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Abstract. Some authors [1], [2], [3], [4], [5] have studied the
holomorphically at curves in Kaehler spaces and the mappings be-
tween Kaehler spaces preserving such curves which are called holo-
morphically projective mappings. In the present paper we treat a
holomorphically projective mapping of a Kaehler-Codazzi space [6]
onto another Kaehler space. A similar problem was investigated
by Sobchuk in Riemann spaces [7].
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1. Introduction

Let Kn(g; F ) be an n(= 2m) dimensional Kaehler space, where g is
a Riemann metric and F is a complex structure in Kn satisfying the
following conditions [4], [6]:
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(We denote the covariant derivation in Kn by \,".)1

The holomorphically at curves are de�ned by a di�erential equation
of the form
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where � i
jk are the Cristo�el symbols of the fundamental tensor gij.

De�nition 1. ([3], [4]) A di�eomorphism of a Kaehler space Kn(g; F )
to another Kaehler space ~Kn(~g; ~F ) is called a holomorphically projec-
tive mapping if it maps an arbitrary holomorphically at curve of Kn

onto a holomorphically at curve of ~Kn and F = ~F , i.e. if it preserves
the complex structure.
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De�nition 2. ([6]) A Kaehler space is called a Kaehler-Codazzi space
K � Cn if its Ricci tensor satis�es the condition

Rij;k = Rik;j:(1)

The main purpose of the present paper if to prove the following

Theorem. If an n-dimensional Kaehler-Codazzi space K�Cn (n > 2)
has a nontrivial holomorphically projective mapping onto another n-
dimensional Kaehler space (i.e. the K � Cn admits a holomorphically
projective mapping) then K � Cn is a Kaehler-Einstein space.

We will use the following results (V.V. Domashev and J. Mikesh [5]):

(A) A Kaehler space Kn has a nontrivial holomorphically projective
mapping to another Kaehler space i� in Kn there exist a symmet-
ric tensor�eld aij, and a gradient vector�eld �i such that

aij;k = �(igj)k + ��(iFj)k and(2)

��i = ��F
�
i ;(3)

where (ij) means symmetrization.
(B) A Kaehler space Kn(g; F ) admits a holomorphically projective

mapping i� the di�erential equations

a�(iR
�
:j)kl = gk(j�i)l � Fk(j

��i);l � gl(j�i)k + Fl(j
��i);k(4)

n�i;l = �gil � a��R
�
: il

�
: + a�iR

�
l(5)

�;k = 2��R
�
k(6)

have nontrivial solutions in aij, �i and the scalar �eld �.

2. The proof of the Theorem

Let us assume that the Kaehler-Codazzi spaceK�Cn (n > 2) admits
a holomorphically projective mapping.
Di�erentiating (5) covariantly, and applying (6) and (2), one gets

n�;ilk = 2��R�kgil + ��R�lgik + �iRlk
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�
l Fik + ��iF�kR

�
l + ��iR

�
l;k � ���R

�
:il
�
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Transvecting it by glk, and using that the form (1) implies Rijk
�
:;� = 0

and Ri
�
:;� = 0, we have

n�;i
�
:� = R�i

where R = R��g
��, and R = const [6]. Further on % denotes the

quotient R=n. Then we obtain

�;i
�
:� = %�i(7)

and (3) implies the following equation

��j;
�
:� = %��j:(7')
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The covariant derivative of (4) gives

a�(i;jmjR
�
:j)kl + a�(iR

�
:j)kl;m =

gk(j�;i)lm � Fk(j
��i);lm � gl(j�;i)km + Fl(j

��i);km:
(8)

Substitute (2) into (8) and transvect it by glm. After applying (7) and
(70) we get

��R
�
:(ijkjj) + �(iRj)k + ���F

�

(iR
�
:j)k� +

��(iF
�
j)R�k

= %�(igj)k + %��(iFj)k � �k(ij) � F �
(i
��j);k�:

By using the Ricci identity we can rewrite the above equation into the
following form

�(iRj)k + 2���F
�

(iR
�
:j)k� +

��(iF
�
j)R�k = %�(igj)k + %��(iFj)k � 2�k(ij):(9)

If we denote F �
i R�j by ~Rij and antisymmetrize (9) in j and k we obtain

�[jRk]i + 2���F
�
i (R

�
:jk� +R�

:k�j) +
��[jj

~Rijk] + 2�i
~Rjk

= %�[jgk]i + %��[jFjijk] + 2%��iFjk + 2��R
�
:ijk

(10)

(where \[ ]" means the antisymmetrization).

The identity Ri
:(jkl) = 0 gives that ���F

�
i (R

�
:jk� + R�

:k�j) = ��R
�
:ijk so

we get from (10) that

�[jAk]i + ��[jj
~Aijk] + 2��i

~Ajk = 0(11)

where
Aij = %gij � Rij;

~Aij = F �
i A�j = %Fij �

~Rij:
(12)

If we transvect (9) by F k
l and apply (3), we have

�(ij
~Rljj) + 2���R

�
:(ijljj) +

��(iRj)l = %�(ijFljj) + %��(igj)l � 2��l;(ij):(9')

Symmetrizing (90) in i and l, exchanging indices j and l, and adding
the original equation to the result we get

��(iAj)l + ��lAij = 0:(13)

Further contraction with F l
kF

j
mF

i
p gives us

�pAmk + �mApk + �kApm = 0:(14)

After transvecting (13) by F l
k, antisymmetrizing in j and k and us-

ing (11) we immediately obtain

�jAki = �kAij:

Thus there exist a scalar �eld A such that

Aij = A�i�j:(15)

From (14) and (15) we get

3A�i�j�k = 0
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thus A = 0. So (15) gives us

Aij = 0:

Conversely from (12) we have

Rij = %gij

i.e. K � Cn is an Einstein space.

Remark. G. Tian and S.T. Yau [8] proved that there exist Kaehler-
Einstein metrics in the compact case.
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