Acta Mathematica Academiae Paedagogicae Nyiregyhdziensis
21 (2005), 71-77

www.emis.de/journals

ISSN 1786-0091

COMPACT SUBSETS OF SPACES OF HOLOMORPHIC
FUNCTIONS

GEORG SCHNEIDER

ABSTRACT. In [1] compactness criteria in function spaces are investigated for
general coorbit spaces. As an application it is shown that a bounded and
closed subset

A CF:={f: [ is entire and / \f(z)|2@_‘z‘2 d\(z) < oo}
C
is compact if and only if Ve > 0 3 a compact subset C' C C™ with
/ 1F(2)[2e 217 dA(2) < € Vf € A.
cC
The methods of [1] cannot be easily adopted for the spaces
Fm = {f: [ is entire and / If(2)2e*I™ dx(z) < oo}
C

and the Bergman-spaces B%(Q2). Here Q is a bounded domain. We will be
able to derive a generalization of the above mentioned result to the spaces F,
and B?(Q2). Furthermore we will be able to derive a sufficient compactness
conditions for subsets A of the Fock-space in terms of the Taylor-expansion of
the functions f € A.

We will introduce increasing norm-spaces, that are a natural generalization
of the above mentioned spaces. The main result will be proven for increasing
norm-spaces and the results for the spaces Fy, and B2(2) will follow from this
result.

1. PRELIMINARIES

In [1] compactness criteria in function spaces are investigated for general coorbit
spaces. As an application [1] considers the special case of the Fock-space

F :={f: [ is entire and / |f(z)|zef‘z‘2 d\(z) < o0}
C

We will equip F with the topology induced by the inner product

(f.9) = /C F@)ae ! d(z),

where f,g € F. Here X\ denotes the Lebesgue-measure on C.
The approach from [1] has the disadvantage that it makes use of unitary represen-
tations of the underlying spaces. In the case of the Fock-space the Fock-Bargmann
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representation of the Heisenberg-group is used. This unitary representation cannot
be generalized for the spaces

Fm :={f: [ is entire and / |f(2)|26_‘z‘m d\(z) < oo}
C

for arbitrary m € N. We will call the spaces F,,, generalized Fock-spaces and will
again consider the topology induced by the inner product

(f.9) = /@ F(2)g@e " dAz),

where f,g € F™. Furthermore it would be interesting if similar results as the
one in [1] are valid in the case of Bergman-spaces B2({2) of bounded domains €.

B?*(Q) := {f : f is holomorphic on © and / |f ()2 d\(2) < oo}
Q

In this paper we give a proof for a similar compactness criterium in certain
normed spaces which we call increasing norm spaces. These spaces are generaliza-
tions of the generalized Fock-spaces and the Bergman-spaces.

In section 2 we will give the essential definitions and we will derive a compactness
criterium for the increasing norm spaces. In section 3 we will apply the result from
section 2 to generalized Fock-spaces and the Bergman-spaces. Therefore we will
be able to generalize the Corollary from [1] to these spaces. Furthermore we will
be able to derive a sufficient compactness conditions for subsets A of generalized
Fock-spaces in terms of the Taylor-expansion of the functions f € A.

2. COMPACTNESS IN INCREASING NORM SPACES

Definition 1. Let (X, ||.||) be a normed space and let ||.||; + € N maps such that

1° o= A2 =007

are semi-norms on X. If for every f € X

A2 =111 — 0
for ¢ — oo and
IFIF < IfI VieN
we call (X, .|, ||.]l: ¢ € N) increasing norm-space.
Remark. 1t is easily seen that the spaces F,, are increasing norm-spaces. Let

(K;)ien be a family of compact sets satisfying K; C K;y; and U2, K; = C. We
define

£l = \//K |f(2)]2e~ 121" dX\(z)  VieN.

It is clear that the maps given by

LI == /I = A7 = \// |f(2)[2e =" dA(2)
K¢

are semi-norms. Moreover Vf € F,,

AP = 1F1E = 0 as i — oo.
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The condition

1117 < Hf||$+1

Vi € N and Vf € F,, is obvious. Therefore F,, is an increasing norm-space.

Remark. Similarly one can show that the Bergman-spaces of bounded domains 2
are increasing norm-spaces.

Remark. Note that Vf € X we must have |f|| > ||f]|® Vi € N and ||f]| >
| fll: VieN, where (X, ||.]],]|.|l; ¢ € N) is an increasing norm-space.

Now we want to establish a necessary condition for compactness in increasing
norm-spaces.

Theorem 1. Let (X, |||, |.]l: ¢ € N) be an increasing norm-space. Then the fol-
lowing condition is necessary for a subset Y of X to be compact:
For every e > 0 there exists a i € N such that ||y||* — ||y||? < e for ally € Y.

Proof. Let us assume that Y is compact and that the condition fails. This means,
that there is a € > 0 such that there exists no ¢ such that

lyl* = llyll7 < € for all y € Y.
So for every i there is a y; € Y with

lyall* = llyallF > €.
We construct a sequence that has no subsequence that is a Cauchy-sequence.
We have
lyall" = \/llwill> = llwsll; > e
and

. €
lyall ™ = llyill” = NlwillZ < 3

The last statement can be assumed without restriction of generality. So we have
Yi+1 = vill > lyier — vl
; . €
> Nyira I = Mgl > 3

Since
Ifli <Iflliss  VieNand f € X,
there is no subsequence of (y;);cn that is a Cauchy-sequence. O

We can even derive a sufficient condition in certain increasing norm-spaces.

Theorem 2. Let (X, |.]],]|-l: ¢ € N) be an increasing norm-space. In addition we
assume that the functions ||.||; are semi-norms as well. Furthermore let (X, ||.||) be
reflexive and let each weakly convergent bounded sequence in ||.|| have a convergent

subsequence in ||.||; Vi € N, with the understanding that the limit is always the same
element in X. Then a closed and bounded subset Y C X is compact if and only if
Ve>03i € Nwith |y <e forallyeY.

Proof. It remains to be shown that the condition is sufficient.

Let {z,} be a sequence in Y. We have to show that this sequence has a conver-
gent subsequence {x,, }. It follows from the fact that X is reflexive that there is a
subsequence {z,, } that converges weekly to a € X. According to our assumption
we have ||z, —z||; — 0 for all i € N as k — oo (without loss of generality).
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We have
1zn, = 201 = (l2n, = 2I")? + (l25, — 2[)?
< lan = 2l + (lzn, 12 + (21°)? + 2llzn, [ ll]
We know that
[0, ]I* — 0
uniformly as ¢ — co. So we can chose i so large, that
- - S €
(lzne1)* + (27 + 2lne 'l < 5 V.
For this ¢ we can choose K — without restriction of generality — such that
len, —al? < 5 VE> K.

So finally
|z, —z|| < Ve Vk>K.
(I

Remark. We will give a concrete example that shows that the condition Ve >
03i € N with [|y||’ < € for all y € YV is important. We will refer to this condition
as tightness.

Consider a family (K;);en of disjoint compact sets in R™ such that VR € R
only finitely many of the K;’s have a nonempty intersection with Kr(0) = {z €
R"™ with [lz]| < R}. Let ¢; : R® — R have support K; and [p, |¢i(x)>dz = K
Vi € N. It follows that the ¢; are pairwise orthogonal with respect to the inner
product

(f,9) = /Rn f(2)g(z) d.

We denote the corresponding norm by ||.||. Let X =<< {¢;,i € N} >>, that is the
closure of the linear span of the ¢;. It is clear that X is reflexive. Let

1]l = \/ /K o

where R; — 0o as i — oo. It is clear that every bounded sequence with respect to
Il has a convergent subsequence with respect to ||.||;. However, the conclusion of
the above theorem clearly does not hold for the set {¢;,7 € N}.

3. APPLICATIONS TO SPACES OF HOLOMORPHIC FUNCTIONS

In this section we will show that the Fock-space, the generalized Fock-spaces and
and Bergman-spaces with arbitrary bounded domains are special increasing norm
spaces fulfilling the properties needed in Theorem 2. The following Theorem only
considers the Fock-space but actually the argument also applies to generalized Fock-
spaces and and Bergman-spaces with arbitrary bounded domains as mentioned in
the following remark.

Theorem 3. Let A C F. Then the following is true: A is compact if and only if
A is closed, bounded and for all € > 0 there exists a compact subset C C C with

/ \f(z)|2e*|z‘2 d\(z) < e Vf € A.
CC
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Proof. Remember
1912 = [ 1P are)
C

Let {C; : i € N} be a set of compact subsets of C satisfying C; C C;41 Vi € N and
C; T C. Choosing

_ 2
112 = [ 1#GIPe 1 dra)
we have seen above that F is an increasing norm space. Therefore it is enough to
show that for every bounded sequence x in F there exists an element x € F and
a subsequence z, that satisfies

o= o2 = [ Jo(2) = o ()6 dA(:) — 0
C;

for | — oo and Vi € N. To show this we first note that every norm-bounded set

in F is uniformly bounded on compact subsets of C. This follows from a routine

calculation. We have - basically using Cauchy’s theorem - for every compact K C C

[f(2)] < CkllfI]-

Therefore using the fact that the sequence zj is norm-bounded it follows easily
that the sequence is uniformly bounded on every compact K C C. Similarly one
can show that the derivatives of the sequence xj are uniformly bounded as well.
Therefore it is clear that for every i € N there exists a function z; : K; — C and a
subsequence zj, that does not depend on ¢ such that

Q= / jo(2) = @y, (2) e dA(z) = 0

i

”fl - Tk, |Ki

for I — oo and Vi € N. Here xy, |k, denotes the restriction of zy, to K;. It is easily
checked that there exists a function z : C — C such that z|x, = ; and that z is
furthermore entire. This finishes the proof. O

Remark. The proof of Theorem 3 can easily seen to be valid for generalized Fock-
spaces and and Bergman-spaces with arbitrary bounded domains. Therefore similar
results are valid for these spaces.

Remark. Let f, € F. Consider the measures v, on C given by

v (C) = /C Fa(2) P2 dA(2).

It was shown by Prohorov [4] that a family of probability measures is sequentially
precompact - for definitions see [4] - if and only if the set is tight. For the special
case of measures of the above form the tightness definition from [4] is exactly the one
as the one considered here. So the natural question arises if there is a connection
between the theorem of Prohorov and Theorem 3. If we only consider f, that
have a norm of 1 then it follows that the v,, are probability measures. Prohorov’s
theorem would imply that the sequence v,, converges weakly against a probability
measure . However, it is not completely obvious that « is of the form

2(C) = /C e dAz)

for some f € F. Especially it is not even obvious that 7 is absolutely continuous.
Therefore it may be difficult to derive Theorem 3 by applying Prohorov’s Theorem.



76 GEORG SCHNEIDER

We can formulate sufficient conditions for compactness in terms of of the Taylor-
expansion in the case of the Fock-space.

Theorem 4. Let A C F. If A is closed, bounded and there exists a I%-sequence c,,
such that Ve > 0 there exists N(€) such that |a,|*n! < c2e for all n > N(e).
Here the sequence {a,} belongs to the Taylor-expansion of f € A with

f(z)= Z anz™.

Proof. We just have to show that for every e > 0 there exists a compact set C C C
such that [, |f(2)]2e 17" d(z) < e Vf € A. Let K,(0) = {z € C: |z| < n}. We
have

[ iR )
Kn(0)°

J 27 m
< lim Y / / 22 e dA(r) dA(6)
k=0 0 n

o0 21 [e'e]
+ D / / g2 e ™ A (r) dA(¢)
k=j+170 0
J 27 e’} )
=> / / o |22 e dA(r) dA(¢) + lim 27 > Grmk!lag]?
k=070 Jmn L it

. 2
L fomlak"z,'ﬂk+le—r d)\(r)

Here ¢, == = and limy, o 2¢4.m = 1 for all k € N.
Since lim,,— o0 Zzij-i-l Brmk || = Z/?;j-u E!|ag|* we have

J 27 o]
/K e FOFTT G <3 /0 / o P2 1677 dA(r) dA() + eC".
n k=0 n
Now the Theorem follows easily. O
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