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VERTICAL LAPLACIAN ON COMPLEX FINSLER BUNDLES

CRISTIAN IDA

Abstract. In this paper we define vertical and horizontal Laplace type
operators for functions on the total space of a complex Finsler bundle

(E, L). We also define the �
′′

v-Laplacian for (p, q, r, s)-forms with compact
support on E and we get the local expression of this Laplacian explicitly
in terms of vertical covariant derivatives with respect to the Chern-Finsler
linear connection of (E, L).

1. Introduction

As it is well known, (see [7], [9], [16]), the Laplacian plays an important role in
the theory of harmonic integral and Bochner technique both in Riemannian and
Kähler manifolds. In recent years some results on Laplacians and their appli-
cations in real Finsler spaces have been investigated by [4], [5], [13] and others.

Also, in [19] and [20] the h
′′

-horizontal Laplacian on strongly Kähler-Finsler
manifolds is studied. Recently, in [18], the complex vertical and horizontal
Laplacian on strongly pseudoconvex complex Finsler manifolds was defined and
the relationship with the Hodge Laplace operator associated to the holomorphic
tangent bundle with respect to the Hermitian metric of Sasaki type naturally
induced by the strongly pseudoconvex complex Finsler metric on M , were clar-
ified. The aim of the present paper is to study the Laplace type operators on
a complex Finsler bundle (E,L). In our context, we are mainly interested to
obtain the vertical part of the Laplacian, first for functions and next for forms
with compact support on the total space of a complex Finsler bundle. In the
first section of this paper, following [2], [10] and [12], we briefly recall some basic
notions on complex Finsler bundles. In the second section, according to [1], [3]
we present the Chern-Finsler linear connection as a Hermitian connection in the
pull-back bundle and we write the vertical covariant derivatives of contravariant
and covariant complex tensor fields. In the third section, using an argument
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similar to that in [19], we define horizontal and vertical Laplace type operators
for functions on E. In the last section we define an L2 - global Hermitian inner
product on the space of (p, q, r, s)-forms with compact support on E and we

give the local expression of the adjoint operator δ
′′v of d

′′v with respect to this
inner product. Thus, we can define the �

′′v-Laplacian for (p, q, r, s)-forms with
compact support on E. Finally we get explicitly the expression of this Laplacian
in terms of vertical covariant derivatives of the Chern-Finsler connection.

Let π : E → M be a holomorphic vector bundle of rank m over a complex
manifold M of dimC M = n. Let us consider U = {Uα} an open covering set
of M and (zk), k = 1, . . . , n the local complex coordinates in a chart (U,ϕ) and
sU = {sa}, a = 1, . . . ,m a local holomorphic frame for the sections of E over
U . The covering {U, sU}U∈U induces a complex coordinate system u = (zk, ηa)
on π−1(U), where s = ηasa is a holomorphic section on Ez . If we denote by
gUV : U ∩ V → GL(m,C) the transition functions, then in z ∈ U ∩ V, gUV (z)

has a local representation by the complex matrix Ma
b (z) and if (z

′k, η
′a) are the

complex coordinates in π−1(V ) the transition laws of these coordinates are:

(1.1) z
′k = z

′k(z) ; η
′a = Ma

b (z) ηb,

where (Ma
b (z)), a, b = 1, . . . ,m are holomorphic functions and detMa

b 6= 0.
As we already know, the total space E has a structure of (m+n)-dimensional

complex manifold because the transition functionsMa
b (z) are holomorphic. Con-

sider the complexified tangent bundle TCE = T
′

E ⊕ T
′′

E, where T
′

E and

T
′′

E = T
′

E are the holomorphic and antiholomorphic tangent bundles. The ver-
tical holomorphic tangent bundle V E = kerπ∗ is the relative tangent bundle of
the holomorphic projection π. A local frame field on VuE is { ∂

∂ηa }, a = 1, . . . ,m.

The vertical distribution VuE is isomorphic to the sections module of E in u.
A subbundle HE of T

′

E complementary to V E, i.e. T
′

E = V E ⊕ HE,
is called a complex nonlinear connection on E, briefly (c.n.c). A local base
for the horizontal distribution HuE, called adapted for the (c.n.c) is { δ

δzk =
∂

∂zk − Na
k

∂
∂ηa }, k = 1, . . . , n, where Na

k (z, η) are the coefficients of the (c.n.c).

In the following we consider the abbreviate notations: ∂k = ∂
∂zk ; δk = δ

δzk ;
.

∂a= ∂
∂ηa . Locally, {δk} defines an isomorphism of π∗(T

′

M) with HE if and

only if they are changed under the rules

(1.2) δk =
∂z

′j

∂zk
δ
′

j ;
.

∂b= Ma
b

.

∂
′

a

and consequently for its coefficients (see (7.1.9) in [12]) we have that

(1.3)
∂z

′k

∂zj
N

′a
k = Ma

b N
b
j −

∂Ma
b

∂zj
ηb.

The existence of a (c.n.c) is an important ingredient in the ”linearization” of
the geometry of the total space of a holomorphic vector bundle E. The adapted
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frames denoted by {δk := δ
δzk } and {

.

∂a:=
∂

∂ηa }, for the distributions HE and

V E are obtained respectively by conjugation. The adapted coframes are locally
given by

(1.4) {dzk} , {δηa = dηa +Na
k dz

k} , {dzk} , {δηa = dηa +Na

k
dzk}.

Definition 1.1. A strictly pseudoconvex complex Finsler structure on E, is a
positive real valued smooth function F 2 = L : E → R+ ∪{0}, which satisfies the
following conditions:

(i) L is smooth on E − {0};
(ii) L(z, η) ≥ 0 and L(z, η) = 0 if and only if η = 0;

(iii) L(z, λη) = |λ|
2
L(z, η) for any λ ∈ C;

(iv) (hab) = (
.

∂a

.

∂b (L)) (the complex Levi matrix) is positive defined and
determines a Hermitian metric tensor on the fibers of vertical bundle V E.

Definition 1.2. The pair (E,L) is called a complex Finsler bundle.

According to [2], [12], we have

Proposition 1.1. A (c.n.c) on (E,L) depending only on the complex Finsler
structure L is the Chern-Finsler (c.n.c) locally given by

(1.5)
CF

Na
k = hca∂k

.

∂c (L).

Proposition 1.2. ([12]) The Lie brackets of the adapted frames from TC(E),
with respect to the Chern-Finsler (c.n.c) are given by

[δj , δk] = 0 , [δj , δk] = (δk
CF

Na
j )

.

∂a −(δj
CF

Na
k
)

.

∂a ,

[δj ,
.

∂b] = (
.

∂b

CF

Na
j )

.

∂a , [δj ,
.

∂b] = (
.

∂b

CF

Na
j )

.

∂a , [
.

∂a,
.

∂b] = [
.

∂a,
.

∂b] = 0

and their conjugates.

2. The Chern-Finsler linear connection

The notions in this section are defined according to [3]. Let π : E → M

be a holomorphic vector bundle endowed with a strictly pseudoconvex complex
Finsler structure, as in the first section. We also identify the holomorphic local

frame fields s = {s1, . . . , sm} of E, with the one of the pull-back bundle Ẽ :=

π∗E which is isomorphic to V E by
.

∂a↔ π∗sa. Then, Ẽ admits a Hermitian
metric hL defined by

(2.1) hL(Z,W ) = habZ
aW

b
, Z,W ∈ Γ(Ẽ).

Let ∇ : Γ(Ẽ) → A1(Ẽ) be the Hermitian connection of the bundle (Ẽ, hL), i.e.

∇ = ∇
′

+ ∇
′′

is the unique connection on the bundle (Ẽ, hL) satisfying the
conditions

(2.2) ∇
′′

= d
′′

; dhL(Z,W ) = hL(∇Z,W ) + hL(Z,∇W ), ∀Z,W ∈ Γ(Ẽ).
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Definition 2.1. ([1]) The Hermitian connection ∇ on (Ẽ, hL) is called the
Chern-Finsler linear connection of the bundle (E,L).

The (1, 0)-connection form ω = (ωa
b ) of ∇ with respect to a holomorphic

frame s = {sa}, a = 1, . . . ,m, is defined by

(2.3) ∇sb = ωa
b ⊗ sa , ω

a
b = Γa

bkdz
k + Ca

bcdη
c,

where the local coefficients of the connection are given by

(2.4) Γa
bk = hca∂k(hbc) ; Ca

bc = hda
.

∂c (hbd).

Using the adapted frames and coframes from the first section, the (1, 0)-connection
form ωa

b can be written by

(2.5) ωa
b = La

bkdz
k + Ca

bcδη
c ; La

bk = hcaδk(hbc).

We note that the vertical coefficients Ca
bc satisfy the symmetry relation

(2.6) Ca
bc = Ca

cb

and it is easy to check

(2.7) Ca
ab =

.

∂b (ln h),

where h = det(hab).
In the end of this section, we briefly recall the vertical covariant derivatives

with respect to the Chern-Finsler connection for contravariant and covariant
tensor fields.

If T IpJqArBs(z, η) are the components of a contravariant complex tensor field
of (p, q, r, s)-type on E, where

Ip = (i1 . . . ip); Jq = (j1 . . . jq); Ar = (a1 . . . ar); Bs = (b1 . . . bs),

then its vertical covariant derivatives with respect to the Chern-Finsler connec-
tion are given by

(2.8) ∇ .

∂a
T IpJqArBs =

.

∂a (T IpJqArBs) +

r∑

k=1

T IpJqa1...ak−1λak+1...arBsCak

λa ,

(2.9) ∇ .

∂a
T IpJqArBs =

.

∂a (T IpJqArBs) +

s∑

k=1

T IpJqArb1...bk−1 λ bk+1...bsCbk

λ a
.

If TIpJqArBs
(z, η) are the components of a covariant complex tensor field of

(p, q, r, s)-type on E, then its vertical covariant derivatives with respect to the
Chern-Finsler connection are given by

(2.10) ∇ .

∂a
TIpJqArBs

=
.

∂a (TIpJqArBs
) −

r∑

k=1

TIpJqa1...ak−1λak+1...arBs
Cλ

aka,
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(2.11) ∇ .

∂a
TIpJqArBs

=
.

∂a (TIpJqArBs
) −

s∑

k=1

TIpJqArb1...bk−1 λ bk+1...bs
Cλ

bk a
.

We remark that if we combine the formulas above, we get the vertical covariant
derivatives for mixed contravariant and covariant complex tensor fields. Also, it
is easy to check

(2.12) ∇ .

∂c
hab = ∇ .

∂c
hab = ∇ .

∂c
hba = ∇ .

∂c
hba = 0.

3. Vertical and horizontal Laplace type operators for functions

on E

In this section we define vertical and horizontal Laplace type operators for
smooth functions on the total space of a complex Finsler bundle.

We recall that for a smooth function f on E, its exterior derivative is given
by

df = δk(f)dzk+
.

∂a (f)δηa + δk(f)dzk+
.

∂a (f)δηa.

In the sequel we assume that the base manifold of the complex Finsler bundle
(E,L) is a Hermitian manifold (M, g). Then, due to [6], in natural manner we
can consider the following Hermitian metric structure on E

(3.1) G = gjk(z)dzj ⊗ dzk + hab(z, η)δη
a ⊗ δηb,

where gjk(z) is a Hermitian metric on the base manifold M , and hab is the
Hermitian metric tensor defined by the complex Finsler structure L, and the
adapted coframes are considered with respect to the Chern-Finsler (c.n.c). Thus,
(E,G) can be considered as an (m+ n)-dimensional Hermitian manifold.

Let

(3.2) Φ = i(gjkdz
j ∧ dzk + habδη

a ∧ δηb) = Φh + Φv

be the associated Kähler form of G.
Then, the volume form associated to the Hermitian metric G of E is

(3.3) dVE =
1

(n+m)!
Φn+m =

1

n!
(Φh)n ∧

1

m!
(Φv)m.

If we denote by g = det(gjk) and h = det(hab), then

(Φh)n = in(−1)
n(n−1)

2 n!gdz1 ∧ . . . ∧ dzn ∧ dz1 ∧ . . . ∧ dzn,

(Φv)m = im(−1)
m(m−1)

2 m!hδη1 ∧ . . . ∧ δηm ∧ δη1 ∧ . . . ∧ δηm

and therefore we get

(3.4) dVE = im
2
+n2

ghdz ∧ dz ∧ δη ∧ δη,

where dz = dz1 ∧ . . . ∧ dzn and δη = δη1 ∧ . . . ∧ δηm.
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Let X = Xkδk +Xa
.

∂a +Xkδk +Xa
.

∂a∈ Γ(TCE) be a complex vector field
on E. Then the divergence of X is defined by the equation

(3.5) LXdVE = (divX)dVE ,

where LX denotes the Lie derivative.
Corresponding to the decomposition of the complex vector field X , the diver-

gence of X admits the decomposition

divX = divhX + divv X + divhX + divv X

where divhX = divXh, divv X = divXv, divhX = divXh and divv X =
divXv.

Proposition 3.1. If X = Xkδk +Xa
.

∂a +Xkδk +Xa
.

∂a∈ Γ(TCE), then

divhX = Xkδk(ln g) +Xkδk(ln h) −Xk
.

∂b (
CF

N b
k) + δkX

k;

divhX = Xkδk(ln g) +Xkδk(ln h) −Xk
.

∂b (

CF

N b
k
) + δkX

k;

divv X = Xa
.

∂a (ln h)+
.

∂a X
a ; divv X = Xa

.

∂a (ln h)+
.

∂a X
a.

Proof. Using the local expressions of the Lie brackets in Proposition 1.2, a
straightforward calculus similar to that in [19] lead us to

(divX)gh = X(gh)+[δkX
k+δkX

k−(Xk
.

∂b

CF

N b
k +Xk

.

∂b

CF

N b

k
−

.

∂a X
a−

.

∂a X
a)]gh.

Thus we have

divhX =
1

gh
Xkδk(gh) + δkX

k −Xk
.

∂a

CF

Na
k

= Xkδk(ln g) +Xkδk(lnh) −Xk
.

∂a

CF

Na
k +δkX

k

and

divv X =
1

gh
Xa

.

∂a (gh)+
.

∂a X
a

= Xa
.

∂a (lnh)+
.

∂a X
a.

The relation between divhX and divv X follows in the similar manner. �

According to (2.7) and ∇ .

∂a
Xa =

.

∂a X
a +XaCb

ba we get

(3.6) divv X = ∇ .

∂a
Xa.

Note that the gradient of f is defined by

(3.7) G(X, grad f) = Xf, ∀X ∈ Γ(TCE).

Thus, for X = Xkδk +Xa
.

∂a +Xkδk +Xa
.

∂a∈ Γ(TCE) we have

grad f = gradh f + gradv f + gradh f + gradv f,
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where

gradh f = gklδk(f)δl , gradv f = hba
.

∂b (f)
.

∂a,

gradh f = glkδk(f)δl , gradv f = hba
.

∂a (f)
.

∂b .

We define the Laplace type operator for smooth functions on E by

(3.8) �f = (div ◦ grad)f

Using the decompositions of the divergence and of the gradient in the relation
(3.8) we get

(3.9) �f = �
′hf + �

′vf + �
′′hf + �

′′vf.

where

�
′hf = (divh ◦ gradh)f , �

′vf = (divv ◦ gradv)f,

�
′′hf = (divh ◦ gradh)f , �

′′vf = (divv ◦ gradv)f.

We have

Proposition 3.2. Let f be a smooth function on E. Then we have

�
′hf =

1

g
δl(gg

klδkf) + gkl[δl(lnh)−
.

∂b

CF

N b
l ]δkf,

�
′′hf =

1

g
δl(gg

lkδkf) + glk[δl(lnh)−
.

∂b

CF

N b
l
]δkf,

�
′vf =

1

h

.

∂a (hhba
.

∂b f) ; �
′′vf =

1

h

.

∂a (hhab
.

∂b f).

Proof. By direct computations, we have

�
′hf = divh(gradh f)

= divh[gklδk(f)δl]

= gklδk(f)δl(ln g) + gklδk(f)δl(ln h) + δl[g
klδk(f)] − gklδk(f)

.

∂b

CF

N b
l

=
1

g
δl[gg

klδk(f)] − gkl[δl(ln h)−
.

∂b

CF

N b
l ]δk(f)

and

�
′vf = divv(gradv f)

= divv[h
ba

.

∂b (f)
.

∂a]

= hba
.

∂b (f)
.

∂a (ln h)+
.

∂a [hba
.

∂b (f)]

=
1

h

.

∂a [hhba
.

∂b (f)].

The relation between �
′′hf and �

′′vf follows in the similar manner. �
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Remark 3.1. In terms of the vertical covariant derivatives with respect to the
Chern-Finsler connection, we have

(3.10) �
′vf = hba∇ .

∂a
∇ .

∂b

f.

Proposition 3.3. If Y = Y a
.

∂a∈ Γ(V E), then

(div Y )dVE = d[i(Y )dVE ] ; (div Y )dVE = d[i(Y )dVE ],

where i(Y ) denotes the interior product.

Proof. We have

i(Y )dVE = im
2
+n2

m∑

a=1

(−1)a−1Y aghdz ∧ dz ∧ δη1 ∧ . . . ∧ δ̂ηa ∧ . . . ∧ δηm ∧ δη.

Using

d(δηa) = δl(
CF

Na
k )dzl ∧ dzk+

.

∂b (
CF

Na
k )δηb ∧ dzk+

.

∂b (
CF

Na
k )δηb ∧ dzk

we get

d[i(Y )dVE ] = im
2
+n2

m∑

b=1

m∑

a=1

(−1)a−1
.

∂b (Y agh)δηb ∧ dz ∧ dz ∧ δη1 ∧ . . . ∧

∧δ̂ηa ∧ . . . ∧ δηm ∧ δη

= im
2
+n2 .

∂a (Y agh)dz ∧ dz ∧ δη ∧ δη.

But

.

∂a (Y agh) = g
.

∂a (Y ah) = gh[
1

h

.

∂a (Y ah)]

= gh[
.

∂a Y
a + Y a 1

h

.

∂a (h)] = gh[
.

∂a Y
a + Y a

.

∂a (lnh)] = gh divv Y. �

Using (3.6) and Proposition 3.3. we get

Theorem 3.1. Let (E,L) be a complex Finsler bundle over a Hermitian man-

ifold (M, g). If X = Xa
.

∂a∈ Γ(V E) is with compact support on E, then

(3.11)

∫

E

∇ .

∂a
XadVE = 0 ;

∫

E

∇ .

∂a
XadVE = 0.

In the following if we consider a smooth function f on E and a vertical vector

field X = Xa
.

∂a with compact support on E and Xa = hba∇ .

∂b

f then, according

to (2.6), the divergence of X is

(3.12) div X = ∇ .

∂a
(hba∇ .

∂b

f) = hba∇ .

∂a
∇ .

∂b

f = �
′vf.

Thus, we have
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Corollary 3.1. If (E,L) is a complex Finsler bundle over a Hermitian manifold
(M, g), then for any smooth function f with compact support on E, we have

(3.13)

∫

E

�
′vfdVE = 0;

∫

E

hba∇ .

∂a
∇ .

∂b

fdVE = 0.

4. �
′′v-Laplacian for forms with compact support on E

In this section we define �
′′v-Laplacian for (p, q, r, s)-forms with compact

support on E. We first define an L2-global Hermitian inner product on the
space Ap,q,r,s

c (E) of forms with compact support on E. Secondly, we give the

local expression of the adjoint operator δ
′′v of d

′′v with respect to this inner
product and thus we can define the �

′′v-Laplacian for these forms. Finally, we
get the local expression of this Laplacian, explicitly in terms of vertical covariant
derivatives of Chern-Finsler connection.

Let ϕ, ψ ∈ Ap,q,r,s
c be two forms with compact support on E locally given by

ϕ =
1

p!q!r!s!
ϕIpJqArBs

dzIp ∧ dzJq ∧ δηAr ∧ δηBs ,

ψ =
1

p!q!r!s!
ψIpJqArBs

dzIp ∧ dzJq ∧ δηAr ∧ δηBs ,

where

Ip = (i1 . . . ip), Jq = (j1 . . . jq), Ar = (a1 . . . ar), Bs = (b1 . . . bs),

dzIp = dzi1 ∧ . . . ∧ dzip , dzJq = dzj1 ∧ . . . ∧ dzjq , δηAr = δηa1 ∧ . . . ∧ δηar

and δηBs = δηb1 ∧ . . . ∧ δηbs .
We define

(4.1) < ϕ,ψ >=
1

p!q!r!s!
ϕIpJqArBs

ψIpJqArBs =
∑

ϕIpJqArBs
ψIpJqArBs .

Here the sum is after i1 < . . . < ip, j1 < . . . < jq, a1 < . . . < ar, b1 < . . . < bs
and

ψIpJqArBs = ψKpLqCrDs
gIpKpgLqJqhArCrhDsBs ,

where gIpKp = gi1k1 . . . gipkp and hArCr = ha1c1 . . . harcr .
We note that the above inner product is independent of the local coordinates

on E, thus < ϕ,ψ > is a global inner product on E. In particular we have

|ϕ|
2

=< ϕ,ϕ >=
1

p!q!r!s!
ϕIpJqArBs

ϕIpJqArBs .

Using (4.1), we define a global inner product on Ap,q,r,s
c (E) by

(4.2) (ϕ, ψ) =

∫

E

< ϕ,ψ > dVE , ‖ϕ‖
2

= (ϕ,ϕ).
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According to [14], the vertical differential operators for (p, q, r, s) -forms are
defined by

d
′v : Ap,q,r,s → Ap,q,r+1,s, d

′′v : Ap,q,r,s → Ap,q,r,s+1,

where

(d
′vϕ)IpJqa1...ar+1Bs

= (−1)p+q

r+1∑

i=1

(−1)i−1
.

∂ai
(ϕIpJqa1...bai...ar+1Bs

),(4.3)

(d
′′vϕ)IpJqArb1...bs+1

= (−1)p+q+r

s+1∑

i=1

(−1)i−1
.

∂bi
(ϕ

IpJqArb1...
b
bi...bs+1

).(4.4)

Because of the symmetry relation (2.6) and the skew symmetry of ϕIpJqArBs
we

can replace in (4.3) and (4.4) the vertical derivatives with the vertical covariant
derivatives with respect to the Chern-Finsler connection. Thus we get

(d
′vϕ)IpJqa1...ar+1Bs

= (−1)p+q

r+1∑

i=1

(−1)i−1∇ .

∂ai

(ϕIpJqa1...bai...ar+1Bs
),(4.5)

(d
′′vϕ)IpJqArb1...bs+1

= (−1)p+q+r

s+1∑

i=1

(−1)i−1∇ .

∂bi

(ϕ
IpJqArb1...

b
bi...bs+1

).(4.6)

Let δ
′v and δ

′′v be the adjoint operators of d
′v and d

′′v respectively, with respect
to the inner product defined in (4.2). That means

δ
′v : Ap,q,r,s

c → Ap,q,r−1,s
c , (d

′vϕ, ψ) = (ϕ, δ
′vψ),

δ
′′v : Ap,q,r,s

c → Ap,q,r,s−1
c , (d

′′vϕ, ψ) = (ϕ, δ
′′vψ).

In the sequel, using an argument similar to that in [19] and [20], we obtain the

local expression of the adjoint operator δ
′′v.

If (E,L) is a complex Finsler bundle over a Hermitian manifold (M, g), then
according to (3.11) if ϕ ∈ Ap,q,r,s

c and ψ ∈ Ap,q,r,s+1
c we have

∫

E

∇ .

∂b

(ϕIpJqArBs
ψIpJqArbBs)dVE = 0.

Thus∫

E

∇ .

∂b

(ϕIpJqArBs
)ψIpJqArbBsdVE = −

∫

E

ϕIpJqArBs
(∇ .

∂b
ψIpJqArbBs)dVE .

Using (2.12), we have
∫

E

∇ .

∂b

(ϕIpJqArBs
)ψIpJqArbBsdVE

= −

∫

E

ϕIpJqArBs
gKpIpgJqLqhCrArhBsDshdb(∇ .

∂b
ψKpLqCrd Ds

)dVE .

(4.7)
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The term on the left-hand side of (4.7) reduces to

(−1)p+q+r

∫

E

∇ .

∂b

(ϕIpJqArBs
)ψbIpJqArBsdVE = (d

′′vϕ, ψ)

and by setting

(4.8) (δ
′′vψ)KpLqCrDs

= −(−1)p+q+rhdb∇ .

∂b
ψKpLqCrd Ds

we get from (4.7) that (d
′′vϕ, ψ) = (ϕ, δ

′′vψ). Thus, δ
′′v from (4.8) is the adjoint

of d
′′v with respect to the inner product defined by (4.2).

Remark 4.1. By the same calculus as above, we can prove that for ϕ ∈ Ap,q,r+1,s
c

the local expression of δ
′v is given by

(δ
′vϕ)KpLqCrDs

= −(−1)p+qhdb∇ .

∂
d

ϕKpLqbCrDs
.

We define

(4.9) �
′′v = d

′′vδ
′′v + δ

′′vd
′′v : Ap,q,r,s

c → Ap,q,r,s
c

which is a partial differential operator, called �
′′v-Laplacian for forms with

compact support on E. We have

Theorem 4.1. Let (E,L) be a complex Finsler bundle over a Hermitian man-
ifold (M, g). If ϕ ∈ Ap,q,r,s

c , then

(�
′′vϕ)IpJqArBs

= −

m∑

c,d=1

hdc∇ .

∂c
∇ .

∂d

ϕIpJqArBs

+

m∑

c,d=1

s∑

i=1

(−1)i−1hdc[∇ .

∂c
,∇ .

∂bi

]ϕ
IpJqArd b1...

b
bi...bs

.

(4.10)

Proof. Using (2.12), (4.6) and (4.8) we get

(δ
′′vd

′′vϕ)IpJqArBs
= (−1)p+q+r+1

m∑

c,d=1

hdc[∇ .

∂c
(d

′′vϕ)IpJqArd Bs
]

= −

m∑

c,d=1

hdc∇ .

∂c
∇ .

∂d

ϕIpJqArBs

+

m∑

c,d=1

s∑

i=1

(−1)i−1hdc∇ .

∂c
∇ .

∂bi

ϕ
IpJqArd b1...

b
bi...bs

(4.11)
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and

(d
′′vδ

′′vϕ)IpJqArBs

= (−1)p+q+r+1

s∑

i=1

(−1)i−1∇ .

∂bi

(δ
′′vϕ)

IpJqArb1...
b
bi...bs

= −

m∑

c,d=1

s∑

i=1

(−1)i−1hdc∇ .

∂bi

∇ .

∂c
ϕ

IpJqArd b1...
b
bi...bs

.

(4.12)

Now, summing the relations (4.11) and (4.12) we get (4.10). �

In the following, as in Kähler geometry, we can define an analogue operator
Λv : Ap,q,r,s

c (E) → Ap,q,r−1,s−1
c (E) by

Λvϕ =
i

p!q!(r − 1)!(s− 1)!
hdcϕcdIpJqa2...arb2...bs

dzIp ∧ dzJq∧

∧ δηa2 ∧ . . . ∧ δηar ∧ δηb2 ∧ . . . ∧ δηbs .

(4.13)

Thus

(Λvϕ)IpJqa2...arb2...bs
= ihdcϕcdIpJqa2...arb2...bs

= (−1)r−1ihdcϕIpJqca2...ard b2...bs
.

(4.14)

We have

Proposition 4.1. Let (E,L) be a complex Finsler bundle over a Hermitian
manifold (M, g). Then

d
′vΛv − Λvd

′v = −iδ
′′v ; d

′′vΛv − Λvd
′′v = iδ

′v,(4.15)

δ
′′vΛv − Λvδ

′′v = 0 ; δ
′vΛv − Λvδ

′v = 0.(4.16)

Proof. We will prove only the first relation of (4.15) and of (4.16) and the other
two follow in the similar manner.

Let ϕ ∈ Ap,q,r,s
c . According to (4.14), we have

(Λvϕ)IpJqa2...arb2...bs
= (−1)r−1ihdcϕIpJqca2...ard b2...bs

.

By applying d
′v from (4.5) and taking into account (2.12) we get

(d
′vΛvϕ)IpJqArb2...bs

= (−1)p+q+r−1ihdc

r∑

i=1

(−1)i−1∇ .

∂ai

(ϕIpJqca1... bai...ard b2...bs
).

(4.17)

On the other hand,

(d
′vϕ)IpJqa0ArBs

= (−1)p+q

r∑

i=0

(−1)i∇ .

∂ai

(ϕIpJqa0... bai...arBs
)
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and by applying Λv we have

(Λvd
′vϕ)IpJqArb2...bs

= (−1)p+q(−1)rihdc∇ .

∂c
(ϕIpJqArd b2...bs

)

+ (−1)p+q(−1)rihdc

r∑

i=1

(−1)i∇ .

∂ai

(ϕIpJqca1... bai...ard b2...bs
).

(4.18)

Thus, from (4.17) and (4.18) we get

(d
′vΛvϕ− Λvd

′vϕ)IpJqArb2...bs
= (−1)p+q+rihdc∇ .

∂c
(ϕIpJqArd b2...bs

)

= −i(δ
′′vϕ)IpJqArb2...bs

i.e. the first relation of (4.15).

For the first relation of (4.16), applying δ
′′v to the relation (4.14) we have

(δ
′′vΛvϕ)IpJqa2...arb3...bs

= −(−1)p+q+r−1(−1)r−1ihef∇ .

∂f
(hdcϕIpJqca2...are d b3...bs

)

= −(−1)p+qihefhdc∇ .

∂f
(ϕIpJqca2...are d b3...bs

).

(4.19)

On the other hand, applying Λv to

(δ
′′vϕ)IpJqArb2...bs

= −(−1)p+q+rhef∇ .

∂f
(ϕIpJqAre b2...bs

)

we get

(Λvδ
′′vϕ)IpJqa2...arb3...bs

= −(−1)p+q+r(−1)r−1ihdchef∇ .

∂f
(ϕIpJqca2...ard e b3...bs

)

= (−1)p+qihdchef∇ .

∂f
(ϕIpJqca2...ard e b3...bs

).

(4.20)

From (4.19) and (4.20) we have (δ
′′vΛvϕ− Λvδ

′′vϕ)IpJqa2...arb3...bs
= 0. �

If we define �
′v = d

′vδ
′v + δ

′vd
′v then, we have

Proposition 4.2. Let (E,L) be a complex Finsler bundle over a Hermitian
manifold (M, g). Then

(4.21) �
′v = �

′′v.

Proof. According to the above proposition we have

�
′v = d

′vδ
′v + δ

′vd
′v = −id

′v(d
′′vΛv − Λvd

′′v) − i(d
′′vΛv − Λvd

′′v)d
′v

= −i(d
′vd

′′vΛv − d
′vΛvd

′′v + d
′′vΛvd

′v − Λvd
′′vd

′v)

and

�
′′v = d

′′vδ
′′v + δ

′′vd
′′v = id

′′v(d
′vΛv − Λvd

′v) + i(d
′vΛv − Λvd

′v)d
′′v

= i(d
′′vd

′vΛv − d
′′vΛvd

′v + d
′vΛvd

′′v − Λvd
′vd

′′v).
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Taking into account that d
′vd

′′v+d
′′vd

′v = 0 (see [14]), we obtain �
′v = �

′′v. �

Proposition 4.3. �
′′vϕ = 0 if and only if δ

′′vϕ = d
′′vϕ = 0.

Proof. Follows by direct calculus

(�
′′vϕ,ϕ) = (d

′′vδ
′′vϕ,ϕ) + (δ

′′vd
′′vϕ,ϕ)

= (δ
′′vϕ, δ

′′vϕ) + (d
′′vϕ, d

′′vϕ)

= ||δ
′′vϕ||2 + ||d

′′vϕ||2. �

If f is a smooth function with compact support on E, we have δ
′′vf = 0, then

�
′′vf = δ

′′vd
′′vf = hba∇ .

∂a
∇ .

∂b

f.

Denoting by Hp,q,r,s
c (E) = ker{�

′′v : Ap,q,r,s
c (E) → Ap,q,r,s

c (E)} the set of

v
′′

-harmonic forms with compact support on E, then using (2.12) it is easy to
check

�
′′vΦv = 0.
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