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COEFFICIENT PROBLEMS FOR A CLASS OF ANALYTIC
FUNCTIONS INVOLVING HADAMARD PRODUCTS

MASLINA DARUS

ABSTRACT. For 0 < a<1,0<A<1andfg>0,let MS(P, ;A\, a,f) be the
class of functions defined in the open unit disc D by
( A2 f"(2) + 2f'(2) )
arg
Azg'(z) + (1 = A)g(z)
where g(z) = z + ba22 4 b323 + - - - is analytic function and satisfies

‘arg (79@) - (I)(Z)) < ﬂ, z€D

9(z) = ¥(2) 2
for some ®(z) = z+ 3 02, Tpz™ and V(z) = z + Y o7, vn2™ analytic in
D such that g(z) * U(z) # 0, Tnn > 0, vn > 0 and T, > v, (n > 2). For
f € MS(®,¥; )\, 3) and given by f(2) = 2z + a2z + a3z +--- , a sharp
upper bound is obtained for |ag — paZ| when p > 1.

uye’

, z€D
2

1. INTRODUCTION

Let A denote the family of functions of the form
(1.1) f(2) :z—i—Zanz"
n=2

which are in the open unit disk D = {z : |z] < 1}. Further, let S denote the class
of functions which are univalent in D.

Let the function f(z) be defined by (1.1). Also let the function g(z) be defined
by

(1.2) g(z) =z + Z bp2".

Then the Hadamard product (or convolution) of the functions f(z) and g(z) is
defined by

(1.3) f(2)%g(2) =24 Y anbnz".
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Fekete and Szegd [8] obtained sharp upper bounds for |as — pa3| when p is real.
For various subclasses of S, sharp upper bound for functional |az — pa3| has been
studied by many different authors including [1-7, 9-11, 13-17, 19-20].

In this paper we obtain sharp upper bounds for |az — pa3| when f belonging to
the class of functions defined as follows:

Definition 1.1. Let 0 < a < 1,0 < A < 1land g8 > 0, and let f € A. Then
feMS(®,¥;\ «,0) if and only if

e (AAg<f>(+ )<1+ - J;)(gg))‘ <3

(1.4) 5

with g € A and satisfies

(1.5)

(<3 -

where ®(z) =z + Y~ , Tp2" and U(z) = 2+ >~ , 7,2™ analytic in D such that
9(2)*¥(2) #0,Y,, >0,v, >0and Tp, >, (n>2).

z z
(1—221-2z
tions defined in [3] and M.S(

Note that M S( :0,1,8) = K(B) the class of close-to-convex func-

z z
(1—-2)2"1-2"
malised close-to-convex functions defined by Kaplan [12]. Whereas,

ﬁa%}z;ovavﬂ) = K(OL,/B)

0,1,1) = K(1) is the class of nor-

MS(
is the class of normalised close-to-convex functions defined in [7].

2. MAIN RESULT
In order to derive our main results, we have to recall here the following lemma.

Lemma 2.1 ([18]). Let h € P that is, h be analytic in D and be given by h(z) =

l+ciz+c222+--- , and Reh(z) > 0 for z € D, then
2 1|2

2.1 -2 =

( ) |C2 2|_ 5

Theorem 2.2. Let f(z) be given by (1.1). If f(z) € MS(®,U;\,0,6); 0 < a <1,
B>1,0<A<1 and 3nu > 20% + 46y, where 6 = Xg — Yo, N = A3 —y3 and > 1,
then we have the sharp inequality
52

|az — paj| < 332 31 — 2000 + 272)

n aad +28(14+ X)) Bu(l +2X) —2(1 + N)?)

35(1+N)2(1+2)) '

Proof. Let f(z) € MS(®,U; A\, a, §). Tt follows from (1.4) that
(2.3) A2 f7(2) + 2 f'(2) = q*(2)[A2g (2) + (1 = N)g(2)],

for z € D, with ¢ € P given by ¢(2) = 1 + q12 + ¢22% + ¢32° + ---. Equating
coefficients, we obtain

(2.4) 2a2(1+A) = ba(1+ X)) + aqx

(2.2)
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and

-1
(2.5) 3(1+ 2)\)a3 =g + aq1b2(1 + )\) + %

qi + b3 (1 +2).

Also, it follows from (1.5) that

(2.6) 9(2) % ®(2) = (9(2) * ¥(2))p"(2),

where p € P with p(2) = 1+ p1z + paz? + p32® + .-+ for 2 € D. Thus equating
coefficients, we obtain

(2.7) oby = fp1
and
(28) =5 (ot S0

From (2.4), (2.5), (2.7) and (2.8) we have

2 2
e a G\, B[ _pi
4 T2 T 30 o (q2 2)+3n (p2 2)

2@E{2(1+ N2 = 3u(1+2)\)}
201+ \2(1 + 20
aBpra{2(1+A)? — 3u(l +2))}
63(1+ N(1+2))
| B7pi{26° + 4726 — 3um}
12162 '

+

O

Assume that a3 — pa3 positive. Thus we now estimate Re(as — pa3) by applying
the same technique done by London [16]. And so from (2.9) and by using lemma
2.1 and letting p; = 2re?, ¢ = 2R, 0 <r <1,0< R<1,0< 6 < 27, and
0 < ¢ < 2w, we obtain

2 2 2 2
o a G a?{2(1 + A)* — 3u(l 4+ 2M\)} Regi
Re(as = paz) = 5755 Re <QQ 2 > 12011 0)2(1+2V)
s P\ | aB{2(1+N)? —3u(l +2)\)} Repigs
+ — Re P2 — —
31 2 65(1+ A)(1 + 2X)
| 2{20% 4 4900 — 3ym} Rept
12162

200 or - a2{2(14+ X% = 3u(1 4+ 2)\) } R? cos 2¢
= 3(1+2)\)(17R )+ 3(1+M)2(1 +2))
203 oy 2aB{2(1 + A)? — 3u(1 + 2X\) }rRcos( + ¢)
T3, 3501+ V(1 +2))
(32{262 + 4726 — 3un}r? cos 20
+ 3nd2
2 or - A2{3u(1+2)) —2(1 + N2} R?
= 3(1+2/\)(1_R )+ 3(1+ A)2(1 4 2))
23 o 2aB{3u(1+2)) — 2(1 4+ \)2}rR
NETI 30(1+ A) (1 +2)\)
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N B*{3un — (20 + 4720) }r?
3162

= G(r, R).

Letting «, 8 and p fixed and differentiating G(r, R) partially when 0 < o < 1,
B >1,and pu > 1 we observe that

GTTGRR - (GTR)2
16a0 40%B%(3un — (262 + 47920)) (Bu(1 + 2X) — 2(1 + N)?)

~on(1 + 2N 962n(1 + N)2(1 +2))
~8a®BBu(14+2N) —2(1+X)?)  8af*(3un — (20% + 4v29))
9In(1 4+ N)2(1 +2)) 9621(1 + 2X)

40232 (3u(1 + 2X) — 2(1 + A)?)?
a 952(1 + M\)2(1 + 2))2

Therefore, the maximum of G(r, R) occurs on the boundaries. Thus the desired
2

inequality follows by observing that G(r, R) < G(1,1) = %[Zﬂm —26(8 + 27v2)]
n
+a(a6 +26(1+ X)) (3u(l +2X) — 2(1+ A)?)
30(14 A)2(1+2)) '

The equality is attained when choosing p1 = ¢1 = 2i and pa = g2 = —2 in (2.9).

< 0.

(2.10)

Remark 1. Letting A = 0 in Theorem 2.2, we have the result given by Darus and
Thomas [7].

Remark 2. Letting ®(z) = : L, A =0 and a = 1 in Theorem
z

L Y(y) =
Ao 1) =1z
2.2, we have the result given by Jahangiri [11].
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