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TWO DIMENSION LEGENDRE WAVELETS AND
OPERATIONAL MATRICES OF INTEGRATION

H. PARSIAN

Abstract. The one dimension Legendre wavelets is a numerical method for
solving one dimension variational problems and integral equations. In this
paper we introduce two dimensions Legendre wavelets. These wavelets are
defined over the interval [0, 1] × [0, 1] and an orthonormal set over this inter-
val. The integration of the product of two dimensions Legendre wavelets over
[0, 1] × [0, 1] is equal one. In the paper section we compute operational ma-
trices of integration for two dimensions Legendre wavelets. These operational
matrices are suitable tools for two dimensions problems. Two dimensions Le-
gendre wavelets are a numerical method for solving two dimensions variational
problems.

1. Introduction

The wavelet basis is constructed from a single function, called the mother wavelet.
These basis functions are called wavelets and they are an orthonormal set. One of
the most important wavelets are Legendre wavelets. The Legendre wavelets is con-
structed from Legendre polynomials and form a basis wavelet for L2(R) over [0,1].
The Legendre polynomials satisfy the Legendre differential equation and where its
property is covered in many mathematical textbooks[1]. In the past ten years spe-
cial attention has been given to applications of wavelets. For example,[8],[6],[7] are
the direct method for solving one dimensional variational problems, [4], [3] and
[5] are applications of wavelets in Scattering calculation, mathematical physics and
definite integrals respectively. The main characteristic of Legendre wavelets in vari-
ational problems is that it reduces the variational problems to a system of algebraic
equation.

In this paper, we introduce two dimensions Legendre wavelets. Two dimensions
Legendre wavelets forms a wavelet basis for L3(R) over interval [0, 1]× [0, 1]. They
are suitable tools for solving two dimensional variational problems and other two
dimension problems.
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2. One dimension Legendre wavelets

The function ψ(x) ∈ L2(R) is a mother wavelet and the ψu,v(x) = |u|− 1
2ψ(x−v

u ),
in which u, v ∈ R and u 6= 0, is a family continuous wavelets. If we choose the
dilation parameter u = a−n and the translation parameter v = ma−nb, where
a > 1, b > 0 and n and m positive integer, we have the discrete orthogonal wavelets
set: {ψn,m(x) = |a|n

2 ψ(anx−mb) : m,n ∈ Z} [2].
The Legendre wavelets is constructed from Legendre function. The Legendre

functions satisfy the Legendre differential equation [1]. One dimension Legendre
wavelets over the interval [0, 1] defined as:

(1) ψn,m(x) =

{ √
(m+ 1

2 )2
k
2 Pm(2kx− 2n+ 1), n−1

2k−1 ≤ x ≤ n
2k−1

0, otherwise.

in which n = 1, 2, . . . , 2k−1,m = 0, 1, 2, . . . ,M − 1. In (1) Pm’s are ordinary Le-
gendre functions of order m defined over the interval [-1,1]. Legendre wavelets is
an orthonormal set as

(2)
∫ 1

0

ψn,m(x)ψn′,m′(x)dx = δn,n′δm,m′

The function f(x) ∈ L2(R) defined over [0,1] may be expanded as

(3) f(x) ∼=
2k−1∑
n=1

M−1∑
m=0

cn,mψn,m(x)

Razzaghi and Yousefi in [8] calculate the operational matrix of integration for Le-
gendre wavelets and they has applied Legendre wavelets for solving variational
problems [6], [7].

3. Two dimension Legendre wavelets

We defined two dimensions Legendre wavelets in L3(R) over the [0, 1]× [0, 1] as
the form

(4) ψn,m,n′,m′(x, y) =




Am,m′Pm(2kx− 2n+ 1)Pm′(2k′y − 2n′ + 1), n−1
2k−1 ≤ x ≤ n

2k−1 ,
n′−1
2k′−1 ≤ y ≤ n′

2k′−1 ;
0, otherwise.

in which

Am,m′ =

√
(m+

1
2
)(m′ +

1
2
)2

k+k′
2

and

n =1, 2, . . . , 2k−1, n′ = 1, 2, . . . , 2k′−1,

m =0, 1, 2, . . . ,M − 1,m′ = 0, 1, 2, . . . ,M ′ − 1.

Two dimensions Legendre wavelets are an orthonormal set over [0, 1]× [0, 1]

(5)
∫ 1

0

∫ 1

0

ψn,m,n′,m′(x, y)ψn1,m1,n′1,m′
1
(x, y)dxdy = δn,n1δm,m1δn′,n′1δm′,m′

1
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The function u(x, y) ∈ L3(R) defined over [0, 1]× [0, 1] may be expanded as

(6) u(x, y) = X(x)Y (y) ∼=
2k−1∑
n=1

M−1∑
m=0

2k′−1∑

n′=1

M ′−1∑

m′=0

cn,m,n′,m′ψn,m,n′,m′(x, y)

where cn,m,n′,m′ =
∫ 1

0

∫ 1

0
X(x)Y (y)ψn,m,n′,m′(x, y)dxdy. The truncated version of

equation (6) can be expressed as the form,

(7) u(x, y) = CT ·Ψ(x, y).

where C, and Ψ(x, y), are coefficients matrix and wavelets vector matrix respec-
tively. The dimensions of those are 2k−12k′−1MM ′ × 1 and given as the form

C =[c1010, . . . , c101M ′−1, c1020, . . . , c102M ′−1, c1030, . . . , c103M ′−1, . . . , c102k′−10, . . . ,

c102k′−1M ′−1, c1110, . . . , c111M ′−1, c1120, . . . , c112M ′−1, . . . ,

c112k′−10, . . . , c112k′−1M ′−1, . . . , c1M−12k′−10, . . . , c1M−12k′−1M ′−1, c2010, . . . ,

c201M ′−1, c2020, . . . , c202M ′−1, c2030, . . . , c203M ′−1, . . . , c202k′−10, c202k′−11, . . . ,

c202k′−1M ′−1, c2110, . . . , c211M ′−1, c2120, . . . , c212M ′−1, c2130, . . . ,

c213M ′−1, . . . , c212k′−10, c212k′−11, . . . , c212k′−1M ′−1, . . . , c2k−1010, . . . ,

c2k−111M ′−1, c2k−1020, . . . , c2k−102M ′−1, . . . , c2k−102k′−10, . . . , c2k−102k′−1M ′−1, . . . ,

c2k−1M−12k′−10, c2k−1M−12k′−11, c2k−1M−12k′−12, . . . , c2k−1M−12k′−1M ′−1]
T

and in the same way for Ψ(x, y)

Ψ(x, y) =[ψ1010, . . . , ψ101M ′−1, ψ1020, . . . , ψ102M ′−1, ψ1030, . . . ,

ψ103M ′−1, . . . , ψ102k′−10, . . . , ψ102k′−1M ′−1, ψ1110, . . . ,

ψ111M ′−1, ψ1120, . . . , ψ112M ′−1, . . . , ψ112k′−10, . . . , ψ112k′−1M ′−1, . . . ,

ψ1M−12k′−10, . . . , ψ1M−12k′−1M ′−1, ψ2010, . . . ,

ψ201M ′−1, ψ2020, . . . , ψ202M ′−1, ψ2030, . . . , ψ203M ′−1, . . . , ψ202k′−10,

ψ202k′−11, . . . , ψ202k′−1M ′−1, ψ2110, . . . , ψ211M ′−1, ψ2120, . . . , ψ212M ′−1,

ψ2130, . . . , ψ213M ′−1, . . . , ψ212k′−10, ψ212k′−11, . . . ,

ψ212k′−1M ′−1, . . . , ψ2k−1010, . . . , ψ2k−111M ′−1, ψ2k−1020, . . . ,

ψ2k−102M ′−1, . . . , ψ2k−102k′−10, . . . , ψ2k−102k′−1M ′−1, . . . , ψ2k−1M−12k′−10,

ψ2k−1M−12k′−11, ψ2k−1M−12k′−12, . . . , ψ2k−1M−12k′−1M ′−1]
T

The integration of the product of two Legendre wavelet function vectors is ob-
tained as

(8)
∫ 1

0

∫ 1

0

Ψ(x, y)ΨT (x, y)dxdy = I

where I is diagonal unit matrix.

3.1. Operational matrix of integration for y variable. The integration matrix
for y variable define

(9)
∫ y

0

Ψ(x, y′)dy′ = Py.Ψ(x, y).
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in which

Py =
1

M2k−1




P P P P · · · P
P P P P · · · P
P P P P · · · P
P P P P · · · P
...

...
...

...
. . .

...
P P P P · · · P




P is a 2k′−1M ′ × 2k′−1M ′ matrix and calculated in [8]. The matrix P in [8] is
defined as

P =
1

2k′




L F F F · · · F
O L F F · · · F
O O L F · · · F
O O O L · · · F
...

...
...

...
. . .

...
O O O O · · · L




in which O, F and L are M ′ ×M ′ matrices. The O is null matrix and F and L
defined as

F =




2 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0




and

L =




1 1√
3

0 · · · 0

−
√

3
3 0

√
3

3
√

5
· · · 0

0 −
√

5
5
√

3
0 · · · 0

...
...

...
. . .

...
0 0 0 · · · 0




3.2. Operational matrix of integration for x variable. The integration matrix
for x variable define

(10)
∫ x

0

Ψ(x′, y)dx′ = Px.Ψ(x, y).

in which

Px =
1

M ′2k′+k−1




L F F F · · · F
O L F F · · · F
O O L F · · · F
O O O L · · · F
...

...
...

...
. . .

...
O O O O · · · L
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Px is a 2k−12k′−1MM ′×2k−12k′−1MM ′ and L, F and O are 2k−1MM ′×2k−1MM ′

matrices that defined as below

F = 2




D O′ O′ · · · O′

O′ O′ O′ · · · O′

O′ O′ O′ · · · O′
...

...
...

. . .
...

O′ O′ O′ · · · O′




and

L =




D 1√
3
D O′ · · · O′

−
√

3
3 D O′

√
3

3
√

5
D · · · O′

O′ −
√

5
5
√

3
D O′ · · · O′

...
...

...
. . .

...
O′ O′ O′ · · · O′




and

O =




O′ O′ O′ · · · O′

O′ O′ O′ · · · O′

O′ O′ O′ · · · O′
...

...
...

. . .
...

O′ O′ O′ · · · O′




in which D is 2k′−1M ′ × 2k′−1M ′ matrix that define as below

D =




1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1




and O′ is 2k′−1M ′ × 2k′−1M ′ null matrix.

4. Conclusion

In this paper we introduce two dimensions Legendre wavelets. They are an
orthonormal set over [0, 1]× [0, 1]. The integration of the product of two Legendre
wavelet functions vectors is a diagonal matrix as in the case of the one dimension
Legendre wavelet. The operational matrix of integration for the Legendre wavelets
is defined in this paper. Two dimensions Legendre wavelets is a suitable tools for
numerical treatment of two dimensions variational problems.
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