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SOME NEW LACUNARY STRONG CONVERGENT
VECTOR-VALUED MULTIPLIER DIFFERENCE SEQUENCE
SPACES DEFINED BY A MUSIELAK-ORLICZ FUNCTION

KULDIP RAJ AND SUNIL K. SHARMA

ABSTRACT. In the present paper we introduce some vector-valued multi-
plier difference sequence spaces defined by a Musielak-Orlicz function, con-
cepts of lacunary convergence and strong (A, u)-convergence, where A =
(a;) is an infinite matrix of complex numbers and u = (u;) be any sequence
of strictly positive real numbers. We also make an effort to study some
topological properties and some inclusion relations between these spaces.

1. INTRODUCTION AND PRELIMINARIES

The notion of difference sequence spaces was introduced by Kizmaz [9], who
studied the difference sequence spaces [ (A), ¢(A) and ¢o(A). The notion was
further generalized by Et and Colak [4] by introducing the spaces l(A™),
c¢(A™) and ¢o(A™). Let w be the space of all real or complex sequences z =
(k). Let m, n be non-negative integers, then for Z = [, ¢ and ¢y, we have
sequence spaces,

Z(AY) ={z = (ap) e w: (A)'xy) € Z},

where A™z = (A™xy) = (A™ Ltz — A™ gy, ,) and Az, = 2, for all k € N,
which is equivalent to the following binomial representation

m . - 1)V m
An T — Z_;( 1) ( v ) Lhinv-
Taking m = n = 1, we get the spaces l,(A), ¢(A) and ¢o(A) introduced and
studied by Kizmaz [9].

An Orlicz function M: [0,00) — [0,00) is convex and continuous such that
M(0) =0, M(z) > 0 for x > 0. Lindenstrauss and Tzafriri [11] used the idea
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of Orlicz function to define the following sequence space,

e foew S (1) <)

which is called as an Orlicz sequence space. The space ¢, is a Banach space

with the norm
||| :inf{p> 0:) M (M) < 1}.
k=1

P

It is shown in [11] that every Orlicz sequence space £, contains a subspace
isomorphic to £,(p > 1). An Orlicz function M satisfies Ay-condition if and
only if for any constant L > 1 there exists a constant K (L) such that M (Lu) <
K(L)M(u) for all values of w > 0. An Orlicz function M can always be
represented in the following integral form

M(x) = / Cbt,

where 7 is known as the kernel of M, is right differentiable for ¢ > 0,7(0) =
0,7n(t) > 0, n is non-decreasing and n(t) — oo as t — 0.

A sequence M = (M) of Orlicz function is called a Musielak-Orlicz function
(see [13, 16]). A sequence N = (Ny) defined by

Ni(v) = sup{|vju — My(u) :u >0}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For
a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space £
and its subspace ha, are defined as follows

tpm ={x €w: Iy(cxr) < oo for some ¢ > 0},

hpm ={x € w: Iy(cx) < oo forall ¢ > 0},
where I, is a convex modular defined by

In(z) =Y M(zy), = (z) € tum.
We consider ¢, equipped Witkljlthe Luxemburg norm
||| :inf{k >0: Iy (%) < 1}
or equipped with the Orlicz norm
2]|° = int {% (1+ Lu(kz)) k> o} |

A Musielak-Orlicz function (M) is said to satisfy Ag-condition if there exist
constants a, K > 0 and a sequence ¢ = (¢;)72, € (1 (the positive cone of (')
such that the inequality
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holds for all k € N and u € Ry, whenever My(u) <a
Let X be a linear metric space. A function p: X — R is called paranorm, if

p(z+y) < p(z)+ ply), for all z,y € X;

if (0,,) is a sequence of scalars with 0,, — 0 as n — oo and (z,) is a
sequence of vectors with p(x, —x) — 0 as n — oo, then p(o,z, —ox) —
0 as n — oo.

) :
gp( ) ()foralleX;
)

A paranorm p for which p(z) = 0 implies # = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric
of any linear metric space is given by some total paranorm (see [25, Theorem
10.4.2]). For more details about sequence spaces (see [14, 17, 18, 20, 19]) and
references therein.

The space of lacunary strong convergence have been introduced by Freedman
et al. [6]. A sequence of positive integers 6 = (k,) is called lacunary if ko =
0,0 <k, < kyyqand h, = k,—k,_1 — 00, as r — o0o. The intervals determined
by 6 are denoted by I, = (k,_1, k.| and the ratio o i will be denoted by g,.
the space of lacunary strongly convergent sequences Ny is defined by Freedman
et al. [6] as follows:

NQZ{I‘—< i) hm—Z|xl—s|—O forsomes}

ze]

The space |oq| of strongly Cesaro summable sequences is

1 n
lo1| = {Jc = (xx) : there exists L such that — Z |z; — L| — 0, as n — oo} .
n

i=1
In case, when 6 = (27), Ny = |o1]. Recently, Bilgin [1] in his paper generalized
the concept of lacunary convergence and introduced the space Nyp(A4, f), as

No(A, f) = {x = hm Zf |A;(x) — s|]) = 0, for some 3}
T ’LGIT
where f is a modulus function and A = (A4;(z)), Aix = > o, @iy con-

verges for each i. Later Bilgin [2] generalized lacunary strongly A-convergent
sequences with respect to a sequence of modulus function F' = (f;) as follows:

No(A, F) = {x = hm Zfl |A;(z) — s]) =0, for some s} .

1,6[7‘

By A;(A"zy) we mean

m m m—1
A $k E alk .CL‘k —An $k+1).
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The main aim of this paper is to introduce the concept of lacunary strongly
(A, u)-convergence for difference sequences with the elements chosen from a
Banach space (E,||.||) over the complex field C, with respect to a Musielak-
Orlicz function M = (M;). We have studied some topological properties and
also make an effort to study some inclusion relations between below defined
sequence spaces.

Let A = (ay) be an infinite matrix of complex numbers, M = (M;) be a
Musielak-Orlicz function and u = (u;) be any sequence of strictly positive real
numbers. In the present paper we define the following sequence spaces:

AnmNg(E,A,U,M)
X 1 Al A;”x — 5;€;
:{a::(xk)eE:TlLrgoh—Zui [Ml(H ( p(’j)) ”)}:0

" el

for some s = (s1,82,...) € E,e; € C and o > 0}

and

APNG (B, A u, M)
i L [ Ai (A7) |
— {x: (z) € E - Tlggoh—Zui {Mi (T =0

" el
for some p¥ > 0}

If we take M(x) = x, we have

1Ai (AT ) — Siez‘” _ 0

. 1
AT"Ny(E, A u) = {:r = (z) € E: lim }TZUZ { o

r—r00 r
ZEIT

for some s = (s1,5s,...) € E,e; € C and p@ > O}.

and

LT

1
AN (B, A u) = {w = (o) € B2 lim h—Zu { 0

r—00
icl,
for some p@ > O},
where

. — 1, at the ;th place,
' 0, otherwise.
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2. SOME TOPOLOGICAL PROPERTIES OF THE SPACES A" Ny(E, A, u, M)
AND AN (E, A, u, M)

Theorem 2.1. Let A = (a;x) be an infinite matriz of complex numbers, M =
(M;) be a Musielak-Orlicz function and w = (u;) be any sequence of strictly
positive real numbers. Then A™Ny(E, A,u, M) and ATNQ(E, A,u, M) are
linear spaces over the field of complex number C.

Proof. Suppose that © = (zx),y = (yx) € A"Nyg(E, A, u, M) and (zy) i

s, (yx) 2ny t, then for some s = (s1,89,...),t = (t1,t2,...) € E, ¢; € C, we
have

A(Amzy) — sie; :
JE&—ZUZ[ z<” Sy Sﬂz”)] =0, for some p; >0

7,6]7‘ p]-

and

s o () e

zel,« P2

Let o, € C. Without loss of generality we may assume that there exists
P, > 1,P, > 1 such that || < P and |8 < P,. Let p® = max(2p!”, 2p{").
Then

lim = S, { M, <||Ai(aA;”:rk + BAR ) — (asiei + miein)ﬂ
r—00 h p(l)
i€l
. 3 |adi(Amxy) — asieq|| + || BA(ATyL) — Btie|

el

= lim — —u; | M; o[ Ai( nxk) siei|
T30 hr : 2 p(z)
i€ly 1

.1 1 1Bl Ai (AT yr — ties)||
+lim gD g [MZ‘ ( o

i€ly
Iy (au&mmk) - sieilr)]
(1)
P1

1 1
<lim — S Zu,
<Jim 52 5w
s [ Pl ACAT ) — tiei|
¢ (@)
P2
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.1 1 [Ai(AT ) — siei|
<K lim g3 g [Mi ( @

T el P1
icl,

o (HA@«A%) - tieiu)]
P2
— 0 as r — oo.

Therefore, (axy + Byx) € ANy(E, A, u, M).
This proves that A Ny(E, A, u, M) is a linear space. Similarly we can prove
that AT Ng(E, A,u, M) is a linear space. O

.1 1

Theorem 2.2. Let A = (a;) be an infinite matriz of complex numbers, M =
(M;) be a Musielak-Orlicz function and uw = (u;) be any sequence of strictly
positive real numbers. Then A™Ny(E, A,u, M) and ATNQ(E, A,u, M) are
normal spaces, when E is normal.

Proof. Let x = (zx) € A" Np(E, A, u, M) and (zy,) A s, where s = (s, Sa, .. .)
€ E,e; € C. Let ||y|| < ||zk||. Then

[Ai(A7 k) — sieill < [|Ai(A k) — sieil)-
Since, M = (M;) is an increasing,

1 [ Ai (AT yk) — sieq] 1 [Ai(A7 w) — sieq|

SIS

icl,
Consequently, y = (yx) € AT Ny(E, A, u, M). This completes the proof of the
theorem. Similarly, we can prove that A NJ(E, A, u, M) is normal space. [

Theorem 2.3. The spaces A" Ny(E, A,u, M) and AT"NJ(E, A u, M) are
paranormed spaces, with respect to the paranorm

A = inf {pm 0w, (Haio(flu) )
pl

1 A (AT ,
—i—sup—Zui M; M <1, p>0%.
r>1 hr cl P(Z)

|

1€l

It is easy to prove, so we omit the details.

3. RELATION BETWEEN THE SPACES A"Ny(E, A, u) AND
A?N0<E> A7 U, M)

The main purpose of this section is to study some interesting relations be-
tween the spaces A™Ny(E, A, u) and A™Ny(FE, A, u, M).

Theorem 3.1. Let A = (ai;) be an infinite matriz of complex numbers, M =
(M;) be a Musielak-Orlicz function satisfying Aq-condition and u = (u;) be any
sequence of strictly positive real numbers. If x = (xy) is A'-lacunary strong
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(A, u)-convergent to s, with respect to M and (E.|.||) is a normal Banach

space, then AT No(E, A,u) C A"Ny(E, A, u, M).

Proof. Let x = (x) € A" Nyg(E, A, u) and (zy) i s, where s = (s1, 82,...) €
E.e; € C. Then

1 [Ai(A7 w) — siea| ) _
rlgxoloh—Zul ( = 0 for some p > 0.

" iel, P

We define two sequences y = (y) and z = (z;) such that

ui (| A (A7 ye) — sieil])

_ JuilllA(ATer) = siedl]), i wi([| A (A7 z) — sieil]) > 1,

n

and

ui (|| Ai (AT 21) — sieq|)

wi([|Ai(Af k) — sieql]), if ui([|Ai(ARwe) — sieql]) < 1.

Hence
wi([|Ai(A7 k) — sieil]) = wi([| A (AT yr) — sieill) + wil([[Ai(A7 2k) — sies]).
Now,
ui([|Ai (A7 yr) — sieill) < wi[[Ai(AYw) — sieil])
and

ui([|Ai (A7 21) — sieql]) < wil||Ai(Ay ) — sieq]).
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Since A" Ny(E, A,u) is normal, y = (yx), 2z = (2x) € AT"Ny(E, A, u). Let
sup; M;(2) = T. Then

hizuz lMi (||Az‘(Anm%) - Sz‘ei””

" el P
_ls, |:Mi (HAi(A?yk) — siei| J(ri)HAi(AZ"Zk) - SieiH)}
h, e P
1 1 [ Ai (AT'yr) — sieal| ) | 1 [4i (A7 z1) — sieq|
<— i | =M; | 2 L —M; |2 L
Ry ;u {2 ( P i o
11 [Ai(ATyx) — siei

+ Y ZU@'KQ < - M;(2)

l)(l)

11 A(AMy) — sie;
<——ZuiK1<” d ”yk)) SZel”)supMi@)

" 2h i€l Pt
+-— ) wKs |44y Zk) sieil sup M;(2)
2 h icl Pt

—0 as r — 0.

Hence x = (x) € A"Ny(E, A, u, M). This completes the proof of the theo-
rem. U

Theorem 3.2. Let A = (a;x) be an infinite matriz of complex numbers, M =
(M;) be a Musielak-Orlicz function satisfying Aq-condition and v = (u;) be
any sequence of strictly positive real numbers. If

u; M;(t7) .
lim inf P22 >0 for some p¥ >0,
V—00 1

then A"Ny(E, A, u) = AT Ny(E, A, u, M).

wi M () . .
Proof. 1f lim,_, ., inf; T”() > 0 for some p® > 0, then there exists a number
PG)

~v > 0 such that

v

5 ); for all v > 0 and some p@ > 0.
p 1

v
UiMi(W) > uy(
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Let x = (xx) € A"Ny(E, A,u, M) and (zy) i s, where s = (s1,52,...) €
E.e; € C. Then clearly

1 | As(AT2y) — sie| 1 | Ai(AT ) — s
e ZI: " {Mi < P Zp 2w P
[SYF%

i i€l
1 [Ai(A2r) — sieil]
= 7h_r Z Ui ( 0
i€l,
Hence x = (x) € A" Ny(E, A, u). This completes the proof. O

4. SOME ATTRACTIVE INCLUSIONS BETWEEN THE SPACES |AMoq(A,u)|
AND A" Ny(E, A, u)

A sequence x = (xy) is said to be A™-lacunary strong (A, u)-convergent
with respect to a Musielak-Orlicz function M = (M;) if there is a number
s = (s1,82,...) € E such that z = (z5) € A"Ny(E, A, u, M).

We have generalized the strongly Cesaro-summable sequence spaces into
AT-strongly Cesaro-summable vector-valued sequence spaces as

Ao (A, u)| = {x = (xy) : there exists L = (L1, Ly,...) € E,e; € C
1 n
such that - ZluZHAZ(Anm:ck) — Lie;|| — O},

where A = (a,;) is a Cesaro matrix, i.e.,

L if1<k<n,
Qpk = .
0, ifk>n.

Then it can be shown that |[Ao1(A,u)| is a paranormed space with respect
to the paranorm

1 n
[z]| = llz1]| + sup (5 Zui||Ai(A?wk)ll> :
n i=1

In this section of the paper we study relation between the spaces |A’o (A, u)|
and A" Ny(E, A, u).

Lemma 4.1. |AT01(A,u)| C A"Ny(E, A, u) if and only if liminf, ¢. > 1.
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Proof. First, suppose that liminf, g. > 1. Then there exist 6 > 0 such that
1+6<gq, forallr > 1. Let z € |A™0(A,u)|°. Then

_ZulnA (A™a)] ZUZHA (A2, ||——Zul||A (A7)

r i€l
b (1 -
= (k—ZUiHAz‘(An xk)”)
T [—

Now, h, = k, — k,_1. So we have

k, k, 4 1 1 6+1
hr kr - k.rfl qr — 1 qr — 1 o 0

Also
kr—l o kr—l o 1

1
h'r —k'r_kr—l_Qr_]- S
Since = € |A™0y (A, u)|%, then

k -1
1 - m 1 m
W ;uiHAi(An z1)|| = 0 and hT ;uiHAi(An )| = 0,

and hence
1 m
7 > wil| Ai( A )| = 0
" iel,
ie, r = (z;) € A™NJ(E, A,u). By linearity, it follows that |A™oy (A, u)| C
AZ’LNQ(E, A, u)

Next, suppose that liminf,q¢. = 1. Since 0 is lacunary we can select a
subsequence k,, of 6 such that
k.. 1 k.
Do 14 = and 2L s

Fr, 1 ik

Jj—1

where r; > r;_1 + 2. Define z = (z;) by

e;,, ifiel.., forsome j=12,...,

UZAmQ?l = _J
0, otherwise,

where ||e;|| =1 and let A = I, then for any L = (L, Ly,--+) € E,¢; € C,

1 Ai(Axy) — L ; — Lie; 1-17;
L s [ A nxk) I _ € : i€l _ I . ill for j=1,2,...
h pli) p(® p®

i el
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and

Ly, (Madgal) _led L

Tl p(l) p(z)

So, x = (xx) ¢ A'Ny(E, A,u). But, © = (x;) is strongly Cesaro-summable,
since if ¢ is sufficiently large integer we can find the unique j for which &, _; <
t < k,,,,—1 and hence

kb 112
rjfl krjfl .7 J j

—Zuz | Ai(ATz)])) <

as t — oo, it follows that also j — oo. Hence z = (xy) € |[Ao1(A, u)l. O
Lemma 4.2. AT Ny(E, A,u) C |Ac1(A,u)| if and only if limsup, g, < oo.

Proof. First, suppose that if limsup, ¢, < oo, there exists M > 0 such that
qr < M for all r > 1. Let v = (z1) € A" Ny(E, A,u) and € > 0. Then

Ly, (Lttga)

0 ) = 0 for some p > 0.

Then we can find R > 0 and K > 0 such that

1 A (A™
sup —— Zul (M) <e€

and

1 HAZ(A;ZL'TIC)” .
h_]IZuZ (T < Kforalli=1,2,....

j
Then if ¢ is any integer with

k._1 <t <k, wherer > R,
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then
1 ¢ (HAz'(AZ‘ka)ll)
t = p()
ky
Z | As (AT )|
— p@
IIA A xk)ll | Ai (A7) |
(Z +Zui T -+
I 1P
ko HA )H VL, (Al
kr 1h1 P(Z r 1 2 P(Z)
kR—k’R—l 1 | A (AT ) |
T hR;“Z( PO
+k7R+1_kR 1 ZW(HAi(An%)H)

S

For B 0
R+1
ky — ke 1 [ Ai (A ) ||
T, ho2t ( )
[ A A Sck)H k — kg 1 [ Ai (A7) ||
_kr ) Sfilfh Z ( Y e ;“ 0
]{;R kR kR kR
K . — K < K M.
< b, +e€ <q kr—l) < b +eq, < b, +e€

Since k,_1 — 0o as r — oo, it follows that

‘Z (IIA (A7 m)ll)_>O

and hence x = () € |[Ao1(A,u)|.

Next, suppose that limsup, ¢, = oco. Now, we construct a sequence in
A" Np(E, A, u) that is not Cesaro Al'-summable. By the idea of Freedman
[6] we can construct a subsequence k,; of the lacunary sequence 6 = (k,) such
that ¢,, > j, and then define a bounded difference sequence z = (x;) by

uzAmmz — ei) lf ij,1 < Z < 2]{:7-].,1,
" 0, otherwise,
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where Hel|| =1. Let A=1 and p=1. Then

r~— kr-—l kr-—l 1
w; (JJA; (Al x A it : < =
rj ; || k)H) rj krj—l krj - krj—l J— 1
and if r # r;,

Y (AT ) =

T
][T

Thus z = (z,) € A'Ny(E, A u). For the above sequence and for i =
1,2,k

1 1
T > wi (A AT z) — el]) > o 2k = Krye)

this converges to 1, but for 1 = 1,2,...,2k,

7“]—1
([ Ai(A7 ) [) =

[\

ES

3

|

—
l\DI»—l

It proves that x = (xk) gé |ATc1 (A, u)|, since any sequence in |[A”cq (A, u)
consisting of 0’s and e;’s has an limit only 0 or 1. 0

Theorem 4.3. Let 6 be a lacunary sequence. Then
AT o1 (A, u)| = ANy (E, A, u)

if and only if
1 <liminf ¢, <limsupgq, < 0.

T

The proof of this theorem follows from Lemma 4.1 and Lemma 4.2.

5. STATISTICAL CONVERGENCE

The notion of statistical convergence was introduced by Fast [5] and Schoen-
berg [23] independently. Over the years and under different names, statistical
convergence has been discussed in the theory of Fourier analysis, ergodic the-
ory and number theory. Later on, it was further investigated from the sequence
space point of view and linked with summability theory by Fridy [7], Connor
[3], Salat [21], Mursaleen [15], Isik [8], Savag [22], Malkosky and Savas [14],
Kolk [10], Maddox [12], Tripathy and Sen [24] and many others. In recent
years, generalizations of statistical convergence have appeared in the study of
strong integral summability and the structure of ideals of bounded continuous
functions on locally compact spaces. Statistical convergence and its general-
izations are also connected with subsets of the stone-Cech compactification of
natural numbers. Moreover, statistical convergence is closely related to the
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concept of convergence in probability. The notion depends on the density of
subsets of the set N of natural numbers.

A subset E of N is said to have the natural density 6(E) if the following
limit exists:

SR
J(E) =7}grolo;;m(/f)>

where xg is the characteristic function of E. It is clear that any finite subset
of N has zero natural density and 6(E¢) =1 — §(FE).

A sequence x = (xy) is said to be statistically convergent to the number L
if for every € > 0

lim l){kgn: lzp — L| > €}| = 0.

n—oo 1

Bilgin [2] also introduced the concept of statistical convergence in Ny(A, F)
and proved some inclusion relation.

Let 0 be a lacunary sequence and A = (a;) be an infinite matrix of complex
numbers. Then a sequence x = (z3) € A" Ny(E, A, u, M) is said to be A"~
lacunary (A, u)-statistically convergent to a number s = (s, $2,...) € E,¢; €
C if for any € > 0,

lim hiui|A;”A0(e)| =0,

T—00 r

AT Ag(e) = {Z € I uM; (’lAi(An $(k)) — Siei”) > e} :
pZ

where

Ar— stat
We denote it as (zx) " — 5% 5. The vertical bar denotes the cardinality of

the set. The set of all A"-lacunary (A, u)-statistical convergent sequences is
denoted by ATSy(A, u).

In this section we study some relations between the spaces |A"Sy(A, u)| and
AZLNQ(E, A, u, M)

Theorem 5.1. Let M = (M;) be a Musielak-Orlicz function and (M;) be
pointwise convergent. Then

AT'Ny(E, A, u, M) C ATSp(A, u)
if and only if
v
PG
Proof. Let € > 0 and x = (z3) € ATNy(E, A, u, M).
Let (zg) i s, where s = (s1, $2,...) € E, ¢; € C. Since liny uiMi(pZ’i)) >0,
there exists a number ¢ > 0 such that

uZMZ(%) > ¢ for v > e.

lim u; M;(—=) > 0 for some v > 0, p@ > 0.
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Il = {z el [MZ- (”Ai(Am’“,) - Sie"”)} > e} .
r p(z) -
Then

h%zul |:Mi (||Az‘(AZ”fL’k) - 5i€i||>} > hizul |:Mi (||Ai(AZL%) - Sﬁz’”)]

(@) (%)
icly p "ier} P

> o |AT Ao

Let

Hence, it follows that x = (z;) € A"Sy(A, u).
Conversely, let us assume that the condition does not hold. Then there is a
number v > 0 such that lim; ule(%) = 0 for some p > 0. Now, we select a

lacunary sequence 6 = (k) such that ule(%) < 27" for any i > k.
Let A = I, define the sequence = = (x}) by putting

Ay, U ik << B
nTT N0, i etk o <
Y 2 — T

Therefore,

1 APz 1 v
h_ZMi( ) ) T h 2. M o)

T .
. . krtk,_
i€l ey 1 <i< r 27» 1

11 [k+ho
- ke
S 2t { > 1}

1
:§—>Oas7°—>oo.

Thus, we have x = (x;,) € A™NJ(E, A,u, M). But,

1 Ax;
lim — {z‘e[r:Mi (” %”) ze}‘ =
r—00 fl, p(l)
_ . ]- . kr+kr_1 . v
= rli)I?o_r {Z € (krfl, T) . Mz (p(”) > 6}
. 1k =k 1
= lm —— = -
r—o0 h, 2 2
So x = (x) ¢ ASp(A, u). O

Theorem 5.2. Let M = (M;) be a Musielak-Orlicz function and u = (u;) be
any sequence of strictly positive real numbers. Then

A?SQ(A, u) C AnmNg(E, A, U, M)
if and only if

v

—) < 0.
p(l)

sup sup u; M;(

v 3
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Am— stat
Proof. Let © = (zx) € A"Sp(A,u) and (xx) " — s. Suppose h(v) =
sup; u; M, ( ;) and h = sup, h(v). Let

p'L

Now, M;(v) < h for all i, v > 0. So

1 |As (AT ay) — sieql| \]
oo (G )
€l

| Ly, [ (HAAmk) ||)]

(@)
Ell p
1 | A (AT ry) — sieq]
o >t {Mi ( PG
1€l?

1
Shh—\AﬁAo(eﬂ + h(e).

Hence, as € — 0, it follows that x = (x) € AT Ny(E, A, u, M).
Conversely, suppose that

sup sup u; M;(
v % p(z)

Then we have
O<m < <. .. <Up 1 <V < ...,
) > h, for r > 1. Let A= 1. We set a sequence x = (x;) by

so that My, (

m vp, if1 =k, for some r=1,2,...,

0, otherwise.
Then
1 , | A 2| o1
7_151[01o I {z el :u; [Mz < 0 > € rli)nolo I 0

Hence (zy) Awi;at 0 and hence z = (xy) € A"Sy(A, u).

But,

1 | Ai(A™x;) — sieq| 1 v — 86|
Jim 72 {Ml ( PO = Me T

" el

So, x = (xy) € A"Ny(E, A, u, M).
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