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ON THE SHIFT-WINDOW PHENOMENON OF
SUPER-FUNCTIONS

I. SZALAY

l/E‘STRACT. Using exploded numbers we consider the exploded Descartes-plane
R? = {(7,'Y) : ,y € R} in which have the graphs of super-functions. Of
course certain parts of these graphs are visible in the traditional Descartes-
plane R2, while the other parts may be invisible. To show the invisible parts we
introduce the super shift - and screw transformations which result the shifted
- and screwed Descartes - coordinate systems. For the sake of understanding
the paper contains some examples, too.

1. COMPUTATION WITH EXPLODED NUMBERS

In [1] we introduced the exploded numbers with the operations of super-addition
and super-multiplication

(1.1) -@-y=TFy, wyeR,

and

(1.2) ¢~y ="77 ayeR,

respectively. Moreover, the rules of super-subtraction and super-division
(1.3) ©-0-y=7-9, =zycR,

and

(1.4) ey =71y, wyeR, y#0,

were presented, too. The number ‘Z was called the exploded of the real number
z € R and the set of exploded numbers is denoted by R. Sometimes we say that
R is the exploded real axis. For any real number z € (—1,1) explosion means

(1.5) T = areathz.
Clearly, R is isomorphic with R by the transformation

T —T,
+—>——§{ré—,
-—)——i{é—.
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2 I. SZALAY

Moreover,
(1.6) 0=0
is the unit element of super-addition and the unit element of super-multiplication
is 1.

Considering that by (1.5) for any x € (—1,1) we have

(1.7) -z =-%
for any z € R its additive inverse is denoted by (—z).
For any pair z,y € R the arrangement
(1.8) z<y ifandonlyif z<y
was also introduced in [1] (see [1], Definition 1.7), where z is called the compressed
of z, defined by the identity
(1.9) (@=2 zckR
Clearly, for any z € R we have z € R. The inverse of explosion is called compres-
sion. Moreover,
(1.10) z=thr if —oo<z<oo,
and we also use the identity
(1.11) (Z) =z, z€R.

Clearly, for any z € R and = € R

(1.12) —z =—-7 and —z =-z,

respectively. If x € R and < —Torz > T we say that z is invisible. The visible
subset of the exploded real axis R is the real axis R itself. So, if z € R then
T<z<T1.

2. SUPER-FUNCTIONS AND SUPER-CURVES

The concept of super-function was introduced in [1]. (See [1], (part 4).) Consid-
ering a basic function f with its definition-domain belonging to R we said that an
z€R belongs to the definition-domain of super-function spr f if f(z) is defined.
Moreover,

(2.1) spr f(z) = f(x).
Remark 2.2. If S C R and for any ¢ € S
(2.3) y = F(z)

is unambiguous, then F' is a super-function.

Really, considering
fr(z)=F(z), z€SCR
where S is the set of the compressed numbers of elements belonging to S as a basic
function, we have by (2.1) and (1.9) that

e S—

spr fr(z) = fr(z) = (F((z))) = F(z).

The graphs of super-functions are situated in the exploded Descartes-plane R?
which is a super-linear space with the operations

X—gé— Y = (2 —g—é— Y1, T2 —;4{3— y2), X =(x1,22), Y = (y1,¥2)
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C—Q—X = (C—Q— wl,c—;zé— Z2), Z1,%T2,Y1,Y2 and ¢ € R
X —Q— Y =(z —Q— Y1, T2 —g%é— Y2)-

Moreover, R? is a super-eucledian space with the super-inner-product

X =)

and it is super-normed with

1l = spr /X = X

and

as well as

IfX,Y,Z € R2and X # Z,Y # Z then we say

meas spr<<XZY = sprarc cos(((X —i%é— 7) _izé_ v _Q_ 7)) _igé_
(1 5= 2l 1Y 5= 211 ).

The super-curve G is defined as follows:

(2.4)

G={X=(@y eR w=xt)y=y{t), a<t<p, (aph)cCE}

such that v = z(t) and v = y(t) are continuously differentiable functions of the
parameter ¢ = t on the interval [a, 3]. Moreover, we require for any ¢ € [a, f]
that

(W' (©)* + ('(9)* #0.

An important special case is the super-line Lo (V) defined by the equation
(2.5) X=cC —é}é —Q— , teR,

where C' = (c1,¢2), V = (v1,v2) € R? are given such that

(2.6) (v1 %;é— 1) —QQ— (v —gzé— vg) =

The super measure of super-angle of super-lines Lo (V) and Lo (U) with
U=
is defined as follows:
meas spr<\(Lc(V),Le(U)) = min(spr arccos(V —;Zé—

2.7)
sprarc COS —Q—

3. WINDOW PHENOMENON AND SHIFT-WINDOW PHENOMENON

Considering a super-curve G (which may be a graph of a super-function) the
intersection

GNR’
is called the window phenomenon of G (or a super-function of f). For examgle,
the window phenomenon of the super-unit-circle with the centre origo ||#[}zz= 1 1is
itself the super-unit-circle except for points (—1,0), (0, 1), (T,0) and (0, —1) which
are invisible points in the window R2.
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Considering a fixed point (zg,y0) € R? we introduce the super-shift transforma-
tion
z=¢£ —;—j—é— T

yzn—éé—yo

which moves the exploded Descartes-coordinate system “z,y” into the system “£,n”
having the new coordinate axes “6” and “n” with the new origo (xg,y0). While the
Descartes-plane

(3.1)

—“1<z<T
“I<y<1

is moving on the exploded Descartes-plane R? into the Descartes-plane

xO—Q—T<x<wo—§-§—T

yo—gfé— 1 <y<yo—§-}é— 1
we can see the another subset of R2. This transformation gives a new window on

the wall R2.
We can observe this transformation on the compressed model where the com-

pressed wall R? is R? and the compressed window R? is R?, that is, the set of
points (z, y) for which

-1<z<1
-1<y<1l (z,y)€R%

By the compression the super-shift transformation becomes the familiar shift-
transformation

Z =&+ 2o
Y=0+ Y

and the new sub-window is the set of points (z,y) for which
Zo— 1<z < 20+ 1
Yo— 1<y <yo+1

Ezxample 3.2. In the window we can see the visible parts of graphs of super-parabola
y=x —;;3— r, ITE T%

and of super-square-root function spr+/z = Tz,x > 0. Their super-curves have
two common points (0,0) and (I, 1) such that the latter is invisible. Using the

super-shift transformation (3.1) with (zo,40) = (I, 1), the new equation of super-
parabola is

n=(E-E-2) - E€R

while the super-square-root has the equation

1= (DBt e

having the equations of window-curves (window phenomenons)

n = areath((th¢)(th ¢ +2)), —oo < & < areath(v2 —1)
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and
n =areath(y/thé+1—-1), —oo <€ < o0,

respectively. Their intersection is visible in the new window:

Ezxample 3.3. Considering the super-function

(3.4) y=(2 _Q_ z) _Q_(T _gé_ (z —Q— 7)), T€R

by (1.6), (1.9), (1.2) (1.1), (1.4), (1.10) and (1.5) we can see that for any x € R

5 < 2
E a0 F = () -

2th
= (%) = th2z = areath(th 2z) = 2z
1+th“z
is obtained. This means that the (familiar) line, having the equation
(3.5) y=2z (z€R),

is the window-curve of the super-function defined under (3.4). In the window
the graph of super-function appears to be a line. Applying the super-shift trans-
formation (3.1) with (zo,5) = (I,1) we have the new equation of the original
super-function (3.4):

(36) 1=~ -O-(FBH-(E-O--B-2)), (R

The window phenomenon of (3.6) has the equation

1, 2(e' +e%)

(3.7 n=-1In

2 et +1 ’ (e kR

and we can see it in the shift-window which is the following subset of R:
0<z<?

(3.8) =

O<y<2.

Let us consider the points O = (0,0), P, = (3,1), P, = (1,2) and Q = (1,1) of
the graph of super-function (3.4). Points O, Py, and P, are situated on the line
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(3.5) but Q is invisible. On the other hand P;, P, and Q has new coordinates in
the Descartes-system “£,7n”:

]. [ L [ L
(= -8-1,1 ﬁ 1),(1 ﬁ 1,2 ﬁ 1) and (0,0)

respectively, so we can see them in the shift-window (3.8) on the window-phenomenon
(3.7):

In Fig. 3.9 the point O is invisible. However, another super-shift transformation,
namely (3.1) with

(z0,50) = (1), (D)),

results that O, Pi, P> and ) are visible in the new window. In this case, the new
equation of the super-function defined under (3.4) is

1= (D508 (D -F-0-8 @) 3-
(€-3-0-B-c-8-), ¢
The window phenomenon of (3.10) has the equation

—3(th¢)?+3th¢+ 3
(th§)2+thé+5 7

(3.10)

(3.11) n = areath areath(v/3 — g) <é< o

and we have:
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FIGURE 3.12.
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The case of super-shift transformation (3.1) with (zo,y0) = (0, 1):
z=¢ and y:n—i{—é—T.

The new equation of super-function defined under (3.4) is the following:

(313 n=-((T-8-9-3-T-8-) -0 <3-9)), ¢eF

The window phenomenon of (3.13) is

1 I et -1
2 et +3’
which shows that both O and ) are invisible:

(3.14) n= 0< €< o0,

na
A2 Hi o8 88 5 G [
q >
P, g
-~
032 4
P, O =(0,~©)
04 / Q=(=0)
/
7
F
06 /
-D.B/
R/
Ficure 3.15.

The super-shift transformation (3.1) with (zo,0) = (1,0) is the most interesting.

[

Now, the shift-window is the following subset of R?:

O<z<?2
—00 < g < 0.

(3.16)

Similarly to the case mentined above, O and (2 are invisible again. The new equation
of super-function defined under (3.4) is the following:

1= (50589
(€08 G-9-43-9), cer
The window phenomenon of (3.17) has the equation

2(thé +1)
1+ (thé+1)2°

(3.17)

(3.18) 1 = areath —0<E<oo, £€#£0

By Fig. 3.9, 3.12, 3.15 and 3.19 it seems that 2 is the maximum point of the
graph of the super-function (3.4). Really, we have

Remark 3.20. Considering that for any = € R the inequalities

2
<1

1< &
~1+(2)?*
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are valid such that the equalities are valid if and only if the left-hand side, z = —1

and, on the right-hand side, = 1. Hence (1.6), (1.7) and (1.8) yield
(3.21) 1< (2 —Q— x) —Q—(oo —g—é— (z —Q— ) <1, ze R

with the equalities on the left-hand or right-hand sides in the cases £ = —1 or
x = 1, respectively.

Remark 3.22. By (3.21) we can see that the super-function defined under (3.4) is
bounded but not constant. So, we have that (3.4) is not a super-line though its
window phenomenon is line (3.5).

Ezample 3.23. Let us consider the super-square determined by the super-lines

LT,O:y:x

L_ o0y = T%— T
Lo —oc:y=2 —Q— 1

L_Oo’o Y =—x

(3.23)

Using the super-shift transformation (3.1) with (2o, y0) = ((3),0) We can see the
symmetric form of the super-square in the shift window:

(5) <z <(3)
—o<y<o

where the new equations of super-lines are:
Looo:m= §—§‘§— (g)
Lo =(5) -5 ¢
Loo,-o0 1= €5~ (5)
Lo =—(€-3-(D)

with the equations of window phenomena y = area th(th £+ %), y = area th(% —th¢),
y = areath(th& — 1), and y = — areath(th ¢ + 1), respectively.
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Ezample 3.25. That the super-lines
Loty :a;—é—]—é—i
Loy =12 —gzé— x

have the common (invisible) point M = (1,2). It is easy too see that point @ =
(=1,0) lies on Lo, o0 and O = (0,0) lies on L . Using (2.4), by (1.1) - (1.4), (1.6),

(1.7) and (2.1) we compute
3
meas spr<<@QMO = areath(arccos —).
pr<Q ( Jﬁ)

By the super-shift transformation (3.1) with (zq,%0) = M, we can see the inter-

O<z<?2
I<y<3.

section in the shift-window:

Now, the new equations of super-lines are
Looyoo :m=§

n=2 —Q— 3

with the equations of shift-window phenomenan = ¢, (£ € R) and 7 = areath(2th§),

(|| < areath 1) respectively.
4
2 ra

FIGURE 3.26.
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Ezxample 3.27. Let us consider super-lines

(3.28) Lo(V): X = C 8- (t-(3-V)
and

(3.29) Lo(U) : X = C &~ (t3-U),
where

C:((2+2ﬁ) ’(§))’ V=(\/2+4ﬁ ’\/2_4\/3 )
-5 1]

1
2 )
Computing their super-angle by (1.1), (1.2), (1.8), (1.9), (1.12), (2.1) and (2.7)

R

meas spr \(Lc(V),Lo(U)) = (%)

is obtained, but the intersection of super-lines cannot be seen in the window.
Now, using the super-shift transformation (3.1) with (x9,y0) = C, we can see it
in the shift-window:

and

(§)<w<(2+§)

3 3
& _ney<a+r D
2 2
Considering that the equations under (3.28) and (3.29) are equivalent with the

equations:

[E—

v= (D) G- Vi A5

and

respectively. Hence, the new equations of super-lines

Lo(V)in=2-V3{3-¢ ¢eR
and
Lo(U):n=§ E€R.
Moreover, their shift-window phenomena have equations
n = areath((2—V3)th¢), £e€R

and
n=¢§ EE€R,

respectively, and have the graphs below:
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Ficure 3.30.

4. SCREW TRANSFORMATION

Having the exploded Descartes-coordinate system“z,y”, for any point (z,y) €

[E—

R? we introduce the screw coordinates w and ¥ by the equation system
z=(w —;Zé— Spr COS @g) —;%é— (9 —gfé— spr sin g)
y = (w —Q— Spr sin ¢yg) —;—é— (9 —Q— SPI COS )

where ¢ € Ris a given (exploded) number. The transformation given by the
equation system (4.1) is called screw transformation. The name of coordinate
system “w, 1’ is the screwed system.

By (1.1), (1.2), (1.6), (1.9) and (2.1) for any ¢ € R we easily prove the identity

(4.1)

(sprsin¢ —Q— spr sin ) —;—é— (sprcose —Q— sprcosg) = 1
and using it, we can solve the equation system (4.1) for w and ¥, so
w=(z —éfé— SPr COS @g) —Q—é— (y —Q— spr sin g)
d=(y —Q— Spr COS ) —Q— (x —Q— sprsin ).

The equation systems (4.1) and (4.2) show the mutual and unambigous connec-
tion beetween coordinates (z,y) and (w,?¥) which characterise the same point of

(4.2)

R2. The systems “z,y” and “w,d” have a common origo.
Considering the points characterised by

(4.3) 9=0
the equation system (4.1) yields

r =W —i?\s— Spr Cos Yo

(4.4)
Yy=w —Q— Spr sin g.

If
%o :Z—Q—ﬂ, k=0,+1,+2,...

then by (4.4)
¥=0 if and onlyif y =0,
and the screw transformation is identical.
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If
wgzw—gﬁé (E-C-27), k=0,+1,42, ...

then by (4.4)
¥=0 if and only if y =0,

but the point (z,y) = (1,0) has the new coordinates (w,d) = (—1,0).

If

N — -
%0 = (3) —g{é—(k—g— 27), k=0,+1,+2 ...

then
(4.5) ¥9=0 if andonlyif x=0,

and the point (z,y) = (1,0) has the new coordinates (w, ) = (0, 1).
If

then
(4.6) ¥=0 if andonlyif z=0,
but the point (z,y) = (1,0) has the new coordinates (w,d) = (0, —1).
In general, except for the cases (4.5) and (4.6), the equation system (4.4) yields
(4.7 ¥ =0 if and only if 4y = (sprtgyo) —;Zé— T,

that is, the “w-axis” of the screwed system is a super-line in the exploded Descartes-
coordinate system “z,y”.
Similarly, considering the points characterised by

(4.8) w =0,
the equation system (4.1) yields
z=—(9 —;7\5— spr sin ¢g)

(4.9)
y=1 —Q— Spr €OS g.-

Hence, except for cases
Yo :?—Q—ﬁ, E=0,+1,42, ...
we have that
(4.10) w=0 if and only if y = (—sprctgpo) _Q_ z,
that is, the “¥-axis” of the screwed system is a super-line in the exploded Descartes
system “z,y”.

Moreover, for any ¢g € R we have

R

(4.11) meas spr <(“w — axis”, “¥ — axis") = (%).

NN

The window phenomena, of screwed axes in the cases

900=k—§?é

k=0,41,+2, ...

u>|=1

are lines.
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In the special case @o = (%), the window phenomena of screwed axes having the

equations

1
“w — axis' : = areath(v3thz), |z| < areath —
y ( ), =l 7

and th
“9 — axis” : — _areath(—= , TER
Y ( ﬁ)

are situated in the following figure:
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FIGURE 4.12.

5. CRITERION FOR SUPER-LINES

Now turning to the lines with equations

(5.1) y=—-x, T€R
and
(5.2) y=1-z, w€R

we can consider as the window phenomena of some kind of super-functions. Clearly,
the equation

(5.3) y=-z, z€R

represents a super-line and its window phenomenon has the equation under (5.1).
The case of (5.2) is more complicated. Using (1.1) - (1.4) we can write for any

T€ER
1-2=(1-8-2)-G-0-8-0-5-2)

which means that the super-function represented by the equation

[A—

G4 y=0-FG-0-B-0F-2), s #0600

[

has the window phenomenon with equation (5.2). The graph of this super-function
is not a super-line because starting from
thl -z 1
5.5 = = il
(5.5) f(z) = Dz’ T€R, o 53

by (1.2)-(1.4), (1.6), (1.10) and (2.1) we have
spr () = (13- ) (1B 43 2), a# o=
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Having that (5.5) gives a hyperbola we can say that the super-function (5.4) rep-
resents a super-hyperbola.

To see this super-hyperbola in a better position, we use the super-shift transfor-
mation (3.1) with

o.w0) = (57 (5i7):

Now the equation (instead of (5.4)) of super-hyperbola is:

1

5 s
(5.6) n= (g7’ -1-G-6 E€R, €#0
and we can see its window phenomenon
n = areath (@) -1 || > areath((i)2 —-1)
th¢ th1

in the shift-window:

th( ! )<z<1+ !
areatiing ‘” th1

1 1
h(— -1 1+ —
areat (thl )<y < +th1’

1Y
L (ml] !

= area th
\ the

11 S—

Vv

4
super —hiperbola

FIGURE 5.7.

Considering the sets

Szo = {(z,9y) € R*:z= To, Y E R s arbitrary}
and

Syo = {(z,y) € R*:z € R is arbitrary, y = Yo}-
We see at a glance, that their points form super-lines. (The cases g = 0 and yg =0
are the exploded coordinate-axes.)

If z is running over R, and y = F(z) represents a mutual and unambiguous
connection between z and y € R, it is not trivial whether the set

(5.8) S ={(z,y) € R:zeR is arbitrary and y = F(z)}
forms a super-line or not. (Exceptions are F(z) = z and F(z) = —z.) Now we give

a criterion in
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Theorem 5.9. Let us assume that x is running over R and y = F(z) is a mutual
and unabiguous connection between x and y € R. The set (5.8) forms a super-line
if and only if there exists one and only one xy € R so that

(5.10) F(zo) =0,

moreover, there exists a po € R wo # k—Q— ), k = 0,£1,... such that the

transformations first, the super-shift transformation
r=¢—1)— 2o
(5.11) ¢ ;-}é
y=n

second, the screw transformation

E=(w —Q— SPI COS ) —Q— (¢ —;7\3— Spr sin ¢g)

7= (w —Q— sprsin ¢g) —;{—é— (¥ —Q— SPr COS o)

result that the graph of super-function F becomes the “w-axis” of the coordinate-
system “w,¥” with the origo (zo,0).

(5.12)

Ezample 5.13. Let us consider the set (5.8) with

z) =2 —Q— x
In this case zg = 0 (see (5.10)), so the super-shift transformation is identical. (See

(3.1) and (5.11).) Moreover, the screw transformation (5.12) with the necessary
condition ¥ = 0 has the form

r =W —Q— SPT COS Yo

i—Q— T = w—;ﬁ— Spr sin ¢g.

Hence ¢y = sprarctg 2. So, the set (5.8) forms a super-line.
Ezample 5.14. Let us a consider the set (5.8) with
F(z) = sprarctgz, x € R. (See (2.1).)

In this case o = 0 (see (5.10)), so the super-shift transformation in identical. (See
(3.1) and (5.11).) Moreover, the screw transformation (5.12) with the necessaary
condition ¥ = 0 yields

r =W —;{é— SPT COS Yo

sprarctgzr = w —Q— Spr sin ¢g
Hence,

sprarctg g = (sprarctgx —Q— T =

t
arc T
= arctgz —;?\S 8%, —=)

depends on z, so g does not exists.
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6. PROOF OF THEOREM 5.9.

We need the following

Lemma 6.1. Ifv; € F, v1 and vo satisfy condition (2.6) then we have

(6.2) spr sin(spr arc tg(vs —;gé— v1)) = v2
and
(6.3) spr cos(spr arc tg(ve —Q— v1)) = 1.

Proof of the Lemma. Using (2.1), (1.9), (1.4) and (1.11) we get

sprarc tg(vs —Q— v1) = arctg vy —5 ;— v =

I RN 2 S—

= arctg (v2) —()— (v1) = arctg (vg: v1) =

= arctg(vy : v)-
Moreover, (2.6) implies
(01)* + (v2)* = 1.
Hence, using that vy, > 0 (see (1.8)) we get
. U2
sm(arctg ﬁ) = V2.
vy,

Moreover, (2.1), (1.11) and (1.9) yield

spr sin(spr arc tg(vs —g{é— v1)) = sin sprarctg(vs —b— v1)
7\

= ‘sin(arctg(& : &1)) = (&) = vy,
that is we have (6.2).

Similarly,
V2
cos(arctg ==) = vy,
U,
implies
spr cos(spr arc tg(ve —Q— v1)) =v1
that is we have (6.3). O

Proof of Theorem. Necessity. Let us assume that set S (see (5.8)) forms a super-line
which has the equation system

T=c —i—}é— (t —Q— v1)
y=c —Q— (t —Q— v2)

where C' = (c¢1,¢2) and V = (v1,v2) with (2.6) belong to R?. As the connec-
tion between z and y is mutual and unambiguous, v; and v are different from 0.
Moreover, we can assume that v; > 0. Hence, we have that

(6.4) y=(m —Q— T) —;—]—é— b

where

(6.5) m = Vs —éﬁé—vl, (m #0)
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b=co —i%é— (m —Q— ),
that is

(6.6) F(z) = (m %;é— z) —gé— b

is a super-linear function. Now, by (6.6) we have

(6.7) & =(=b) —Q—m

as the unique point such that

and

so (5.10) is fulfilled. Let now
(6.8) o = sprarctgm.

Clearly, @9 # F—Q— (5), k = 0,£1,%2,.... Using transformation (5.11) with
zo =g, by (6.4) and (6.7) we have the equation super-line (5.8) with (6.6) in the
system “£,7n” with the origo ((g) ,0):

(6.9) n=m —Q— ¢
Considering transformation (5.12) with ¢o under (6.8), by (6.5) and Lemma 6.1
we have
€= (w3 v1) -5 (0 - v2)
0= (= v2) < (9 =L w1)

Using (6.9) the equation

(6.10) (w —Q— v) —QS— ¢ —Q— v) =m —Q— ((w —Q— 1) —gi\s— (9 —Q— 3))

is the equation of super-line (5.8) in the coordinate system “w,” with the origo
(g) ,0). Spermultipliying both sides of the equation (6.10) by v, and using (6.5) we

can write
(@ =G 02) =G 00) <H= (=L 0) L= m1) =
= (12 9= w) <59 v1) =5 (02 =3 (9 <3 v2)).
9= ((01 <= v1) B (v2 <F-v2)) = 0

and (2.6) gives that ¢ = 0. This shows that super-line (5.8) lies on the “w-axis” of
the coordinate-system “w, .
Sufficiency. Now we assume that there exists a (unique) zo with (5.10) and

Hence

[E—

oo # k —Q— (%) such that after the transformations (5.11) and (5.12) the points of

the set S lie on the “w-axis” of the coordinate system “w,” with the origo (zg, 0).
These mean that if (z,y) € S having the coordinates w and ¥ such that

x —Q— 2o = (w —Q— SPT COS g) —Q— (0 —Q— sprsin¢g)
y=(w —Q— spr sin ) —g—é— (¥ _Q_ ST €OS )
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is valid with ¢ = 0. Hence, for any z € R

T —Q— To = w —Q— SPr COS (g
Flz)=w —Q— Spr sin g

Having that sprcosgg # 0 an assuming that © # z¢ (that is w # 0) by (2.1) we

can write
F(z) <3~(z ~5- 20) = spr tg wo(# 0).
Moreover,
F(z) = (sprtg o) (¢ -~ 20)
which, by (5.10), remains valid for z = =z, too. As F' is a super-linear function,
the points of S form a super-line. a
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