)φ
(∥∥F (t+ ωjej+ ·;x)−cjF (t+ ·;x)

∥∥)
Lp(·)(Ω:Y )

= 0 , uniformly in x ∈ B .

Definition 4.3. Let (MD −B)S hold.
(i) A function F : Λ×X → Y is called Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-

-asymptotically almost periodic of type 2, resp. Stepanov-[Ω,B,Λ′,D, p, φ,
F, c]-quasi-asymptotically uniformly recurrent of type 2, if and only if for
every B ∈ B and ε > 0 there exists l > 0 such that for each t0 ∈ Λ′
there exists τ ∈ B(t0, l) ∩ Λ′ such that there exists a finite real number
M(ε, τ) > 0 such that

sup
t∈DM(ε,τ):t+τ∈DM(ε,τ);x∈B

φ
(
F(t, ε, τ)

∥∥F (·+ t + τ ;x)− cF (·+ t;x)
∥∥
Lp(·)(Ω:Y )

)
≤ ε,

resp. there exist a strictly increasing sequence (τk) in Λ′ whose norms
tending to plus infinity and a sequence (Mk) of positive real numbers
tending to plus infinity such that

lim
k→+∞

sup
t∈DMk :t+τk∈DMk ;x∈B

φ
(
F(t, k)

∥∥F (·+ t + τk;x)− cF (·+ t;x)
∥∥
Lp(·)(Ω:Y )

)
= 0 .

(ii) Let ω ∈ Rn \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ Rn and the set
D be unbounded. A function F : Λ × X → Y is said to be Stepanov
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[S,Ω,B,D, p, φ, F]-asymptotically (ω, c)-periodic of type 2 if and only if for
each B ∈ B we have

lim
|t|→+∞,t∈D

φ
(

F(t)
∥∥F (t + ω + ·;x)− cF (t + ·;x)

∥∥
Lp(·)(Ω:Y )

)
= 0, uniformly in x ∈ B .

(iii) Let ωj ∈ R \ {0}, cj ∈ C \ {0}, ωjej + Λ ⊆ Λ, Dj ⊆ Λ ⊆ Rn and the set
Dj be unbounded (1 ≤ j ≤ n). A function F : Λ ×X → Y is said to be
[S,Ω,B,D, p, φ, F]-asymptotically (ωj , cj ,Dj)j∈Nn -periodic of type 2 if and
only if for each j ∈ Nn we have

lim
|t|→+∞,t∈Dj

φ
(

F(t)
∥∥F (t + ωjej+ ·;x)−cjF (t+ ·;x)

∥∥
Lp(·)(Ω:Y )

)
=0, uniformly in x ∈ B .

Remark 4.4. If D+Λ′ ⊆ D (this is always true provided that D = Λ due to our stan-
ding assumption), then it is irrelevant whether we will write supt∈DMk :t+τk∈DMk

·
or only supt∈DMk

· in Definition 4.1(ii); a similar comment holds for the notion
introduced in Definition 4.1(i), Definition 4.2 and Definition 4.3.

Without any doubt, the most intriguing case is that in which we have p(x) ≡
p ∈ [1,∞), φ(x) ≡ x, Ω = [0, 1]n, and the functions F, F, F are identically equal to
one. In this case, we can simply reformulate a great number of statements clarified
by now for the Stepanov classes of functions introduced in this section by using
the notion of multi-dimensional Bochner transform from [12]. More precisely, for a
given function F : Λ×X → Y, we define its multi-dimensional Bochner transform
F̂Λ : Λ×X → Y Ω by[

F̂Λ(t;x)
]
(u) := F (t + u;x) , t ∈ Λ, u ∈ Ω, x ∈ B ;

here, Y Ω denotes the collection of all functions f : Ω → Y . If F̂Ω : Λ × X →
Lp(u)(Λ : Y ) is well defined and continuous, then the function F : Λ × X → Y
will be, e.g., Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-asymptotically almost periodic
if and only if the function F̂Ω : Λ×X → Lp(u)(Λ : Y ) is D-quasi-asymptotically
(B,Λ′, c)-almost periodic. In the case that the functions F, F , F are only bounded
and not necessarily identically equal to one, then we can simply transfer the
statements of [37, Proposition 4, Corollary 1] to the multi-dimensional setting.
Details can be left to the interested readers.

Using the trivial inequalities and Lemma 1.1, we can clarify a great number of
inclusions for the introduced classes of functions (see [37] for more details given
in the one-dimensional setting); for example, using Lemma 1.1(iv) and a simple
argumentation, we may deduce the following:

Proposition 4.5. Let a function F : Λ×X → Y be Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-
-quasi-asymptotically almost periodic, resp. Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-
-asymptotically uniformly recurrent, and let A ∈ L(Y, Z). Then AF : Λ×X → Z is
likewise Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-asymptotically almost periodic, resp.
Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-asymptotically uniformly recurrent.

The main result of this section, Theorem 4.6, can be reworded for all other classes
of functions introduced in Definition 4.1(ii)–(iii), Definition 4.2 and Definition 4.3:
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Theorem 4.6. Let a function F : Rn ×X → Y be Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-
-quasi-asymptotically almost periodic, resp. Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-quasi-
-asymptotically uniformly recurrent, where Ω = [0, 1]n, D = Rn, φ : [0,∞)→ [0,∞)
is a convex, monotonically increasing function which additionally satisfies condition

(F) There exists a function ϕ : [0,∞)→ [0,∞) such that φ(xy) ≤ ϕ(x)φ(y) for
all x, y ≥ 0.

Let h ∈ L1(Rn) and let for each set B ∈ B we have supt∈Rn;x∈B ‖F (t;x)‖Y <∞.
Suppose that there exists a continuous function g : [0,∞)→ [0,∞) with g(0) = 0
and a sequence (ak)k∈Zn of strictly increasing positive reals such that

∑
k∈Zn ak = 1

and for each ε > 0 and τ ∈ Λ′, resp. for each n ∈ N and τ ∈ Λ′, there exists
M ′(ε, τ) > 0, resp. M ′(n, τ) > 0, such that for each t ∈ Rn with |t| ≥ M ′(ε, τ),
resp. |t| ≥M ′(n, τ), we have

∫
[0,1]n

ϕp(u)

(
F1(t, ε, τ)

(
ϕ(2)

∑
k∈Zn

akϕ(a−1
k )
[
ϕ(|h(t− σ − k)|)

]
Lq(σ)(Ω)

F(u + k, ε, τ) + g(ε)
))

du ≤ 1 ,

(4.2)

resp.

∫
[0,1]n

ϕp(u)

(
F1(t, n)

(
ϕ(2)

∑
k∈Zn

akϕ(a−1
k )
[
ϕ(|h(t− σ − k)|)

]
Lq(σ)(Ω)

F(u + k, n) +g(1/n)
))

du ≤ 1 .

Then the function (h∗F )(·; ·) is Stepanov-[Ω,B,Λ′,D, p, φ,F1, c]-quasi-asymptotically
almost periodic, resp. Stepanov-[Ω,B,Λ′,D, p, φ,F1, c]-quasi-asymptotically uni-
formly recurrent.

Proof. We will prove the result only for the class of Stepanov-[Ω,B,Λ′,D, p, φ,F, c]-
-quasi-asymptotically almost periodic functions. It is clear that the function (h ∗
F )(·; ·) is well defined. Let ε > 0 and B ∈ B be fixed. Due to our assumption, there
exists l > 0 s.t. for each t0 ∈ Λ′ there exists τ ∈ B(t0, l) ∩ Λ′ s.t. there exists a
finite real number M(ε, τ) > 0 s.t. (4.1) holds. Let such a point τ be fixed. Then we
know that there exists M ′(ε, τ) > 0 such that for each t ∈ Rn with |t| ≥M ′(ε, τ)
we have (4.2). Let M1(ε, τ) ≥M(ε, τ) +M ′(ε, τ) + |τ |. Arguing as in the proof of
Theorem 2.6, the continuity of function φ(·) at the point t = 0 implies that there
exists a finite real number M3(ε, τ) ≥M1(ε, τ) such that

ϕ
(
2cB

)1
2φ
(∫
|σ|≤M2(ε,τ)

|h(t− σ)| dσ
)
≤ εg(ε) .(4.3)

Keeping in mind (4.2) and the definition of norm in Lp(·)(Ω), with λ = ε/F1(t, ε, τ)
and the meaning clear, it suffices to show that, for every fixed element x ∈ B and
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for every fixed point t ∈ Rn with |t| ≥M4(ε, τ) ≡M3(ε, τ) + |τ |, we have:

φ
(∥∥(h ∗ F )(t + u + τ ;x)− c(h ∗ F )(t + u;x)

∥∥
Y

)
= φ

(∥∥∥∫
Rn
h(t− σ) ·

[
F (σ + u + τ ;x)− cF (σ + u;x)

]
dσ
∥∥∥
Y

)
(4.4)

≤ εϕ(2)
∑
k∈Zn

akϕ(a−1
k )
[
ϕ(|h(t− σ − k)|)

]
Lq(σ)(Ω)

F(u + k, ε, τ) + εg(ε) .(4.5)

Towards this end, observe first that there exists a finite constant cB > 0 such that
(see (4.4)):

φ

(∥∥∫
Rn
h(t− σ) ·

[
F (σ + u + τ ; x)− cF (σ + u; x)

]
dσ
∥∥
Y

)
≤ φ

(
2

1
2

∫
|σ|≥M4(ε,τ)

|h(t− σ)|
∥∥F (t + σ + τ ; x)− cF (u + σ)

∥∥
Y
dσ +

cB

2

∫
|σ|≤M4(ε,τ)

|h(t− σ)| dσ

)
≤ ϕ(2)

1
2
φ

(∫
|σ|≥M4(ε,τ)

|h(t− σ)|
∥∥F (t + σ + τ ; x)− cF (u + σ)

∥∥
Y
dσ

)
+ ϕ
(

2cB
) 1

2
φ

(∫
|σ|≤M4(ε,τ)

|h(t− σ)| dσ

)
.

Then (4.5) follows from the last estimate, (4.3) and the next computation involving
the Jensen inequality:

φ
(∫
|σ|≥M4(ε,τ)

|h(t− σ)|
∥∥F (t + σ + τ ;x)− cF (u + σ)

∥∥
Y
dσ
)

= φ
(∑
k∈Zn

ak

∫
σ∈k+Ω;|σ|≥M4(ε,τ)

a−1
k |h(t− σ)|

∥∥F (t + σ + τ ;x)− cF (u + σ)
∥∥
Y
dσ
)

≤
∑
k∈Zn

akϕ
(
a−1
k

) ∫
σ∈Ω;|σ+k|≥M4(ε,τ)

ϕ(|h(t− σ)|)
∥∥F (t + σ + τ ;x)− cF (u + σ)

∥∥
Y
dσ
)
,

and a simple application of the Hölder inequality after that. �

5. Multi-dimensional Weyl c-almost periodic type functions

In this section, we will introduce and analyze the multi-dimensional Weyl
c-almost periodic type functions following our approach obeyed in [22, Definition
2.4–Definition 2.6], with c = 1 (see also [22, Definition 2.1–Definition 2.3]); we will
always assume that the following condition holds:

(WM2): ∅ 6= Λ ⊆ Rn, ∅ 6= Λ′ ⊆ Rn, ∅ 6= Ω ⊆ Rn is a Lebesgue measurable set
such that m(Ω) > 0, p ∈ P(Ω), Λ′ + Λ + lΩ ⊆ Λ, Λ + lΩ ⊆ Λ for all l > 0,
φ : [0,∞)→ [0,∞) and F : (0,∞)× Λ→ (0,∞).

Definition 5.1.
(i) By e−W [p(u),φ,F,c]

Ω,Λ′,B (Λ×X : Y ) we denote the set consisting of all functions
F : Λ × X → Y such that, for every ε > 0 and B ∈ B, there exist two
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finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there exists
τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

lnF(l, t)φ
(∥∥F (t + τ + lu;x)− cF (t + lu;x)

∥∥
Y

)
Lp(u)(Ω)

< ε .

(ii) By W
[p(u),φ,F,c]
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting of all functions

F : Λ×X → Y such that, for every ε > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

lnF(l, t)φ
(∥∥F (t + τ + lu;x)− cF (t + lu;x)

∥∥
Y

)
Lp(u)(Ω:Y )

< ε .

Definition 5.2.
(i) By e−W [p(u),φ,F,c]1

Ω,Λ′,B (Λ×X : Y ) we denote the set consisting of all functions
F : Λ × X → Y such that, for every ε > 0 and B ∈ B, there exist two
finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there exists
τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

lnF(l, t)φ
(∥∥F (t + τ + lu;x)− cF (t + lu;x)

∥∥
Lp(u)(Ω:Y )

)
< ε .

(ii) By W
[p(u),φ,F,c]1
Ω,Λ′,B (Λ ×X : Y ) we denote the set consisting of all functions

F : Λ×X → Y such that, for every ε > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

lnF(l, t)φ
(∥∥F (t + τ + u;x)− cF (t + u;x)

∥∥
Lp(u)(lΩ:Y )

)
< ε .

Definition 5.3.
(i) By e−W [p(u),φ,F,c]2

Ω,Λ′,B (Λ×X : Y ) we denote the set consisting of all functions
F : Λ × X → Y such that, for every ε > 0 and B ∈ B, there exist two
finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there exists
τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

φ
(
lnF(l, t)

∥∥F (t + τ + lu;x)− cF (t + lu;x)
∥∥
Lp(u)(Ω:Y )

)
< ε .

(ii) By W
[p(u),φ,F,c]2
Ω,Λ′,B (Λ ×X : Y ) we denote the set consisting of all functions

F : Λ×X → Y such that, for every ε > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

φ
(
lnF(l, t)

∥∥F (t + τ + lu;x)− cF (t + lu;x)
∥∥
Lp(u)(Ω:Y )

)
< ε .

It is clear that the notion from the second parts of the above definitions extends
the corresponding notion from the first parts of these definitions. Using the Jensen
integral inequality, we can clarify certain embedding results between the introduced
spaces, provided that the function φ(·) is convex (concave); see [22, 34] for more
details. The statement of Proposition 2.5 can be formulated for some classes of
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functions introduced in the fourth section and the above three definitions; this
could be also left to the interested readers to make precise.

In many concrete situations, the situation in which Λ′ 6= Λ can occur:

Example 5.4 (see e.g., [29, Example 2.12(i)] and [22, Example 3.1]). Suppose
that the complex-valued mapping t 7→ gj(s) ds, t ∈ R is essentially bounded and
(equi-)Weyl-(p, c)-almost periodic (1 ≤ j ≤ n). Define

F
(
t1, . . . , t2n

)
:=

n∏
j=1

[
gj
(
tj+n

)
− gj

(
tj
)]
, where tj ∈ R for 1 ≤ j ≤ 2n ,

and Λ′ := {(τ, τ) : τ ∈ Rn}. Arguing similarly is [11, Example 2.13(ii)], we can
show that the function F (·) belongs to the class (e−)W [p,x,l−n/p,c]

[0,1]n,Λ′ (R2n : C).

It is clear that all introduced spaces are invariant under the pointwise multipli-
cations with complex scalars provided that condition (F) holds. The translation
invariance of spaces introduced in Definition 5.1 and Definition 5.2 holds provided
that, for every τ ∈ Λ, we have

sup
l>0,t∈Λ

F(l, t)
F(l, t + τ) < +∞ ,

while the translation invariance of spaces introduced in Definition 5.3 holds provided
this condition and condition (F). The interested reader may try to formulate
sufficient conditions which ensure that the introduced function spaces are invariant,
in a certain sense, under the operations of form F (·; ·) 7→ F (b·; b′·), where b > 0 and
b′ ∈ C \ {0} (see also the item (iii) in the paragraph following [22, Example 2.8]).
Furthermore, it can be simply shown that for any scalar-valued function F (·; ·)
which is bounded away from zero on elements of the collection B, the function
1/F (·; ·) is well defined and belongs to the same space of functions as F (·; ·), with
the constant c replaced by 1/c in the corresponding space and the meaning clear
(see also [26, Theorem 2.1]).

The conclusions from the following result can be also formulated for the classes
of functions introduced in Definition 5.2 and Definition 5.3 (cf. [26, Proposition
2.1–Proposition 2.2] for the one-dimensional case):

Proposition 5.5.
(i) Suppose that the function φ(·) is monotonically increasing and F ∈ (e−)

W
[p(u),φ,F,c]
Ω,Λ′,B (Λ×X : Y ). Then we have ‖F (·; ·)‖Y ∈ (e−)W [p(u),φ,F,|c|]

Ω,Λ′,B (Λ×
X : Y ).

(ii) Suppose that F ∈ (e−)W [p(u),φ,F,c]
Ω,Λ′,B (Λ × X : Y ). Then we have F̌ ∈

(e−)W [p1(u),φ,F1,c]
−Ω,−Λ′,B ((−Λ) × X : Y ), where p1(·) := p(−·) and F1(·; ·) :=

F(·;−·).

Proof. The proof of (i) simply follows from Lemma 1.1(iii), our assumption that
the function φ(·) is monotonically increasing and the inequality∣∣∣∥∥F (t + τ + lu;x)

∥∥
Y
− |c|

∥∥F (t + lu;x)
∥∥
Y

∣∣∣ ≤ ∥∥F (t + τ + lu;x)− cF (t + lu;x)
∥∥
Y
,
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with the notation and meaning clear. The proof of (ii) follows from the chain rule,
the definition of norm in Lp1(·)(−Ω) and the next equalities:

l
nF(l,−t)

[
φ
(∥∥F (−t− τ − lu; x)− cF (−t− lu; x)

∥∥
Y

)]
Lp1(·)(−Ω)

= l
nF(l,−t) inf

{
λ > 0 :

∫
−Ω

ϕp(−u)

(
φ
(
‖F (−t− τ − lu; x)− cF (−t− lu; x)‖Y

)
λ

)
du ≤ 1

}
= l

nF(l,−t) inf
{
λ > 0 :

∫
Ω

ϕp(u)

(
φ
(
‖F (−t− τ + lu; x)− cF (−t + lu; x)‖Y

)
λ

)
du ≤ 1

}
,

with the notation and meaning clear. �

In what follows, we will extend the statements of [26, Proposition 2.3, Corollary
2.1, Proposition 2.4] to the multi-dimensional setting:

Theorem 5.6. Suppose that the function F(·; ·) does not depend on the second
argument.

(i) Suppose that m ∈ N, jΛ′ + Λ + lΩ ⊆ Λ for all l ≥ 0 and j ∈ N, as well as
that condition (F) holds and there exists a finite real constant cm > 0 such
that

φ
(
x1 + · · ·+ xm

)
≤ cm

[
φ
(
x1
)

+ · · ·+ φ
(
xm
)]
, xi ≥ 0

(
i ∈ Nm

)
.(5.1)

Suppose, further, that F ∈ (e−)W [p(u),φ,F,c]
Ω,Λ′,B (Λ×X : Y ), resp.

F ∈ (e−)W [p(u),φ,F,c]i
Ω,Λ′,B (Λ×X : Y ) for i = 1, 2. Then F ∈ (e−)W [p(u),φ,F,cm]

Ω,mΛ′,B

(Λ ×X : Y ), resp. F ∈ (e−)W [p(u),φ,F,cm]i
Ω,mΛ′,B (Λ ×X : Y ) provided i = 1, 2,

and the function φ(·) is monotonically increasing.
(ii) Suppose that m ∈ 2Z \ {0}, p ∈ N, (m,n) = 1, |c| = 1 and arg(c) = πm/p

[m ∈ 2Z + 1, p ∈ N, (m,n) = 1, |c| = 1 and arg(c) = πm/p], m ∈ N,
jΛ′+Λ+ lΩ ⊆ Λ for all l ≥ 0 and j ∈ N, as well as that condition (F) holds
and there exists a finite real constant cm > 0 such that (5.1) holds. If F ∈
(e−)W [p(u),φ,F,c]

Ω,Λ′,B (Λ×X : Y ), resp. F ∈ (e−)W [p(u),φ,F,c]i
Ω,Λ′,B (Λ×X : Y ) for i =

1, 2, then F ∈ (e−)W [p(u),φ,F,1]
Ω,mΛ′,B (Λ×X : Y ) [F ∈ (e−)W [p(u),φ,F,−1]

Ω,mΛ′,B (Λ×X :
Y )], resp. F ∈ (e−)W [p(u),φ,F,1]i

Ω,mΛ′,B (Λ×X : Y ) [F ∈ (e−)W [p(u),φ,F,−1]i
Ω,mΛ′,B (Λ×

X : Y )], provided i = 1, 2 and the function φ(·) is monotonically increasing.
(iii) Suppose that |c| = 1, arg(c) /∈ πQ, jΛ′ + Λ + lΩ ⊆ Λ for all l ≥ 0 and

j ∈ N, as well as that condition (F) holds and for each m ∈ N there exists
a finite real constant cm > 0 such that (5.1) holds. Let the function ϕ(·)
be continuous at zero. Suppose, further, that F ∈ (e−)W [p(u),φ,F,c]

Ω,Λ′,B (Λ ×
X : Y ), resp. F ∈ (e−)W [p(u),φ,F,c]i

Ω,Λ′,B (Λ × X : Y ) for i = 1, 2. Then
F ∈ (e−)W [p(u),φ,F,c′]

Ω,Λ′,B (Λ × X : Y ), provided that for each set B ∈ B the
following condition holds

sup
l>1,t∈Λ;x∈B

lnF(l)
[
φ
(
‖F (t + lu;x)‖Y

)]
Lp(u)(Ω)

< +∞ ,(5.2)
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resp. F ∈ (e−)W [p(u),φ,F,c′]1
Ω,Λ′,B (Λ ×X : Y ) [F ∈ (e−)W [p(u),φ,F,c′]2

Ω,Λ′,B (Λ ×X :
Y )] provided that the function φ(·) is monotonically increasing and for each
set B ∈ B the following condition holds

sup
l>1,t∈Λ;x∈B

lnF(l)φ
(
‖F (t + lu;x)‖Lp(u)(Ω:Y )

)
< +∞

[
sup

l>1,t∈Λ;x∈B
φ
(
lnF(l)‖F (t + lu;x)‖Lp(u)(Ω:Y )

)
< +∞

]
.

Proof. We will prove the statements (i) and (iii) for the class (e−)W [p(u),φ,F,c]
Ω,Λ′,B (Λ×

X : Y ), only. Clearly, we have the following decomposition (t ∈ Λ; u ∈ Ω; l > 0):

F (t +mτ + lu;x)− cmF (t + lu;x)

=
m−1∑
j=0

cj
[
F (t + (m− j)τ + lu;x)− cmF (t + (m− j − 1) + lu;x)

]
.

Therefore, our assumptions imply

φ
(∥∥F (t +mτ + lu;x)− cmF (t + lu;x)

∥∥
Y

)
Lp(u)(Ω)

≤ cm
m−1∑
j=0

ϕ
(
cj
)
φ
(∥∥F (t + (m−j)τ+lu;x)− cmF (t + (m−j−1)τ + lu;x)

∥∥
Y

)
Lp(u)(Ω)

and t+(m−j−1)τ ∈ Λ for all t ∈ Λ and 0 ≤ j ≤ m−1. The final conclusion of (i)
simply follows from the above. To prove (iii), it should be only recalled that the set
{cm : m ∈ N} is dense in the unit circle S1 ≡ {z ∈ C : |z| = 1} so that there exists
a strictly increasing sequence (lk) of positive integers such that liml→+∞ clk = c′.
Then the conclusion follows similarly as in the proof of [26, Proposition 2.3], by
applying the first part of this theorem, our assumption with m = 2 and the estimate
(5.2). �

In what follows, we will revisit once more [26, Example 2.1–Example 2.2] and
[22, Example 2.7–Example 2.8]:

Example 5.7. Let Ω = [0, 1]n.
(i) Suppose that ∅ 6= K ⊆ Rn and F (t) := χK(t), t ∈ Rn. We will prove that

for each p ∈ D+(Ω) and c ∈ C \ {0} we have F ∈ e−W [p(u),x,l−σ,c]
Ω,Rn (Rn : C).

Keeping in mind Lemma 1.1(ii), we get that (τ ∈ Rn; l > 0):

sup
t∈Rn

ln−σ
∥∥∥χK(t + τ + lu)− cχK(t + lu)

∥∥∥
Lp(u)(Ω)

≤ 4 sup
t∈Rn

ln−σ
∥∥∥χK(t + τ + lu)− cχK(t + lu)

∥∥∥
Lp+ (Ω)

= 4 sup
t∈Rn

l−σ
∥∥∥χK(t + τ + u)− cχK(t + u)

∥∥∥
Lp+ (lΩ)



248 M. KOSTIĆ

≤ 4 sup
t∈Rn

l−σ
[∥∥χK(·)

∥∥
Lp+ (lΩ∩[K−t−τ ]) + |c|

∥∥χK(·)
∥∥
Lp+ (lΩ∩[K−t])

]
≤ 4l−σ(1 + |c|)m(K) .

This simply implies the required.
(ii) Set F (t) := χ[0,∞)n(t), t ∈ Rn. In [22, Example 2.8], we have proved that
F ∈W [p,x,l−σ,1]

Ω,Rn (Rn : C) if and only if σ > (n− 1)/p, as well as that there is
no σ > 0 such that F ∈ e−W [p,x,l−σ,1]

Ω,Rn (Rn : C); similarly, we have that there
is no σ > 0 and c ∈ C \ {0} such that F ∈ e−W [p,x,l−σ,c]

Ω,Rn (Rn : C). Since

sup
t∈Rn

∥∥∥χ[0,∞)n(t + τ + lu)− cχ[0,∞)n(t + lu)
∥∥∥
Lp(Ω)

≥ |1− c| ,

as easily approved, we get that there is no c ∈ C \ {0, 1} such that F ∈
W

[p,x,l−σ,c]
Ω,Rn (Rn : C) for n ≥ σ > (n− 1)/p. This is also the optimal result we

can obtain because for any σ > 0 and any essentially bounded function F (·)
we have F ∈ e−W [p,x,l−σ,c]

Ω,Rn (Rn : C).

Regarding the convolution invariance of spaces introduced in this section, we
will clarify just one result for the class (e−)W [p(u),φ,F,c]

Ω,Λ′,B (Λ×X : Y ); the proof is
almost the same as the proof of [22, Theorem 2.9] and therefore omitted:
Theorem 5.8. Suppose that φ : [0,∞) → [0,∞) is a convex monotonically in-
creasing function satisfying condition (F). Suppose, further, that h ∈ L1(Rn),
Ω = [0, 1]n, F ∈ (e−)W [p(u),φ,F,c]

Ω,Λ′,B (Rn ×X : Y ), 1/p(u) + 1/q(u) = 1, and for each
x ∈ X we have supt∈Rn ‖F (t;x)‖Y <∞. If F1 : (0,∞)×Rn → (0,∞), p1 ∈ P(Rn)
and if, for every t ∈ Rn and l > 0, there exists a sequence (ak)k∈lZd of positive real
numbers such that

∑
k∈lZn ak = 1 and∫

Ω
ϕp1(u)

(
2
∑
k∈lZn

akl
−n
[
ϕ
(
a−1
k lnh(k − lv)

)]
Lq(v)(Ω)

F1(l, t)
[
F(l, t + lu− k)

]−1
)
du ≤ 1 ,

then h ∗ F ∈ (e−)W [p1(u),φ,F1,c]
Ω,Λ′,B (Rn ×X : Y ).

If p ∈ [1,∞), then any Stepanov (p, c)-quasi-asymptotically almost periodic func-
tion is Weyl-(p, c)-almost periodic (see [26, Proposition 3.3]), which also holds for
the corresponding classes of uniformly recurrent functions. In the one-dimensional
setting, the generalized Weyl uniform recurrence in Lebesgue spaces with variable
exponents has been thoroughly analyzed in [37, Section 2]. This notion can be also
introduced and analyzed in the multi-dimensional setting; for the sake of brevity,
we will only mention the following notion here: Let (WM2) hold. Then we say
that a function F : Λ × X → Y is Weyl-[Ω,B,Λ′, p, φ,F, c]-uniformly recurrent
if and only if for each set B ∈ B we can find a sequence (τk) in Λ′ such that
limk→+∞ |τk| = +∞ as well as that

lim
k→+∞

lim sup
l→+∞

sup
t∈Λ;x∈B

[
F(l, t)φ

(
‖F (·l + t + τk;x)− cF (·l + t;x)‖Y

)
Lp(·)(Ω)

]
= 0 .
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The above-mentioned result about the set-theoretical embedding of space of
Stepanov (p, c)-quasi-asymptotically almost periodic functions into the space of
Weyl-(p, c)-almost periodic functions can be generalized in many different directions;
in [37, Proposition 6], e.g., we have shown that any Stepanov-(p, φ, F )-quasi-asym-
ptotically uniformly recurrent function is Weyl-(p(x), φ, F1)-uniformly recurrent
under certain assumptions. This result can be formulated in the multi-dimensional
setting but we will consider here only the constant coefficient case p(·) ≡ p ∈ [1,∞)
for brevity:

Proposition 5.9. Suppose that (MD−B)S holds and a function F : Λ×X → Y
is Stepanov-[Ω,B,Λ′,Λ, p, φ,F, c]-quasi-asymptotically uniformly recurrent. If F1 :
(0,∞)× Λ→ (0,∞) satisfies

lim
k→+∞

lim sup
l→+∞

sup
t∈Λ

F1(l, t)
∑

a∈Zn∩[0,l]n

1
F (t + a, k) <∞

and
lim

l→+∞
sup
t∈Λ

F1(l, t) = 0,

then the function F (·; ·) is Weyl-[Ω,B,Λ′, p, φ,F, c]-uniformly recurrent.

We close this section with the observation that the notion introduced in [22,
Definition 3.17] can be also analyzed following the approach employed here, by
replacing the corresponding differences ‖ ·−·‖ in definitions with a general constant
c ∈ C \ {0} and the differences ‖ · −c · ‖.

6. Applications to the abstract Volterra integro-differential
equations

This section is devoted to some applications of our abstract theoretical results
to the abstract Volterra integro-differential equations.

1. We start by noting that all established applications made in the fourth section
of [22], including applications to the d’Alembert formula, the Gaussian semigroups
in Rn and the nonautonomous differential equations of the first order, can be
straightforwardly formulated for the corresponding classes of multi-dimensional
(equi-)Weyl c-almost periodic type functions considered in this paper. In this part,
we will present the following illustrative application of Theorem 4.6, only: Let Y
be one of the spaces Lp(Rn), C0(Rn) or BUC(Rn), where 1 ≤ p < ∞. Then the
Gaussian semigroup

(G(t)F )(x) :=
(
4πt
)−(n/2)

∫
Rn
F (x− y)e−

|y|2
4t dy, t > 0, f ∈ Y, x ∈ Rn

can be extended to a bounded analytic C0-semigroup of angle π/2, generated by
the Laplacian ∆Y acting with its maximal distributional domain in Y. Suppose
now that t0 > 0 is a fixed real number, Ω = [0, 1]n, D = Λ = Rn and the function
F : Rn → C is Stepanov-[Ω,Λ′,Rn, p, x,F, c]-quasi-asymptotically almost periodic,
resp. Stepanov-[Ω,Λ′,Rn, p, x,F, c]-quasi-asymptotically uniformly recurrent. Then
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the function x 7→ (G(t0)F )(x), x ∈ Rn is Stepanov-[Ω,Λ′,Rn, p, x,F1, c]-quasi-asym-
ptotically almost periodic, resp. Stepanov-[Ω,Λ′,Rn, p, x,F1, c]-quasi- asymptotica-
lly uniformly recurrent provided that there exists a continuous function g : [0,∞)→
[0,∞) with g(0) = 0 such that for each ε > 0 and τ ∈ Λ′, resp. for each n ∈ N and
τ ∈ λ′, there exists M(ε, τ) > 0, resp. M(n, τ) > 0, such that for each t ∈ Rn with
|t| ≥M(ε, τ), resp. |t| ≥M(n, τ), we have∫

[0,1]n

[
F1(t, ε, τ)

(∑
k∈Zn

e−|t−k|
2

F(u + k, ε, τ) + g(ε)
)]p

du ≤ 1 ,

resp. ∫
[0,1]n

[
F1(t, n)

(∑
k∈Zn

e−|t−k|
2

F(u + k, n) + g(1/n)
)]p

du ≤ 1 .

However, this is a pure theoretical condition which cannot be so simply verified in
some practical situations; see also Theorem 2.6 and Theorem 3.6 which can be also
applied here.

2. Concerning the regular solutions of the inhomogeneous wave equations given
by the d’Alembert formula, we would like to note that the analysis carried out in
the issues [35, 2.2–2.3, Section 4] can be also used to justify the introduction of
notion in Definition 2.1 and Definition 2.2. More precisely, suppose that ω ∈ R\{0},
k ∈ N and c ∈ C \ {0} satisfies ck−1 = 1. Recall that the regular solution of the
wave equation utt = a2uxx in domain {(x, t) : x ∈ R, t > 0}, equipped with the
initial conditions u(x, 0) = f(x) ∈ C2(R) and ut(x, 0) = g(x) ∈ C1(R), is given by
the famous d’Alembert formula

u(x, t) = 1
2
[
f(x− at) + f(x+ at)

]
+ 1

2a

∫ x+at

x−at
g(s) ds, x ∈ R, t > 0.

Suppose that D is any unbounded set in the plane R2 such that (g[1](·) ≡
∫ ·

0 g(s) ds):

lim
|(x,t)|→+∞,(x,t)∈D

[
|f(x− at+ ω)− cf(x− at)|+

∣∣∣g[1](x− at+ ω)− cg[1](x− at)
∣∣∣

+
k∑
j=1

(
|f(x+ at+ jω)− cf(x+ at+ (j − 1)ω)|

+
∣∣∣g[1](x+ at+ jω)− cg[1](x+ at+ (j − 1)ω)

∣∣∣)] = 0 ,

as well as that
ω1 := 1 + k

2 ω and ω2 := k − 1
2a ω .

Then (ω1, ω2) 6= (0, 0), ω1 − aω2 = ω, ω1 + aω2 = kω, ck = c and a simple use of
the estimate∣∣∣f(x+ kω)− ckf(x)

∣∣∣ ≤ k∑
j=1
|f(x+ jω)− cf(x+ (j − 1)ω)|, x ∈ R
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shows that the function (x, t) 7→ u(x, t), (x, t) ∈ R2 is (S,D)-asymptotically
(ω, c)-periodic. In the particular case a = 1 and D := {(x, t) ∈ R2 : x ≥ 0, t ≥
0, x ≥ t2 + 1}, e.g., it suffices to assume that the restrictions of functions f(·) and
g[1](·) to the interval [0,∞) are S-asymptotically (ω, c)-periodic in the sense of [26,
Definition 3.1].

3. Concerning the composition theorems and applications to semilinear Cauchy
problems, we may refer, e.g., to [8, Theorem 3.5, Theorem 3.6], [26, Theorem 3.3,
Theorem 3.4] and [29, Theorem 2.19] for some results known in the one-dimensional
setting so far. The proofs of all these results are very elementary and we will only
reconsider here the semilinear Hammerstein integral equation of convolution type
on Rn (cf. the last application of [29, Section 3]). By the foregoing, we know that
the space SP (Rn : X) of all semi-periodic functions F : Rn → X is convolution
invariant (it is not a Banach space but only a complete metric space). Since the
composition principle [31, Theorem 2.9.51] admits a straightforward extension to
the multi-dimensional setting, we are able to show that, under certain assumptions,
the following semilinear Hammerstein integral equation

y(t) =
∫

Rn
k(t− s)G(s, y(s)) ds, t ∈ Rn ,(6.1)

where G : Rn ×X → X is semi-(cj ,B)j∈Nn -periodic with B being the collection of
all bounded subsets of X and cj = 1 for all j ∈ Nn, has a unique semi-periodic
solution. Let us assume that there exists a finite real constant L > 0 such that∥∥G(t; y)−G

(
t; y′

)∥∥
X
≤ L

∥∥y − y′∥∥
X
, t ∈ Rn, y ∈ X, y′ ∈ X.

It can be simply shown that for any semi-periodic function y : Rn → X we have
that the mapping t 7→ G(t; y(t)), t ∈ Rn is semi-periodic, as well. Since the space of
semi-periodic functions in Rn is convolution invariant, it follows that the mapping

SP (Rn : X) 3 y 7→
∫

Rn
k(· − s)G(s, y(s)) ds ∈ SP (Rn : X)

is well defined. If we assume that L
∫

Rn |k(t)| dt < 1, then the use of Banach
contraction principle yields that there exists a unique solution of (6.1) which
belongs to the space SP (Rn : X).
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