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ESTIMATES FOR THE INTEGRAL OF MAXIMAL
FUNCTIONS OF FEJER KERNEL

NACIMA MEMIC

ABSTRACT. In the first part of this paper we prove an estimate for the
integral of the maximal function of Fejér kernel related to Walsh-Paley
system. In the second part we study local integrability of partial maximal
functions obtained from Walsh-Kaczmarz system.

1. INTRODUCTION

G. Gat [1] estimated the maximal function of Fejér kernel with respect to
Walsh-Paley system, where a specific form of the Fejér kernel K, has been
used. Here we express K, in a new form which enables us to obtain a sharper
estimate.

Many authors have compared the behaviors of Walsh-Paley and Walsh-
Kaczmarz systems. Parallel studies resulted in some analogies ([5], [8]) and
many contrasts ([7], [2]).

As G. Gat proved in [2] the maximal function of Fejér kernel with respect to
Walsh-Kaczmarz system is not integrable on any interval of the dyadic group.
However, U. Goginava [3] obtained that the same function is an element from
LP for every p € (0,1). Besides, K. Nagy [4] established necessary and sufficient
conditions for the integrability of weight maximal functions related to the same
system.

Our attempt is to study local integrability for partial maximal functions,
namely those related to some subsequences of the set of natural numbers.

Let Zs denote the discrete cyclic group Zs = {0, 1}, where the group oper-
ation is addition modulo 2. If |F| denotes the measure of the subset E C Zs,

then [{0}] = [{1}| = 3.

The dyadic group G is obtained from G = [] Z2, where topology and mea-
i=0
sure are obtained from the product.
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Let x = (2,)n>0 € G. Thesets I,,(z) :={y € G :yo = To, ..., Yn—1 = Tpn-1},
n > 1 and Iy(x) := G are dyadic intervals of G. Set e, := (0;,);. The Walsh-
Paley system is defined as the set of Walsh-Paley functions:

o0

Xn(2) = [[(re(@))™, n €N, z € G,

k=0

where n = > n;.2% and 4 (z) = (—1)®. The n-th Walsh-Kaczmarz function
k=0
1s
In|—1

fn() = 7oy () T (Fpo—1-n(2)™,

k=0
forn > 1, ko(z) :== 1 and |n| = mz%k, so that n ~ 2",
nk

We denote the Dirichlet and the Fejér kernel functions by:
n—1 n—1
D, = Zxk, Dy = Z/@k,
k=0 k=0

1 & 1 &
K,:=-Y Dy, Kj:==> D
n k=1 n k=1

where n > 1.

2. ON WALSH-PALEY SYSTEM

Lemma 2.1. The Fejér kernel satisfies the following formula

N-1 N
nk, == Z Dy, ( Z 2A’i> X241 X242 - - - Xo4j_1
j=1 i=j+1

N

+ Z(XQM XAz -+ - XoAj—1 )2AjK2Aj.
=1

Proof. Suppose that the number n has the form n = 241 4242 4 ... 4 24~
A1>A2>...>AN.

241 2414942

nKn:ZDk:ZDk—k Z Dy + -+ Z Dy.
k=1 k=1 k

=24141 k=n—24N+1
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Notice that for [ =1,2,..., N — 1,

2414 424141 24141
E Dy = E D2A1+...+2Az+k =
k=2414.. 424141 k=1
2441 241 2414242 1 2414 42411 241 4. 424 4 k—1
:E E Xi + E Xit ...+ E Xi + E Xi
k=1 ;=0 i=241 i=241 4. 4241-1 i=2414... 424
24141 2411 2421 2411 k—1
= E E Xi T Xoa1 E Xi+ 0+ Xoay 4eg24i-1 E Xi T X241 ... 424 E Xi
k=1 =0 i=0 =0 =0

=24 |:_D2A1 + Xoa1 D2A2 + o XA Xo4s - - X2A1—1D2Ali|
24141

—|'_ Z X2A1X2A2 e X2Al _Dk.
k=1

Where we have considered that the product xpa;Xxpas ...Xp4,., = 1, for
j=1.

Since
24141
Z X241 X242 - - - Xoa D = X241 X242 - .- Xo4 2AZ+IK2AL+17
k=1
241
for I =0 we get Y Dy = 241K 4, .
k=1
Now, summing over [ =0,1,..., N — 1, completes the proof of Lemma 2.1.

O

Theorem 2.2. The integral of the maximal function of Fejér kernel can be
estimated by
A—k
/ sup |K,(z)|dx < CQA—_k,
a

\Ij [n[>A
where k < A.

Proof. Using Lemma 2.1, we estimate sup |K,(z)|if x € I;,11(es, +es,), where
In|>A

s <k<Aands; <sy. Let n =24 4242 4 4247V A > Ay > ... > Ay,
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and A; > A. We have

ZDA Z 244) g1 () Xoa2 () - . - Xpa;1 (2)

i=j+1
1 N
+ n Z Xo41 (T) X4z () . . - XoAj-1 ($))2Aj Ky, (z)
7j=1
1 1 ‘
=
n (A;<s1,<N-1) n Aj<s2,j<N
C
< (4 g guinagn g )
so9+s .
C 2m1n(52,A1)+51 < 0222,411; lf S92 S Ala
_2A1 0281, if Sg > Al.

Hence, sup |K,(z)| < 2%, for every = € I5,11(es, + €s,), and if so < A, then

[n|>A
sy < |n| for all |n| > A, which means that 22 < 2y
Now,
/ sup |Kp(z)|dx = Z / sup |K,(z)|dx
]sl+1(esl) [n|>A sa>s1+1 52+1 891+632 |n|ZA
251+82
<C Z ‘IS2+1| +C Z IS2+1‘
s1+1<s52<A s9>A+1
281 251 A— S1
SC( 2. ot §>302A31~
s51+1<s2<A 52> A+1

It follows that

k—1

A—
/ sup |K,(x)|dx = g / sup |K,(z)|de < C E 2,4755
G s=0

\Ij, [n|=A Isti(es) In|2A
Ak
<Coar

3. ON WALSH-KACZMARZ SYSTEM

Lemma 3.1. For every x € I, 1(es, +es,), S1 < Sa, the inequality

|An|—1

sup— Z 27y (2) Ko (13(2))| < C'max(2%,25271)

holds
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Proof. First, we take |A,| < s;. We have
|Ap|—1

Anl - n
—\ Z 2'ry(2) Ko (75 Z 4| | - =2l <o,

1=0

Now if 51 < |An|, we have
[An|—1

Z 217"1 VK (7i(2)) | =

min(|An|—1,s2)

1 & (o 1 1 "
- 91 27,—1 Z) 9 231—1 - 2121—31—2

R ) ) 2

1=0 1=s1+1

1 451 —1 1 451 4min(|An\,32+1)\ — 45t

A6 2 2 ° 3. 25142
1 4n11n(\A [,s2)

S C A0 max (431, T) S Cmax(281, 282781).

O

Theorem 3.2. For every natural number k and every increasing sequence
(An)n of natural numbers, we have

/ sup |[K (z)|dx = 400,
I (e5)

forall j <k —1.

Proof. Let j be arbitrary, but fixed. We may assume that k > 4;.
Clearly,

/ sup |[K} (z)|dx = Z/ sup | K} ()|dx.
Ii(ej) ™ o=k Y 1s(ej)\Is41(ej) ™

However, it suffices to consider the sum over s > k being such that s — 1 =
|An| > 16, for some n. Then, we have r4,(z) = 1 if x € I(e;) \ Ls+1(ej).
Moreover,

[An|—1 |[An|—1
Z 217"2 KQz 7—% 22 K2l 7_1 — 2 K27 ’7—] Z 2 K21 7—1
1=7+1
Jj—1 1 |An|—1
_ i i—1 1 7 2
_Zz (2 +§> 2(QJ ) + ) 22
=0 i=j7+1

V-1 W N glAnl g+l
6 2 2i+2 2
AlAnl-1  glAnl—4
2542 = 92j+2

> 47
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It follows immediately that

; 9lAn|
ISHGIEE=—Y

for every x € Is(e;) \ Is+1(ej), and that

/ | K5, (v)|d 2 1
Sup A 33 = — - .
Is(ej)\Ist1(e5) ™ s+j+12 g . 9j+11

Since the set {|A,

> 16} is infinite, the result follows. O

Lemma 3.3. Let (N,), be any sequence of nonnegative integers with N, < n.
Define the sets

En,Nn = {(CL’Z)Z & G,CL’n_k = O,Vk - {1,27 e Nn}}

Let S denote the set of integers n such that N, # 0, n — N, >n — k — N,,_,
for every k < n —1 such that n — k € S, where the least integer from S is the
least nonnegative integer n for which N, # 0. Then

() <[] <1 ( - 3)

neN nes
Proof. For every natural number ¢ let u; denote the number of [;,-cosets in-

cluded in () By, v, , and 2; denote the number of I;;;-cosets included in () Ey; v
n

n
having 0 as ¢-th component.
Clearly, (u;); and (z;); are increasing sequences, u;+1 < 2u; and z; < %, for
every i.
Notice that if n + k — Ny < n — N, for some k > 1, N,,, N,,. # 0, then
E; N, C En iy, Therefore, (V EY y = [ Ef v,

nes nes
Also, notice that u; = z; +wu;_1, for every ¢ > 1, because u,,_; represents the

number of I, 1-cosets not contained in |J £, having 1 as n-th component.

Clearly, if ¢ + 1 is not an element from S, then z; = wu; 1, which gives
U; = 211,@',1.
We prove that for every i being such that (i + 1) € S, we have

1 1
2 (1 - 2Ni+1) Ui—1 S U; S 2 (]_ - m) Ui—1-

It can be seen that for N;;1 > 3, i+ 1 € .S, we have
i—1

Zi = Uj—1 — Zit1-N;jpy T g Uk—1 — Zk,
k=i4+2—N;11

because the number (ug_; — 2x) represents the number of chains of zeros be-
ginning at some k — Njy1, where (k+1) € {i +3 — Nijq,...,i} N S.
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In this case
i i—1

S a= Y w

k=i+1—N; 1 k=i+1—N;11
from which we get

i—1 i—1

Z 2+ 2+ U1 = Ui—1 + Z Uk,

k=i+1—N;41 k=i+1—N;11
and
i—1 i—1
U; = Uj—1 + E (uk — Zk) = E Uk -
k=i+1—N;11 k=i—Ni41

NOW, if Ni+1 = 2, 1+ 1€ S, then Zi = Uj—1 — Zj—1-
The expression
i—1

U; = E U,

k=i—Nit1
is easily verified in this case as
U = 2Ui—1 — Zj—1 = Uj—1 + Uj_2.

Therefore, we obtain in the general case that

2
1 1
U — Uiy = Z prml U (1 - W) Ui—1-

k=i—Nj 41

1
2 <1 — 2Ni+1) Ui—1 < Uj.

In order to prove the second inequality for (i + 1) € S, let j be the largest
integer such that j <i—1and (j+1) € S.

If j < i— N1, then for every £ € {i — Nijyq,...,0 — 2} NS, we have
Uy = ﬁuifl-

It follows that

Hence,
i—2 1 i—2
U; — Uj—1 = U = 9i—1 2%u; 1
k’—Z—NL+1 k‘—’L—Nz+]_
2@—1 21—N1+1 ) 1
- 9i—1 i1 = T oN-1 ) Wil
We get
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Suppose that j > i — N;;;. We have for j <i— 2,

j—1 i—2 1—N;p1—1 1 i—2
k
Ui — Uj—1 = E U + E U = Uj — E U, + 9i—1 E 2 Ui—1
k=i—Ni 1 k=j k=j—Nji1 k=j
) i—Nig1—1 o1 o i—Nig1—1
= iy i1 T E ug + T Winl T Uie1 — E Ug,
k=j—Njt1 k=j—Njt1
N o 9i=Niy1 _ 9j—Nj+1
= Ug—1 — - i—1 — Wi—1 — i 1—1
<u 9 TU U 91 U
k=j—Nj1

_ (1 1 2 1 < (4 1
o N INiy1—-1 + 2i—1 9Njt1 Ui-1 = - m Uj—1-

If j =7 —1, then in a similar way we obtain
i—Nit1—1

1 . .
i—N; i—1—N;
Up — Ui = Uj—1 — g Up < Uj—q — i1 (27 — 2 Dy
k=i—1-N;

1 1 1
B Gy K I v S

Therefore, we obtain

Since
N

. U, Unp
= lim = | | ,
n N—oo -0 & 2Up_1 2u
n—=

(n+l)es =1

we have

2 <1 - 21\7++1> Up—1

H Qun—l S

(n+1)eS

2un—1

(n+1)es

) &,

neN

OJ
Theorem 3.4. Let k be a natural number and (A,), an increasing sequence
of natural numbers. For every M > 0 define the sets (Ejy,) such that Ny =0
if | # |Ay| for every n, or if M > W for every n such that | = |A,|.
If l = |A,| for some n such that M < W, then

N, = min MA, ] -1

logy ————
2 An|
o (Ap—214nly2 [ A 214n
nil=| Ay |, M< An=)" n
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Then define the sets Sy as in Lemma 3.5. If

A, =24 1 A, — 214n
Bar= ) _fZ__+¢:A4+k 2. a4, -

|An|€Shs " |An|€Sarik

where in the sum every |A,| € S is taken at most only once with the largest

A, —214n (A _Q\An\
value of —n satisfying M < , then we have

/ sup | K (z)|dx < 4-00.
G\UJ o I (es)

n

Proof. We use a formula proved in [6]

|n‘ 1 ‘TL|*1
1 .
Kyw) =L+ 1 Z 2Dx(@) + 50 3 In(n) Ka(r()

2 (0= 2 D () 4+ (1 = 23 () Kt (70 (0)),

where 7, (o, ..., Tn,y .. ) = (Tp1, T2y« o, Loy Ty Tt 15 - - )-
The first sum and the fourth term clearly represent integrable functions. We
only need to study the integrability of the second sum and the last term.
Let x € G\ U?:o Ii(ej). Then, x € I, 11(es, + €5,), Where 51 < 59 < k — 1.
Using Lemma 3.1, we get

[An|—1
/ sup — Z 2'ri(x) Koi (13(x)) | dx =
G\Uf—olk(ej) n nl =0
k-2 k-1 1 |[An|—1
_ / | 3 2w K)o
s1=0 so=s1+1 152+1(651+652) n =0

k—2 251 k—1 _
951 9s2—51
S Z ( 9s2+1 + Z 9s2+1 )

s1=0 \s2=s1+1 so=2s1+1
k— 951
S (251+1+§>—_+kz_<3k
s1=0 s1=0
Let
A, — 2M4n
FM:{ZBGG:SHpA— An_Q\An\<7_|An|(CE>>‘ ZM}
If © € Fy, then [Ky _gan (74, (2))] 2 W for some n, which implies
that M < ¢ & and © € Eja,),, for s, > [log, m] - 1.
This gives that
Fy C U El,Nl-

lESM
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By Lemma 3.3, we get

211 av) -

€Sy

A, — 214~
11 (1_ MA, )

|An|€SM

M Eix,

leSyp

where in the last product every |A | is taken at most only once with the largest

" 2lA An Q\AM)

value of AA— satisfying M < { Y
Since the convergence of R); implies that Ry converges for every M’ > M.
Then we can choose M sufficiently large so that

2 A, — 214~
zew gy 0 B

|[An|€SM "

ﬂEchVz
l
It follows
2 A, — 214n] C A, — 214x
Ful<i-ep (-2 ¥ 222} O A2
We obtain

A, — 24n]
/ sup 2K ()] <
G\US_o Inle;) 7 n

<M+ (MA+1)|Fyl+ Y (M+k+1—(M+k))|Fal
k=1
<M+ CRy < +00.

O

Ezample 3.5. Consider the sequence (A, = 2" 4+ 2°"),,en, for some fixed
rational number « such that 1 > o > % Applying Theorem 3.4, we get

A, =2l 01 A, — 214l
Bu= D “ 423 2 A

|An|€Sn n k=1 |An|€Spr ik
gan o0 1 gan
<D s T > gigw
n>1 2 + 2 k=1 M + k n>10g2(M+k) 2 + 2




ESTIMATES FOR THE INTEGRAL ... 187

While, if we consider the sequence A, = 2" +2"~=1 n > 2] + 2, used by G.
Gat in [2], where [ is a fixed positive integer, we have for arbitrary M > 0,

[e.e]

R 2n—l—1 1 2n—l—1
M = Z omn + 2nfl71 + M + k Z omn + 2nfl71

n>log, M+21+42 k=1 n>logy (M+k)+21+2

2—[—1
> Z 1+ 9-1-1 = +00.
n>logy M+21+2
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