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TANGENT BUNDLE OF THE HYPERSURFACES IN A
EUCLIDEAN SPACE

SHARIEF DESHMUKH, HAILA AL-ODAN AND TAHANY A. SHAMAN

ABSTRACT. We consider an immersed orientable hypersurface f: M —
R™ ! of the Euclidean space (f an immersion), and observe that the tan-
gent bundle T'M of the hypersurface M is an immersed submanifold of the
Euclidean space R*"*2. Then we show that in general the induced metric
on T'M is not a natural metric and obtain expressions for the horizontal
and vertical lifts of the vector fields on M. We also study the special case
in which the induced metric on T'M becomes a natural metric and show
that in this case the tangent bundle T'M is trivial.

1. INTRODUCTION

The geometry of the tangent bundle T'M of a Riemannian manifold is an
interesting field in differential geometry. The first attempt to define a Rie-
mannian metric on 7'M was made by Sasaki [8], and since then the tangent
bundle has become focus of study with this metric. Specially after the work
of Dombrowoski [2], who has introduced a nice theory of linking the geometry
of the tangent bundle with Sasaki metric to the geometry of the base man-
ifold, many mathematicians have studied the geometry of the tangent bun-
dle through various aspects (cf. the survey article [3] and references therein).
Since there is a naturally associated almost complex structure J to the tangent
bundle T'M of a Riemannian manifold M, one naturally expects fairly good
properties associated to this almost complex structure vis-a-vis the complex
geometry. However, the Sasaki metric on T'M offers a significant obstruction
on the almost complex structure and does not even allow it to be a complex
unless the base manifold is flat. This deficiency in the Sasaki metric lead math-
ematicians to search for other metrics on the tangent bundle other than Sasaki
metric, for instance Cheeger-Gromoll metric, Oproiu metric (cf. [1], [3], [7],
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[9]). This lead to the class of metrics on 7'M which make the natural submer-
sion m: TM — M into a Riemannian submersion and this class of metrics is
known as natural metrics. In this paper we are interested in the tangent bundle
TM of an immersed orientable hypersurface M in the Euclidean space R™*!.
If f: M — R""lis the smooth immersion which makes M as an immersed hy-
persurface of R"*1, then we show that the smooth map F' = df: TM — R?"2
is also an immersion, thereby making 7'M a submanifold of R?"*2 and conse-
quently has an induced metric g. We study the Riemannian manifold (7'M, g)
as submanifold of the Euclidean space (R?"2,(,)) and first show that in gen-
eral the induced metric g is not a natural metric by calculating the horizontal
and vertical lifts of vector fields on M to T'M. Then we consider a special
case, in which the metric g becomes a natural metric and observe that in this
case the tangent bundle T'M is trivial.

2. PRELIMINARIES

Let (M, g) be a Riemannian manifold and T'M be its tangent bundle with
projection map 7: TM — M. Then for each (p,u) € TM, the tangent space
T ITM = $pu) © Bpu), where U, ) is kernel of dmy, ) : TipuTM — T,M
and $(p.) is the kernel of the connection map Ky, ) : T(pwTM — T,M with
respect to the Riemannian connection on (M, g). The subspaces 1), Vpu)
are called the horizontal and vertical subspaces respectively. Consequently
the Lie algebra of smooth vector fields X(T'M) on the tangent bundle T'M
admits the decomposition X(TM) = $ & U, where § is called the horizontal
distribution and U is called the vertical distribution on the tangent bundle
TM. For each X, € T,M, the horizontal lift of X, to a point z = (p,u) € TM
is the unique vector X" € §, such that dr(X") = X, o m and the vertical
lift of X, to a point z = (p,u) € TM is the unique vector X! € U, such
that X7 (df) = X,(f) for all functions f € C*°(M), where df is the function
defined by (df)(p,u) = u(f). Also for a vector field X € X(M), the horizontal
lift of X is a vector field X" € X(T'M) whose value at a point (p,u) is the
horizontal lift of X (p) to (p,u), the vertical lift XV of X is defined similarly.
For X € X(M) the horizontal and vertical lifts X", X? of X are the uniquely
determined vector fields on T'M satisfying

dr(X!) = X0, K(X!) = 052, dn(X?) = Ona), K(X?Y) = Xo(2)

Also we have for a smooth function f € C*(M) and vector fields X,Y €
X(M), that, (fX)" = (fom) X", (fX)' = (fom)X", (X +Y)h = X" 4 Y
and (X +Y)" = X"+ Y". If dimM = m and (U, ¢) is a chart on M with
local coordinates x', 22, ..., 2™, then (7~ *(U), ®) is a chart on TM with local
coordinates x!,..., 2™, y', ..., y™, where 2’ = 2’orand ¢! = dz'yi=1,...,m.
Throughout this paper we use Einstein summation, that is, the repeated indices
are summed on their range. For horizontal and vertical lifts we have
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Lemma 2.1 ([3]). Let (M,g) be a Riemannian manifold and X,Z € X(M)
which locally are represented by X = & ?ci and Z = n’ a?:i' Then the vertical

and horizontal lifts X° and X" of X at the point Z € TM are given by
) .0 . .0
XY =¢ - Xh - 1—4— ]krl~+
( )Z 3 8:(/17 ( )Z £ Oz S n ]kayz
where the coefficients Fj-k are the Christoffel symbols of the connection V on
(M. 9g).

A Riemannian metric g on the tangent bundle T'M is said to be natural
metric with respect to g on M if g0y (X", Y") = g,(X,Y) and g, (X", Y?) =
0, for all vector fields X,Y € X(M) and (p,u) € TM, that is the projection
map 7: TM — M is the Riemannian submersion [6]

3. TANGENT BUNDLE OF THE HYPERSURFACE

Let M be an immersed hypersurface of the Euclidean space (R"™,(,)),
where (,) is the Euclidean metric, with the immersion f: M — R""'. Then
we have the smooth maps

F=df: TM — R*" 7. B> _ Rgrt!

defined by F(p, X,) = (f(p),df,(X,)) and 7 (z,y) = = for x,y € R"*!, where
df,: T,M — R is the differential of the map f at p € M. Clearly for =7oF
holds, where w: TM — M is the projection of the tangent bundle. We have
for the submersion 7: (R**2 ())) — (R""',(,)), as 7 is linear d7, = T,
p € R>+? which implies that the vertical space B, = kerdw, = (0, R*1)
and since 9, L U, we get §, = R¥"*2/P, = (R"1,0). Also we see that dr
preserves lengths of horizontal vectors, that is, (X,Y) = (d7(X),dn(Y)) for
X.,Y € $ where d7 = [I(n+1)x(n+1) 0(n+1)><(n+1)} consequently it follows that
7 (R*™2 () — (R (,)) is a Riemannian submersion (cf. [6]).

If 2t ..., 2™ are the local coordinates on M then the corresponding coordi-
nates on TM are z', 22, ..., 2", y', 92, ..., y" where 2! = 2 o7,y = da',i =
1,...,n. Similarly if u!,... u™" are the local coordinates on R"*! then we
get a corresponding coordinates u!, ... u"t! vt

Jot oo 0" on R7T2 where we
know that
o\ 0
ou’ O

h
((;ii) = %, i=1,...,n+1.

Let us denote by D, D the Euclidean connections on R*™!, R?"*2 respectively,
then recall that the connection coefficients (Christoffel symbols) Ffj of the
Euclidean connections are zero.

For the Riemannian submersion 7: R?"*2 — R"™! we have the following:




74 SHARIEF DESHMUKH, HAILA AL-ODAN AND TAHANY A. SHAMAN

Theorem 3.1. 7: R**2 — R"! is the Riemannian submersion with totally
geodesic fibers R, that is, T = 0. The tensor field A on R*"*? also vanishes.

Proof. Recall that for E, F € X(R*"2) we have [6]
TpF = $(DypQF) + B(DypHF)

Let E=X+UF =Y 4V where X,Y € ,U,V € Y, that is X = o',
Y =02 U=c-2 and V = d'2.. Then we have

out”’ vt vt
TgF = $9(DyV) +B(DyY)
= U A + D) A1) =0,
ApF =U(DxY) 4+ H(DxV)
=B (1)) + S () ) =0

O

The following theorem is a consequence of the fact that an immersion of
M in N induces an immersion of M in T'N, yet we sketch the proof for the
sake of our need for an explicit expression for the differential of the induced
immersion of TM in T'N.

Theorem 3.2. The map F: TM — R?"*2 is an immersion.

Proof. Let p € M and P = (p, X,) € TM, then we have for local coordinates

zt, ..., 2™ around p, X, = yi(P)(%)p and F'(P) = df (p, X,) = (f(p), df,(X,)).
The matrix for df,: T,M — Ty R" is the (n + 1) x n matrix.

oA (ONEEERIRERI ()
dfp = : : : :
L) e S ()
where f* =u%o f, a=1,...,n+ 1. This gives
o (p)y'(P)
dfp<Xp) = :
2L (p)y'(P)
consequently
1 n+1
FP)= (£ @) 0 17 0. Lo (), 2o ()
T ox
that is

1 n+1
F = (flo7r,f207r,...,f"+lo7r,(gf, ow)yi,...,(ag : ow)yi).
it x*
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Thus the matrix for dFp: Tp(TM) — Tppy(R***?) is the (2n+2) x 2n matrix.

1 1 1 1
Gr(P) - HR(P) FE(P) o GR(P)
pEnt1 | 8F”+:1 8F”+:1 : 8F”+:1
dFp = | LTy T () Sy () e ()
QEE(PY ... e O (P)
_81”61"1“(13) 8@2’;“(13)_
Note that fora=1,...,n+1and 5 =1,...,n we have:
OF“ _O(f*om), . Of°
QFrti+e (G5 o m)y') of°
(P = P = o),
OF® afe
pF™ e (% o m)y') orfe
———(P)=—2%_—"°(P)= ———(p)y'(P
———(P) = =2 2D py = )i
thus we arrive at
dfp O(n+1)><n
dFP — 9 4 (n+1)xn
(%(p)yk(P>)(n+l)Xn dfp(n+l)><n
Hence dFp has rank 2n that is F': TM — R?"*? is an immersion. O

Thus the tangent bundle T'M of the hypersurface M of the Euclidean space
R™*1is a submanifold of R?"*2. We denote the induced Riemannian metrics on
M and T'M respectively by g and g respectively. Also we denote by V,V the
Riemannian connections on M,T'M respectively. We denote by N the unit
normal vector field of the orientable hypersurface M. For the hypersurface
M of the Euclidean space R™"! we have the following Gauss and Weingarten
formulae

(1) DxY = VxY +(S(X),Y)N
(2) DxN = —S(X)
where X|Y € X(M) and S denotes the Weingarten map S: X(M) — X(M).

Similarly for the submanifold TM of the Euclidean space R***? we have the
Gauss and Weingarten formulae:

(3) DxY = VxY +h(X,Y)

(4) DxN = —S4(X)+VxN

where X,Y € X(TM) and S denotes the Weingarten map in the direction of
the normal N which is Sg: X(TM) — X(TM), and is related to the second
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fundamental form h by
(h(X,Y), M) = (S4(X), ).

Also we observe that for X € X(M) the vertical lift XV of X to TM, as
X" € ker dr we have dm(X") = 0 that is df (d7(X")) = 0 or equivalently we get
d(fom)(X?) =0, that is d(7 o F)(X") = 0 which gives dF'(X") € kerdx = .
Moreover we have the following lemmas:

Lemma 3.1. For P = (p, X,) € TM

AFp(X}) = (df,(X,))"-

i 8

Proof. For X = ¢'52; Y = . Thus we have

dFp(Xp) = | opt

and on the other hand

dfy(Xp) =

Thus we get (df,(X,))" = dFp(X}). O

Remark. On a Riemannian manifold (M, g) for a smooth function f € C*°(M),
the Hessian of the function f is defined by H;(X,Y) = X (Y (f)) — VxY (f),
X,Y € X(M), where V is the Riemannian connection on M. If X = ¢'52; and
Y =155 9 then we have

0 -0
H(X,Y) = X0 5Ly~ €09 00 20 (7)
0 0 g 0 On? 0
= X)L 4 WX (1) — ety T 6T I
=<'y, zafj _ST’JF%T{;

where Ffj are the Christoffel symbols for the Riemannian connection. Thus at
a point p if X, = N'(:%), and Y, = 1/ (5), we have

0? 0
Hy(X,,¥y) = N 5o () = X ) 22 ),
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Lemma 3.2. Let N be the unit normal vector field to the hypersurface M and
P = (p,X,) € TM. Then the horizontal lift Y% of Y, € T,M satisfies

dFp(Yp) = (df,(Y,)" + Ve
where Vp € Vp is given by Vp = (S,(X,),Y,) Np.
Proof. Since

dfy 0
2 rl 2 rl
2Ly (P) - SZ ()Y (P)
dFp — _ , .
. . . dfp
2 rn+1 2 rn+1
Sl y(P) - T (p)y*(P)

for X, = & (8é;i)p and Y, = n (%)p as YF,’Z =17 (%)P - fknjfék(p) <8iyi)

we have

P

vy df,(Yy) ”
% k P a ¢k ]Fa _;
AFp(Yh) = eagar (D)Y" (P)n | & T5(p) gz= (p)
()Y (P — €T, (p) 2o (p)
0
B [dfp(yp)] Hypi (Y, Xp)
- 0 T :
Hpnir (Y, X,)

(Note that X, = &(
get

a?ci )p = yi(P)(axl )p, that is, & = y*(P)). Consequently we

dFp(Yp) = (df,(Y,)" + Ve

where Vp € Up and Vp = Hpa(Y),, X ) ~=. We know that to compute the
horizontal lift Y/ at P = (p, X,) we need to assume that Vy X = 0 (that is, X
is parallel along integral curves of Y) (cf. [3], p.8 ). Thus we have from Gauss
equation

Digonydf (X) = Vy X + (S(X),Y)) N = (S(X),Y)) V.

Now for df (X) = A2, A% = df(X)(u®) = X(u® o f) = X(f*) and that D
being Euclidean connection:

Dy (X) = Y X (/%) 2o
= (VXU (T X))o
— Hp (v, X)L



78 SHARIEF DESHMUKH, HAILA AL-ODAN AND TAHANY A. SHAMAN

Thus

Hp (Y, X) 5 = (S(X), Y)) N = (S(X), ) (b=

implies Hya (Y, X) = (S(X)Y)) h* that is
Ve = ((SCOV DI ) (P) = (5,06, %) N
0]

Lemma 3.3. Let N = (N,0) € X(R>*2), where N is the unit normal vector
field of the hypersurface M in R™'. Then

(1) N = N".
(2) N is a normal vector field to TM as a submanifold of R*"*2.

Proof. 1. We denote by $ and U the horizontal and vertical distributions of
the tangent bundle TR"*!. Then clearly N € $, which implies K (N) = 0,
where K is the connection map of the connection D, and since the matrix of
dr is d7 = [I 0], we get d7(N) = N o7. This proves N* = N. Note that
we can prove this part from the known formula for the horizontal lift given in
Lemma 2.1 as follows

Since N = ho‘ = and Fk for the connection D vanish, N* = (hao?f)a% =N.

2. It is enough to prove that for any X,Y € X(M)

(dF(X"),N) =0and (dF(Y"),N)=0.
Now since 7 is a Riemannian submersion we have
(dF(X*), N) = (@ (X)", N")
= (dm(df (X))"), dT(N")) = (df(X),N) o T =0
as df (X) € X(R"™') and N be the normal vector field to M in R"*1. Also by
Lemma 3.1 since dF (Y") = (df(Y))” we have (dF(Y"), N) = 0. This proves
that N is normal vector field to T M. U

Remark. The Euclidean space R?"*2 has natural complex structure J, and if
we put N = JN then from the definition of .J we have N = JN" = N*. Now

for X,Y € X(M) we have <dF(X” > = ((df(X))" + V, N*) = (V, N*) and
<dF(Y”), N> — ((df(Y))", N*). Let Y = /-2, then we have

df<Y>=<?;fni>a%, (@) = () o)

and NV = (h® o 7) -2

which implies

(ar(y), K'Y = ((‘Zf;jni)ha) o F = (dAf(Y), N) 0 7 = 0.

But since (V, N”) # 0 in general, so N can not be a normal vector field to
TM.

v
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We choose N* as a unit normal vector field to TM in R?"*2 which is or-
thogonal to N so that for X,Y € X(T'M) we have

MX,Y) = (hMX,Y),N) N+(h(X,Y),N*) N* = (SxX,Y) N+(Sy-X,Y) N*.

Lemma 3.4. The unit normal N* to TM 1is a vertical vector field on the
tangent bundle TR .

Proof. Take U € X(R"™) |5;. Then we can express it as U = df (X) + oN,
p € C®(M), X € X(M), consequently we have

(5) U" = (df(X))" + (pom)N = dF(X") =V, + (pom)N

Now since dF(X") = (df (X))"+V, if (df (X))" = Y"+bN and V,, = YN where
Y", bN are the tangential and normal components of (df (X))" respectively and
v =g(S(X),Y). We have dF(X") = Y"4+bN ++y NV, where bN +vN* must be
tangential to TM (as dF(X") is tangent to TM). Thus g(bN +yNV, N*) =0
which implies yg(N?, N*) = 0. Also g(bN +yN",N) = 0 proves b = 0, that
is YNV =V, must be tangential. Taking inner product in equation (3.5) with
N*, we get (U" N*) = 0 for eachU € X(R™™) |ywhich implies N* must be
vertical. O

Lemma 3.5. For X € X(M) and N = (N,0) € X(R*>"*?) we have
DN = (DxN)" and Dx.N = 0.

Proof. Expressing locally N = (h® o ?r')a%, h® € C°(R") we compute

DN = (dF(X")(H 0 7)o = (df (X)) (1 o ) 5
= (@O0 0T
On the other hand we have Dy N = (df (X))(h*)32% and
(DxNY! = (X)) () 0 7) 3 = Dy

For the second relation we have
B T v a = 8 o [ON e No BN 8 _
DxoN = (dF(X"))(h ow)% = ((df (X))"(h ow)% = 0.
Corollary 3.1. For X € X(M) we have (S(X))" = —DxnN.

Proof. From equation (3.2) and Lemma 3.5 we have (S(X))" = —(DxN)" =
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Ezample. Take M = S% and f: S? — R3 the inclusion f(z1, 22, 23) = (2!, 22, 23)
for (21,22, 23) € S?. Let p = (2,22, 2%) € S? be a point with 2® > 0 and take
a chart (U, ¢) around p where U = {(2',2%,2%) € S? : 23 > 0 } and
¢: U — B1(0) C R?¢(z', 22, 2%) = (21, %),
¢ (uhu?) = (u' u? /1 — (uh)? — (u?)?).

2

Let 2!, 22 be the local coordinates on U and u!, u?, u® be the Euclidean coor-

dinates on R3. Then

ff=u*of=2%a=1,2,3

) = i =12
_ V= (u2)2(¢(p))
= _Zf,z =1,2
and
1 0
dfy=1 0 1

Now let P = (p, X,,) where X = &> € X(5?), then

i

ut .
F:df: (flo7r’f207r7f307r’y1’y2’—$y2)

where !, 22, y!, ? are the local coordinates with respect to the chart on 7'S?
corresponding to (U, ¢) on S%. We get

OF3+a ) B L
o (P) = e (P) =0, a,i=12
OF" o) o Uty — 'y (SE)

S W G St
()
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Note that y*(P) = £%, a = 1,2, so we get

[ 1 0 0 0 7
0 1 0 0
1 2
= —= 0 0
dFp = 0 0 10
0 0 0 1
—(2’3)251 _Zigizl —(23)252 _ZiEiZZ —Zl —Z2
L IE S >3 P
Now for Y = 5’52 € X(5%) we have Y = ' 22 — i ¢FT%, 821. consequently
_ . ;
n
2
_2122717_22212
dFp(Y}) = e
—Ujﬁkr%‘k
J
_ 23 2¢a _Zi iza o s . o
I {(()(ng)sg)n + ST}
that is
0
df (Y,))" P& T,
vy = | WO 4 e

_ Z3 2¢ca 721' iza a et . a
{(()(i#g)n + ST}

Now we need to compute the connection coefficients of F;‘?i of the connection
V with respect to this chart on S2. Since

0 o u 0

o7 v w o

we get for 4,7 =1,2

o (9 9N_/J9 O
Jii = I\ oz 0w ) ~ \ ozt 0w

g W I 9 W I .U

ui P oud Oul B 0ud (u3)?

and consequently

and
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Using

1 09; 09i;  0Ga;
| —— o I @
i1 = 59 { ow  OJu” * ou’

we arrive at

I'n = (u3)2
o uH((v’) 4 (uh)?)
I = (u3)2
F%z = 1—%1 = (uui Z
2 _ 2 _ (u?)?u!
F12 - 1—‘21 (US)Z
L u (W) + (w?)?)
I» = (u3)2
o uH((v’) 4 (v?)?)
F22 - (U3>2
which gives
_ 0 -
0
h df (Y,))" 0
dFp(Y}) = [ ( (0 ) } oy
—u? (X,Y)
—u? (X,Y) |

where N =u®32 € X(R®) is the unit normal vector field to S? and

(X,Y) =n'¢' + 0 + ﬁ(nlu1 +nu?) (€t + Eu?).

Remark. We observe that the metrics defined on 7'M using the Riemannian
metric of M (such as Sasaki metric, Cheeger-Gromoll metric, Oproiu metric)
are natural metrics in the sense that the submersion 7: TM — M becomes a
Riemannian submersion with respect to these metrics. However, the induced
metric on the tangent bundle T'M of a hypersurface M of the Euclidean space
R™ 1 as a submanifold of R?"*? is not a natural metric because of the presence
of the term Vp (see Lemma 3.2).

4. A SPECIAL CASE

In this section we study the hypersurfaces f: M — R""! satisfying
dFP(XJ@) = (dfp(Xp))h>
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that is the hypersurfaces for which the vector field V = 0. We call these
hypersurfaces generic hypersurfaces of the Euclidean space R"*1. A trivial ex-
ample of a generic hypersurface of the Euclidean space, is the totally geodesic
hypersurface R" of R"*! (this follows from Lemma 3.2). The natural embed-
ding f: S' — R?, f(z,y) = (z,y) of the unit circle gives another example of
a generic hypersurface. The tangent space at each point p € S! is spanned

by the unit vector &, = (—ya% - w%) and that V¢& = 0, that is T'j; = 0
p
consequently, it can be easily verified that dFp(£p) = (df,(&,))".

Lemma 4.1. For a generic hypersurface M of the Euclidean space R™*! the
induced metric g on TM as a submanifold of R***2 is a natural metric with
respect to g on M.

Proof. For X, Y € X(M) we have:
gX" Y") = (dF(X"),dFE(Y™)) o F = {(df (X))", (df (Y))") o F
= {df(X),df(Y)) omo F = (df (X),df (Y)) o fom
=g(X,Y)om.
g(X", V") = (dF(X"),dF(Y")) o F = ((df (X))", (df (Y))") o F = 0.
O

Remark. Note that for a generic hypersurface M of R"™! the submersion
m: TM — M is a Riemannian submersion.

Recall that for the unit normal vector field N = h®;2 (R™) to M
we have a unit normal vector field N = N* = (h®o 7r)— € X(R*%) to TM.
Now put N* = JN = N" = (h* o 7)3% thus we have the following;

Lemma 4.2. For a generic hypersurface M of R**', N* = JN is the normal
vector field to TM in R*2 which is orthogonal to N

Proof. For X,Y € X(M) we have (dF(X"),N*) = N”> =0 and
we know from the first section that (dF'(Y"”), N*) = ( )) v) = 0. That
is N* = JN is a normal vector field to T'M. O

Lemma 4.3. For a generic hypersurface M of R™', X € X(M)
DxnN* = (DxN)"DxoN* = 0.
Proof. We have
DyaN* = (dF(XM)(h 0 7)o = ((df (X)(h) 0 7)o
and DyN = (df (X)(h*)32 which gives

(DxN)* = (df(X)(h)) 0 )z = Dy V"
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For the other equation we have
DxoN* = (dF(X"))(h* o %’)ai = (df(X))"(h o 'ﬁ)ai =0.

Ve Ve

O

Corollary 4.1. For a generic hypersurface M of R, (S(X))" = —DxnN¥,

X e X(M)
Proof. Since S(X) = —DxN we get (S(X))" = —(DxN)” = —DxnN*.
Corollary 4.2. For a generic hypersurface M of R™™ with X € X(M) :

2) 5. X" = (S(X))",
3) SyX¥ =0,
4) §.X"=0

Proof. 1) From Corollary 3.1 we have
(S(X))" = =DxnN = — [-Sx(X") + Vi N] == Sx(X") — Vi N.
Equating the tangential and normal components we get
VLN =0 and Sp(X") = (S(X))".
2) Similarly, from Corollary 4.1 we have
(S(X))”" = —DxnN* = Sy« (X") — V5u N*.
Equating the tangential and normal components we get:
Vi N* =0 and Sy« (X") = (S(X))".
3) From Lemma 3.5 we have
0= DxoN = —S5(X") + V%.N.
Equating the tangential and normal components we get:
Vx.N =0 and Sg(X") = 0.
4) From Lemma 4.3 we have
0= DxsN* = —Sy-(X") + V%, N*.
Equating the tangential and normal components we get
V% N* =0 and Sy-(X") = 0.

Corollary 4.3. For a generic hypersurface M of R"™! with X, Y € X(M):

1) h(X",Y") =0

~

2) h(X*,Y") =0,
3) (X", Y?) =0,
4) h(X",Y") = ((S(X),Y) o F)N".

O

O
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Proof. Since h(X,Y) = <§NX,Y>W + <SN*X,Y> N*, using corollary 4.2 we
get

1) h(X", YY) = (SgX", Y") N + (Sy+ X", Y") N* = 0,
2) h(X",Y") = (S5X",Y")N + (Sy- X", Y") N* =0,
3) (X", Y") = (SgX", V") N + (Sy-X",Y") N*,
= (SO Y") N + (X", Sy-Y") N* =0,
4) h(X" V") = (Sg X" Y'Y N + (Sy- X", V") N*,
= ((S(X))" Y") N = ((S(X),Y) o) N".
O

Theorem 4.1. For a generic hypersurface M of R"™, the tensor field T of
the Riemannian submersion m: TM — M vanishes.

Proof. We have for E, F € X(TM) (cf. [6])
TpF = H(VypBF) + B(VypHF).
Thus if X,Y € X(M), then
(6) TxnY" =T YV =0as Tp =Ty,
(7) T Y = 9(Vxo V") = 9(Dxo Y — (X", Y"))

but as Dx.Y" = X"(n' o 71')8?/1- =0 where Y = 7’ {gi. Then the Corollary 4.3
gives Tx» Y = 0.

(8) Tx Y =B(Vx Y.

For Z € X(M) we use (6) to compute

G(Vxo Y Z2°) = —g(Y", Ve Z°) = —g(Y", 6(Vxe Z")) = —g(Y", Tx+ Z") = 0
which implies B(Vyx.Y") = 0= Tx.Y" =0. Thus T = 0. O

Theorem 4.2. For a generic hypersurface M of R""', the tensor field A of
the Riemannian submersion w: T'M — M wvanishes.

Proof. For E, F € X(TM) we have (cf. [6])
ApF =U(Vgp9HF) + H(VepDF).
Taking X,Y € X(M) we compute
(9) AxoY" = AxY' =0as Ap = A,
(10)  AuY? =9V YY) = H(DxnY? — h(X" Y?)) = H(DxnY?)

As for Y =n'2; we have

_ , 0 . 0
DY’ = X"(nio ﬂ)a—yZ =X(n")o W@y"'
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and DyY = X(ni)aii. Thus we get DynY? = (DxY)? consequently Ax»Y? =
0.

(11) Axn Y =0(Vn Y™,

Taking Z € X(M) we have

g(VxnY", Z2) = —g(Y", VxuZ") = —g(Y", (V1 Z2Y)) = —g(Y", Axn Z%) = 0
which implies U(V x1nY") = 0 that is Ax»Y" = 0. Thus we have A = 0. OJ
Theorem 4.3. If « is the mean curvature of the a generic hypersurface M

of R™! and H be the mean curvature vector field for the submanifold TM of

R?" 2 then we have

1 —
H= 5(040%)]\7

Proof. Choosing normal coordinates on a normal neighbourhood of M we
choose a local orthonormal frame X!, X2 ..., X™ with respect to these local
coordinates. Then we get a local orthonormal frame

D GD D D D C N ¢

on TM. We know that o = 237" | g(S(X?), X?), where S: X(M) — X(M) is
the Weingarten map. Using Corollary 4.2 we compute

v

Ho= o3 (X7 X+ (X", X))

1 o~ /- N\ _ ‘ .
= o DSy X" XN 4 (S X" XY N
n
=1

+ (Sy X", X"YN + (S X", X") N*}

n n

= 5 (SO XM )N = oS (S0, X o R
Ly iy ~ 1 _
= 52 9(S(X), X) om)N = S(aom)N

i=1

Finally, we prove the following theorem:

Theorem 4.4. The tangent bundle TM of a generic hypersurface M of R
15 trivial.

Proof. Since the fundamental tensors A and T of the Riemannian submersion
w: T'M — M are zero, both horizontal and vertical distributions $) and U are
integrable. Also the leaves of the distributions $ and U are totally geodesic
submanifolds of T'M (cf. [6] ). Moreover the leaves of U are totally geodesic
submanifolds of R?"*2 by corollary 4.3 and consequently are R". Moreover the
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restriction of 7 to the leaves of $) is an isometry thus leaves of §) are isometric
to M and consequently we get that T'M = M x R" that is T'M is trivial. [

Corollary 4.4. The tangent bundle T'S? of f: S* — R3, where f is the inclu-
sion does not satisfy dF(X") = (df (X)), X € X(5?), or equivalently S* not
a generic hypersurface of R3.

Proof. If S% is a generic hypersurface, then by above theorem we get T'S? is
trivial. Which would imply that the Euler characteristic x(5?) = 0, which is a
contradiction as y(S?) = 2. The proof also can be obtained from the example
in section-3 by deriving a contradiction with the assumption that the vector
field V = 0. O
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