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RICCI CURVATURE OF QUATERNION SLANT
SUBMANIFOLDS IN QUATERNION SPACE FORMS

S. S. SHUKLA AND PAWAN KUMAR RAO

ABSTRACT. In this article, we obtain sharp estimate of the Ricci curvature
of quaternion slant, bi-slant and semi-slant submanifolds in a quaternion
space form, in terms of the squared mean curvature.

1. INTRODUCTION

In [15], S. Ishihara defined a quaternion manifold (or quaternion Kaehlerian
manifold) as a Riemannian manifold whose holonomy group is a subgroup of
Sp(1). It is well known that on a quaternion manifold M, there exists a 3-
dimensional vector bundle E of tensors of type (1, 1) with local cross-section of
almost Hermitian structures satisfying certain conditions [4]. A submanifold
M in a quaternion manifold M is called a quaternion submanifold if each
tangent space of M is carried into itself by each section of E. In [3] authors
studied quaternion CR-submanifolds of quaternion manifolds. A quaternion
manifold is a quaternion space form if its quaternion sectional curvatures are
constant. In [17] authors established a sharp relationship between the Ricci
curvature and squared mean curvature of a quaternion CR-submanifold in a
quaternion space form. Slant submanifolds of Kaehler manifolds were defined
by B. Y. Chen [10] and studied by several geometers [20, 23].

On the other hand, N. Papaghiuc [18] introduced a class of submanifolds
in an almost Hermitian manifold, called the semi-slant submanifolds which
include proper CR-submanifolds and proper slant submanifolds as particular
cases. The purpose of present paper is to study quaternion slant, bi-slant and
semi-slant submanifolds in a quaternion space form.
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2. PRELIMINARIES

Let ]~\~4 be a 4m-dimensional Riemannian manifold with metric tensor g.
Then M is said to be a quaternion Kaehlerian manifold, if there exists a 3-
dimensional vector bundle F consisting of tensors of type (1, 1) with local basis
of almost Hermitian structures J;, Js and J3 such that

()

Ji=—1, Ji=—1I, J2=—I,
JiJy ==L Ji = J3, Jods = —J3Jy = Ji, J3Ji = —JiJ3 = Jy,

where I denotes the identity tensor field of type (1,1) on M.

(b) for any local cross-section J of E and any vector X tangent to M, Vy.J
is also a local cross-section of E, where V denotes the Riemannian connection
on M.

The condition (b) is equivalent to the following condition:

(c) there exist local 1-forms p, ¢ and r such that

VxJi = r(X)Js — q(X)Js,
Vs = —r(X)Jy + p(X)Js,
@XJ3 = Q(X)Jl —p(X>J2-

Now, let X be an unit vector tangent to the quaternion manifold M, then
X, 1 X, ,X and J5X form an orthonormal frame. We denote by Q(X) the
4-plane spanned by them and call Q(X) the quaternion section determined by
X. For any orthonormal vectors X, Y tangent to M, the plane X AY spanned
by X, Y is said to be totally real if Q(X) and Q(Y") are orthogonal. Any plane
in a quaternion section is called a quaternion plane. The sectional curvature
of a quaternion plane is called a quaternion sectional curvature. A quaternion
manifold is called a quaternion space form if its quaternion sectional curvatures
are equal to a constant.

Let M(c) be a 4m-dimensional quaternion space form of constant quater-
nion sectional curvature c¢. The curvature tensor of M(c) has the following
expression ([15]):

2.1) R(X,Y)Z = 2 {9(Y, 2)X — g(X,2)Y
+ g(LY, Z2) WX — (X, Z) LY +29(X, Y) L Z
4 g( LY, 2) X — g(JoX, Z) LY +29(X, JY)JoZ
(Y, Z) T X — g(Ja X, 2)JsY +29(X, J5Y) S 2} |
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for any vector fields X,Y, Z tangent to M. The equation (2.1) can be written
as:

(2.2) R(X,Y)Z = i{g(Y, )X - g(X,2)Y
+ 3 [g(JY, 2)J:X — g(J: X, Z)TY + 29(X, J;Y)J;. Z)}

i=1

for any vector fields X,Y, Z tangent to M.
Now, we recall

Definition 2.1 ([3]). Let M be a Riemannian manifold isometrically immersed
in a quaternion manifold M. A distribution D : p — D, C T,M is called a
quaternion distribution if we have J;(D) C D, i = 1,2,3. In other words, D is
a quaternion distribution if D is carried into itself by its quaternion structure.

Definition 2.2 ([3]). A submanifold M in a quaternion manifold M is called a
quaternion CR-submanifold if it admits a differentiable quaternion distribution
D such that its orthogonal complementary distribution D+ is totally real,
ie., Ji(D,) C T,;M and D is invariant under quaternion structure, that is,
Ji(Dy) € Dy, i=1,2,3, for any p € M, where TpLM denotes the normal space
of M in M at p.

A submanifold M of a quaternion manifold M is called a quaternion sub-
manifold if dimDpL = 0 and a totally real submanifold if dimD, = 0. A
quaternion CR-~submanifold is said to be proper if it is neither totally real nor
quaternionic.

Definition 2.3 ([10]). A submanifold M of a quaternion space form M (c) is
said to be quaternion slant submanifold if for any p € M and any X € T,M,
the angle between J;(X), i = 1,2,3 and T,M is a constant 6 € [0, 7], called
the slant angle of quaternion submanifold M in M (c).

In particular, quaternion submanifolds and totally real submanifolds of M (c)

are quaternion slant submanifolds with slant angle ¢ = 0 and 6 = 7 respec-
tively.

Definition 2.4 ([18]). A submanifold M of a quaternion space form M (c) is
called a quaternion bi-slant submanifold if there exist two orthogonal distribu-
tions D; and Dy on M such that

(i) TM admits orthogonal direct decomposition, i.e., TM = Dy & Ds.
(ii) For any ¢ = 1,2, the distribution D; is slant distribution with slant
angle 6;.

Let 4dy = dim D, and 4dy = dim D,. If either d; or dy vanishes, the bi-slant
submanifold is a slant submanifold. Thus slant submanifolds are particular
cases of bi-slant submanifolds.
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Definition 2.5 ([18]). Let M be a submanifold of a quaternion space form
M(c), then we say that M is a semi-slant submanifold if there exist two or-
thogonal distributions Dy and Dy on M such that
(i) TM admits orthogonal direct decomposition, i.e., TM = Dy & Ds.
(ii) The distribution D; is invariant by J;, i = 1,2,3, i.e., J;(Dy) = D;.
(iii) The distribution D, is slant with respect to Ji, Jo, J3 with slant angle
6 # 0, ie. for any non-zero vector X € Dy(p), p € M, the angle
between J; X, ¢ = 1,2,3 and tangent subspace Dy(p) is constant, that
is, it is independent of the choice of p € M and X € Ds(p).

Now, we also recall the following Lemma of Chen [11].

Lemma 2.1 ([11]). Let ay,...,a,,b be (n+ 1),n > 2 real numbers such that

(Zai> =(n—-1) (Za?—i—b).

Then 2ayas > b with equality holding if and only if
a1 +ar =as =... = Q.

Let M be a submanifold of a quaternion space form M(c). We denote by
g the metric tensor of M(c) as well as that induced on M. Let V be the
induced connection on M. The Gauss and Weingarten formulae for M are
given respectively by

(2.3) VxY = VxY +h(X,Y)
and
(2.4) VxV = -4y X + ViV

for any vector fields X, Y tangent to M and any vector field V normal to M,
where h, Ay and V+ are the second fundamental form, the shape operator
in the direction of V' and the normal connection induced by V on the nor-
mal bundle T+M respectively. The second fundamental form and the shape
operator are related by

(2.5) g(h(X,Y), V) = g(AvX,Y).

_ For the second fundamental form A, we define the covariant differentiation
V with respect to the connection in TM @& T+M by

(2.6) (Vxh)(Y, Z) = Vxh(Y, Z) = i(VxY, Z) = h(Y,Vx2),

for any vector fields X, Y, Z tangent to M.
The Gauss, Codazzi and Ricci equations for M are given by

(2.7) R(X,Y,Z,W)=R(X,Y,Z,W)+ g(h(X,W),h(Y, Z))
- g(h(X, Z)v h(Y7 W))7
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(2.8) (R(X,Y), Z)* = (Vxh)(Y, Z) — (Vyh)(X, Z),
(2.9) R(X,Y,V,n) = R*(X,Y,V,n) — g([Av, 4,]X,Y),

for any vector fields X, Y, Z, W tangent to M and V,n normal to M, where R
and R+ are the curvature tensors with respect to V and V* respectively.
The mean curvature vector H(p) at p € M is defined by

(2.10) Hp) == hiea o)

where n denotes the dimension of M. If, we have
(2.11) hX,Y)=Xg(X,Y)H,

for any vector fields X,Y tangent to M, then M is called totally umbilical
submanifold. In particular, if A = 0 identically, M is called a totally geodesic
submanifold.

We set

(2.12) hi; = g(h(es, e5),e.), i,5 €{1,...,n}, r€{n+1,... 4m}

and
n

(2.13) 1RIP =" g(hlei e;), hlei, e5).

3,j=1

For any p € M and X tangent to M, we put

(2.14) JX=PX+TX, i=12,3
where P, X and T; X are the tangential and normal components of J; X, respec-
tively.

We recall that for a submanifold M in a Riemannian manifold, the relative
null space of M at a point p € M is defined by

N,={X eT,M | hX,Y)=0forall Y € T,M}.

3. QUATERNION SLANT SUBMANIFOLDS

In this section, we estimate the Ricci curvature of quaternion slant, bi-slant
and semi-slant submanifolds of a quaternion space form.

Theorem 3.1. Let M be an n-dimensional quaternion slant submanifold of a
dm-dimensional quaternion space form M (c) of constant quaternion sectional
curvature c. Then

(I) For each unit vector X € T,M, we have

1
(3.1) Ric(X) < Z{n2||H||2+(n— 1)c+ 6ccos® 0}

(1I) If H(p) = 0, then an unit tangent vector X at p satisfies the equality
case of (3.1) if and only if X belongs to the relative null space N,,.
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Proof. Let p € M, we choose an orthonormal basis {ey,...,e,} for T,M and
{€ni1,---,€am} for the normal space TpLM at p such that e, = X and e, is
parallel to the mean curvature vector H(p).

Let M be a quaternion slant submanifold of a 4m-dimensional quaternion
space form M (c). Then using (2.2) and (2.14) in the equation of Gauss, we
have

(32)  R(X.Y,Z,W) = {g(Y. 2)g(X.W) - g(X, Z)g(Y, V)

+ 3 _l9(BY. 2)g(PX, W) — g(P.X, Z)a(PY. W)

+29(X, PY)g(PZ, W)}
for any vector fields X,Y, Z, W tangent to M.

Let p € M and an orthonormal basis {ey,...,e, = X} in T,M. The Ricci
tensor S(X,Y) is given by

(33) S(X, Y) = iR(Gj,X, Y, 6]')

= 9.V )a(es. ) —gles. V)g(X.e))
+ 2_19(PX.Y)g(Pres, e5) = 9(Pie;, Y)g(PiX. ¢;)
+2g(e;, PX)g(BY, )]}
+ g(h<ej> 6j)7 h(X.Y)) — g(h(ej’ Y), h(X, 6]-))

= L= Dg(X.Y) +33 " g(PX, PY))
+ Z{g(h(ej> 6]-), h(Xv Y)) - g<h<€j7 Y)7 h(X’ ej))}'

The scalar curvature 7 is given by

(34) 1= S(ere) = %{n(n — 1) + 12ncos2 0} + n2|| H||2 — ||h]|.
=1

We put
n? c
(3.5) €E=T— 7”HH2_Z{”(”_ 1) + 12n cos® 0}.

Then from equations (3.4) and (3.5), we get
(3.6) n*||H|[* = 2(e + [[A]]).
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With respect to above orthonormal basis, the equation (3.6) takes the form

(37) <Z hz—i—l) -9 {6 + Z(hz—kl)Z + Z hn+1 Z Z } .

i=1 i#£j r=n+21,j=1

If we set a; = A}, a Z Rt and az = A, then (3.7) becomes

nn

(3.8) (iai>2 {e+za + > (ht)? Z Z

i=1 1#] r=n+21,j=1
+17n+1
S
2<a#p<n—1

Thus ay, as, asz satisfy the Lemma 2.1 of Chen for (n = 3), i.e

(5) (%)

So, we have 2a;as > b, with equality holding if and only if a; 4+ as = as.
In the case under consideration, this implies that equation (3.8) becomes

4m n
(3.9) S gt e 2 (24 Y ) (h

1<a#B<n—1 i<j r=n+21i,j=1

or equivalently

(3.10) —HHH2 [ (n — 1) + 12n cos? ]
n+1zgn+1 n 1
S DT ST p e
1<a#p<n—1 1<J r=n+21,j=1

Using again the equation of Gauss, we have
B o Y e mrre Y S0
1<a#pB<n—1 1<j r=n+21i,j=1
= 25(en, €0) + E[m 1) (n —2) +12(n — 1) cos> 4]
n—1 n—1
PR+ Y (052 500 (),
i<n r=n+2 i=1 j=1

where S is the Ricci tensor of M.
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Combining (3.10) and (3.11), we obtain

(3.12) —||H||2 [ (n — 1) + 12 cos? 6]
m n n—1 2
sasteen 2o 35 S (S
<n r=n+2 =1 j=1

Thus, we have
1
Ric(X) < é_l{nZHHHQ + (n — 1)c + 6¢cos® 0},

which proves (3.1).
(IT) Assume H(p) = 0. Equality holds in (3.1) if and only if

(3.13) hl, = ... =hl_,, =0, Zh re {n+1,...,4m}.

Then A, =0,Vie{l,...,n},r€{n+1,...,4m}, i.e. X belongs to the
relative null space N,,. ([l

Theorem 3.2. Let M be an n-dimensional quaternion bi-slant submanifold of
a d4m-dimensional quaternion space form M(c) of constant quaternion sectional
curvature c. Then

(I) For each unit vector X € T,M, if

(a) X is tangent to Dy, we have
1
(3.14) Ric(X) < Z—l{nQHHHQ—i- (n —1)c+ 6ccos® 01}

and
(b) X s tangent to Dy, we have

1
(3.15) Ric(X) < Z{”QHHHQ + (n — 1)c + 6ccos® By}

(II) If H(p) = 0, then an unit tangent vector X at p satisfies the equality
case of (3.14) and (3.15) if and only if X belongs to the relative null space N,,.

Proof. Let p € M, we choose an orthonormal basis {ey,...,e,} for T,M and
{€nt1,---,€am} for the normal space TpLM at p such that e, = X and e, is
parallel to the mean curvature vector H(p).

From the equation of Gauss, the scalar curvature 7 is given by

(3.16) 7= _S(ee)
=1

= E{n(n — 1) + 12(dy cos? Oy + dy cos® 0)} +n?||H||* — ||h]|>.
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We put
(3.17) €=T— %QHHH? — E{n(n — 1) + 12(d; cos® 0 + da cos® ;) }.
Then from equations (3.16) and (3.17), we get
(3.18) n?|[ H|* = 2(c + [|A]).

With respect to above orthonormal basis, the equation (3.18) takes the form

(3.19) (ZhnH) :2{6+i(h§§“)2+2 h”+1 Z Z }

iF#] r=n+21i,j=1
n—1
If we set a; = A}, ax = Y AT and as = A7, then (3.19) becomes
i=2

(3.20) <Za> _2{e+za + Y () Z Z

iF#] r=n+214,j=1
+17n+1
SR
2<a#B<n—1

Thus ay, as, az satisfy the Lemma 2.1 of Chen for (n = 3), i.e

So, we have 2a;as > b, with equality holding if and only if a; 4+ as = as.
In the case under consideration, this implies that equation (3.20) becomes

(3.21) S gt e 2) (bt Z Z

1<a#pB<n—1 1<j r=n+21,j=1

or equivalently

(3.22) —HHHQ [ (n — 1) + 12(d; cos® 0y + da cos® 65)]
4m n
D SR S o S
1<a#pB<n—1 1<J r=n+21i,j=1

Now, we consider two cases:
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(a) If X is tangent to Dy, we have
n+1lgpn+1 n+1
(323) 7— Y hrRpE 2 (R Z Z
1<a#p<n—1 1<J r=n+214,j=1
= 25(en, €n) + zi[(n —1)(n —2) + 12{(dy — 1) cos® §; + dy cos® 6 }]

+2) (R Y {(h:‘m)Q +2 Z(h;‘nf + (Z h;fj)Q} :

<n r=n-+2

where S is the Ricci tensor of M.
Combining (3.22) and (3.23), we obtain

(3.24) —HH||2 [ (n — 1) + 12 cos? 0]
> 2S5 (en, ) + 2Z(h?+l + Z {Z TR+ (Z hgj)Q} .

Thus, we have
1
Ric(X) < Z{TLQHHHQ + (n —1)c+ 6¢cos® 6, },

which proves (3.14).
(b) If X is tangent to Dy, we have

(325) 7— > ARERRET2) (A4 Z Z
1<a#p<n—1 1<J r=n+214,j=1
= 25(en, €n) + zi[(n —1)(n —2) + 12{d; cos? 0, + (dy — 1) cos® 6 }]

P23 Y {(h:m)? #2307+ (X h;;-)?} ,

<n r=n+2

where S is the Ricci tensor of M.
Combining (3.22) and (3.25), we obtain

(3.26) —HH||2 [ (n — 1) + 12 cos? 6]
> ZS(en,en)+2Z(h?+1 + Z {Z TR+ (Z hgj)Q}.

Thus, we have
1
Ric(X) < Z{nQHHH2 + (n — 1)+ 6¢cos® By},

which proves (3.15).
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(IT) Assume H(p) = 0. Equality holds in (3.14) and (3.15) if and only if

n—1n i)

n—1
(3.27) W, =..=hy 1, =0, h, =Y hij re{n+1... 4m}.
=1

Then b, =0,Vi € {1,...,n}, r € {n+1,...,4m}, i.e. X belongs to the
relative null space N,,. O

Now, we can state the following:

Corollary 3.3. Let M be an n-dimensional quaternion semi-slant submani-
fold of a 4m-dimensional quaternion space form M (c) of constant quaternion

sectional curvature c. Then
(I) For each unit vector X € T,M, if

(a) X is tangent to Dy, we have
1
(3.28) Ric(X) < Z{n?HHH2 + (n — 1)c + 6¢}

and
(b) X s tangent to Dy, we have

1
(3.29) Ric(X) < Z{n2||H||2 + (n = 1)c + 6¢cos® 0}

(II) If H(p) = 0, then an unit tangent vector X at p satisfies the equality
case of (3.28) and (3.29) if and only if X belongs to the relative null space N,.

Corollary 3.4. Let M be an n-dimensional quaternion submanifold of a 4m-
dimensional quaternion space form M(c) of constant quaternion sectional cur-
vature c. Then

(I) For each unit vector X € T,M, we have

(3.30) Ric(X) < i{n2||H||2 +(n—1)c+ 6c}.

(II) If H(p) = 0, then an unit tangent vector X at p satisfies the equality
case of (3.30) if and only if X belongs to the relative null space N,.

Corollary 3.5. Let M be an n-dimensional totally real submanifold of a 4m-
dimensional quaternion space form M(c) of constant quaternion sectional cur-
vature c. Then

(I) For each unit vector X € T,M, we have

(3.31) Ric(X) < i{n2||H||2 + (n —1)c}.

(1I) If H(p) = 0, then an unit tangent vector X at p satisfies the equality
case of (3.31) if and only if X belongs to the relative null space N,.
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