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ON THE MAXIMAL OPERATORS OF
WALSH-KACZMARZ-NORLUND MEANS

GEORGE TEPHNADZE

ABSTRACT. The main aim of this paper is to investigate (Hp, Ly o) type
inequalities for maximal operators of Norlund means with monotone coeffi-
cients of one-dimensional Walsh-Kaczmarz system. By applying this results
we conclude a.e. convergence of such Walsh-Kaczmarz-Norlund means.

1. INTRODUCTION

In 1948 Sneider [22] introduced the Walsh-Kaczmarz system and showed
that the inequality limsup,,_,., D (z)/logn > C > 0 holds a.e. In 1974 Schipp
[17] and Young [31] proved that the Walsh-Kaczmarz system is a convergence
system. Skvortsov [21] in 1981 showed that the Fejér means with respect to the
Walsh-Kaczmarz system converge uniformly to f for any continuous functions
f. Gét [3] proved that, for any integrable functions, the Fejér means with
respect to the Walsh-Kaczmarz system converges almost everywhere to the
function. He showed that the maximal operator 0*" of Walsh-Kaczmarz-Fejér
means is of weak type (1,1) and of type (p,p) for all 1 < p < oo. Géat’s result
was generalized by Simon [20], who showed that the maximal operator o*" is of
type (Hp, L,) for p > 1/2. In the endpoint case p = 1/2 Goginava [9] (see also
[5], [25] and [26]) proved that maximal operator 0" of Walsh-Kaczmarz-Fejér
means is not of type (Hy/s, L1/2) and Weisz [30] showed that the following is
true:

*,K

Theorem W1. The maximal operator 0" of Walsh-Kaczmarz-Fejér means is
bounded from the Hardy space Hi/; to the space L3 .

The almost everywhere convergence of (C,a) (0 < a < 1) means with re-
spect Walsh-Kaczmarz system was considered by Goginava [8]. Gat and Gogi-
nava [4] proved that the following is true:
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Theorem G2. The maximal operator c*** of (C,«) (0 < o < 1) means with
respect Walsh-Kaczmarz system is bounded from the Hardy space H;/(14q) to
the space Li/(1+a)

,00

Goginava and Nagy [10] proved that c®** is not bounded from the Hardy
space Hyj11q) to the space Li/tq).-

Logarithmic means with respect to the Walsh and Vilenkin systems was
studied by several authors. We mention, for instance, the papers by Simon
[19], Gat [2] and Blahota, G&t [1], (see also [23]). In [16] Goginava and Nagy
proved that the maximal operator R*" of Riesz’s means is bounded from the
Hardy space H,, to the space L, ~,, when p > 1/2, but is not bounded from the
Hardy space H,, to the space L,, when 0 < p < 1/2. They also showed that
there exists a martingale f € H,, (0 < p < 1), such that the maximal operator
L*" of Norlund logarithmic means is not bounded in the space L,,.

In the two dimensional case approximation properties of Norlund and Cesaro
means was considered by Nagy (see [13], [14] and [15]). The results for summa-
bility of some Nérlund means of Walsh-Fourier series can be found in [6] and
[24].

The main aim of this paper is to investigate (Hp, L, ~ )-type inequalities for
the maximal operators of Norlund means with monotone coefficients of the
one-dimensional Kaczmarz-Fourier series.

This paper is organized as follows: in order not to disturb our discussions
later on some definitions and notations are presented in Section 2. The main
results and some of its consequences can be found in Section 3. For the proofs
of the main results we need some auxiliary results of independent interest.
Also these results are presented in Section 3. The detailed proofs are given in
Section 4.

2. DEFINITIONS AND NOTATIONS

Now, we give a brief introduction to the theory of dyadic analysis [18]. Let
N, denote the set of positive integers, N := N, U {0}.

Denote Z, the discrete cyclic group of order 2, that is Zs = {0, 1}, where
the group operation is the modulo 2 addition and every subset is open. The
Haar measure on Zs is given such that the measure of a singleton is 1/2. Let G
be the complete direct product of the countable infinite copies of the compact
groups Zsy. The elements of G are of the form

= (o, T1,.. ., Xp,...), xp =0V 1, (k€N).

The group operation on G is the coordinate-wise addition, the measure (de-
noted by i) and the topology are the product measure and topology. The
compact Abelian group G is called the Walsh group. A base for the neigh-
bourhoods of G can be given in the following way:

Iy (z) =G,
I, () =1, (z0,...,xn_1) ={Yy €EG: y=(Toy-- s Tn1,Yn,Ynt1,---)},



WALSH-KACZMARZ-NORLUND MEANS 261

(x € G,n € N). These sets are called dyadic intervals.

Denote by 0 = (0:4 € N) € G the null element of G. Let I,, := I, (0),
I, .= G\I, (n € N). Set e, :=(0,...,0,1,0,...) € G, the n-th coordinate of
which is 1 and the rest are zeros (n € N).

For k£ € N and = € G let us denote the kth Rademacher function, by

ri(x) == (—1)".
Now, define the Walsh system w := (w,, : n € N) on G as:

Inl—1
wale) o= T () = gy (2) (1) 5™ (ne ).

If n € N, then n = Z n;2' can be written, where n; € {0,1} (i € N), i.e. n

is expressed in the number system of base 2.
Denote |n| := max{j € N;n; # 0}, that is 2"l <n < 2+,
The Walsh-Kaczmarz functions are defined by

fn] -1 Inj1
> T 1k

in (2) 7= 7oy (@) ] (rpneas ()™ = 1oy () (=1) =0

k=0
The Dirichlet kernels are defined by
Dy:=0, DY ::nz_lzpi, (Y =w, or ¢ = k).
i=0
The 2"th Dirichlet kernels have a closed form (see e.g. [18])
W Dy o) = D (o) = 5. 0) = {2 S

The norm (or quasi-norm) of the spaces L,(G) and L, «, (G) are defined by
191 = [ AP A1, o = supN (> ), (0 p < 00),
e

respectively.

The o-algebra generated by the dyadic intervals of measure 27% will be de-
noted by Fj (k € N). Denote by f = (f("), n e N) a martingale with respect
to (F,,n € N) (for details see, e.g. [27, 29]). The maximal function of a mar-
tingale f is defined by

7 = sup ],

neN
In case f € Ly (G), the maximal function can also be given by

£ () = sup —— /f Vdp(w)|, (z€G).

neN ,lL
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For 0 < p < oo the Hardy martingale space H,(G) consists of all martingales
for which
1, = 1171l < oo

If f e Ly (G), then it is easy to show that the sequence (Sonf : n € N) is a
martingale.

If f is a martingale, then the Walsh-Kaczmarz-Fourier coefficients must be
defined in a little bit different way:

FO) = lim [ fdp, (b =w, or = k).
n— o0
G
The Walsh-Kaczmarz-Fourier coefficients of f € Ly (G) are the same as the
ones of the martingale (San f : n € N) obtained from f.
The partial sums of the Walsh-Kaczmarz-Fourier series are defined as fol-
lows:

M-1
SY.f = Z Fli) s, (=w, or=r).
i=0

Let {gx : k > 0} be a sequence of non-negative numbers. The nth Nérlund
means for the Fourier series of f is defined by

1 n
(2) ty = Q—an_ks;ff, (¥ =w, or ¢ = k),
" k=1
where
n—1
Qn = Z qk-
k=0

It is evident that
@ = [ Fr ) F @
G
where
1 n
FY = N q,DY.
Qn; ok

Let go > 0 and lim @), = co. The summability method (2) generated by

n—0o0

{qx : k > 0} is regular if and only if

(3) lim 221

n—oo (),

It can be found in [12] (see also [11]).
The nth Fejér means of a function f is given by

=0.

n—1

Uffjf::%ZS;ff, (Y =w, or ¢ =k).

k=0
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Fejér kernel is defined in the usual manner
1 n
KY ::—E DY, (Y =w, orp=r).
n
k=1

The (C, a)-means are defined as

n

o = S ATISIE (W=w, v v =),
" k=1
where
(4) Az =0, Ag:(o‘+1)‘ﬁ"(o‘+”), (@#-1,-2,..)
It is known that
(5) A% o A% — A% — Aot iAg:; e

k=1

The kernel of (C, «)-means is defined in the following way

I <~
KoV f = EZA%_,};DZ’]“, () = w, or ) = K).

N E=1

The nth Riesz’s logarithmic mean R,, and Norlund logarithmic mean L,, are
defined by

nflsw n—1 qu
Rﬁf::izk—f, Lﬁf::lznk_f (Y =w, or ¢ =k).
k=1

respectively, where

n—1

ly = Zl/k‘

k=1

For the martingale f we consider the following maximal operators

Y f = sup ‘txf
neN

o f = suplolf|, omtf = sup o]
neN neN

R*’wf::sup|Rff|, L*’¢f::sup‘LZf|, (Y =w, or ¢ = K).
neN neN

A bounded measurable function a is p-atom, if there exists an interval I,
such that

Jadu=0. lall, <a(™ suppa) 1
I
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3. RESULTS

Theorem 1. a) Let sequence {qi : k > 0} be non-increasing, satisfying condi-
tion
(6) ch—n:O(l),asn%oo,
or non-decreasing. Then the mazximal operators t*" of Norlund means are
bounded from the Hardy space H, /o to the space Ly /s .

b) Let 0 < p < 1/2 and sequence {qy : k > 0} be non-decreasing, satisfying
condition

o 1
7 — > —,
g Q.=
or non-increasing. Then there ezists a martingale f € H,(G), such that
sl
SUp—————— = 00
T

Theorem 2. a) Let 0 < o < 1, sequence {qy : k > 0} be non-increasing and

CIonO‘ dn — Qn+1
(8) Qn :O(1>, W:O(1>,GSH—>OO.
Then the maximal operator t% of Norlund means are bounded from the Hardy
space Hij4q) to the space Li/i1a)00-
b) Let 0 < p < 1/(1+ «), sequence {qx : k > 0} be non-increasing and

do C
9 — > —, 0<a<l, asn— oo.
) b % V<<
Then there exists an martingale f € H, (G), such that
1Sz,
Sup———2= = 00

neN ”fHHp
c¢) Let sequence {qx : k > 0} be non-increasing and

(10) fm 2% —

n—oo Q

n

Then there exists a martingale f € H, (G), such that

|’tfbeL1/(1+a)7°° —

sup
nek 1M

The next remark shows that conditions in (8) are sharp in the following
sense:

Remark 1. The sequence {qi : k > 0} of Cesaro means o satisfy conditions

do c c
(11) —nzﬁ, qn—qn+12na72,0<a§1, as n — 00,
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but they are not uniformly bounded from the martingale Hardy spaces H1/(11q) (G)
to the space L1 /(14q) (G).
Theorem 1 follows the following result:
Corollary 1. Let {qk = log® (k+1)%: k> 0}, where o« > 0, B € N, and
B times

——
log(ﬂ) x =log...logxz. Then the following summability method
1 n
Orif=—-> log” (n—k—1)Sff
On k=1

is bounded from the Hardy space H,yo to the space weak — Ly and is not
bounded from H, to the space weak — L,, when 0 <p < 1/2.

Analogously to Theorem 1, if we apply Abel transformation we obtain that
the following is true:

Corollary 2. The mazimal operator R*" of Riesz’s means is bounded from
the Hardy space Hy/y to the space weak — Ly and is not bounded from H, to
the space weak — L,, when 0 < p < 1/2.

By combining the first and second parts of Theorem 2 we prove that the
following is true:

Corollary 3. Let {q, = k' : k >0}, where 0 < o < 1. Then the following
summability method

n

Lanf = Qiz (n— k) S5
™ =1

is bounded from the Hardy space Hyj11q) to the space weak — Lyj1q) and is
not bounded from H, to the space weak — L,, when 0 <p <1/ (1+ «).

By applying the second part of Theorem 2 we obtain that the following is
true

Corollary 4. The maximal operator L*" of Norlund logarithmic means is not
bounded from the Hardy space H, to the space weak — L,,, when 0 < p < 1.

By using Lemma 1 we get that

Corollary 5. Let f € Ly and {q : k > 0} be non-decreasing or non-increasing
satisfying condition (8). Then tff — f, a.e.

As the consequence of corollaries 2 and 5 we conclude that
Corollary 6. Let f € Ly. Then
onf — f, a.e., asn — oo,
Ry f— f, a.e., asn — oo

and
o f = f, ae, asn—o00, (0<a<l).
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4. SOME AUXILIARY RESULTS

Lemma 1 (see [27]). Suppose that an operator T is o-linear and for some
0<p<l1

/|Ta|p du < ¢, < 00,
I

for every p-atom a, where I denote the support of the atom. If T is bounded
from Lo, to Lo, then

HTfHLp(G) <6 HfHHp(G) :
Moreover, if 0 < p < 1 then T is of weak type-(1,1):

||Tf||L1,oo(G) S c ||f||L1(G) :

Lemma 2. Let 2™ < n < 2™t Then
om_1

Qanf = QnDam — wam—1 Z (an2m+l - Qn72m+l+1) lKlw

=1
—wam_1 (2™ — 1) @1 K| + Wom Qpom FY o

Lemma 3. Let 0 < o < 1 and sequence {qx : k > 0} be non-increasing and
satisfying condition (8). Then

nl

> 2Ky
j=0

5. PROOFS

|Fu}| < C(Ol)
nl — ne

Proof of Lemma 2. Let 2™ < n < 2™+ 1t is easy to show that

n 2m n
(12) > @D = quaDP+ > gDy =T+11.
=1 =1

1=2m41
By combining Abel transformation and following equality (see [7])
ng_j = ng - wgm_le, j = 1, ey 2™m — 1,

we get that
2m_1 2m_1
(13) I= Z Gn—omy1Daym_; = Z Gn—2m 1 D5m_y + Gn_om Dom
1=0 =1
2’"L_1 2m_1
= Doym Z Qn—2m4] — Wam_1 Z anzmHDlw
=0 =1

om_9
= (Qn - Qn—2m) Daom — wam_yq Z (Qn—2m+l - Qn—2m+l+1) lKlw
=1
—Waom _1Gp—1 (2m — 1) Kéumil.
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Since
D¥om = Dam +wym DY, j =1,2,...,2™ — 1

for 11 we can write that

n—2m
(14) IT="Y" guoniD}gm = Quzn Dy + wym Qg F g
=1
Combining (12-14) we complete the proof of Lemma 2. O

Proof of Lemma 3. Let sequence {qx : kK > 0} be non-increasing. The case

qon/Qn = O (1), as n — oo, will be considered separately in Theorem 1. So,
we can exclude this case.

Since 0 < o < 1, we may assume that {g, : & > 0} satisfy both conditions
in (8) and in addition, satisfies the following

&:6(1), as n — oo.
domn
It follows that
(15) C]n:CJoMSQO&ZMD, as n — 00.
Gon dom

By using (15) we immediately get that

(16) G = (@ —q41) < lzlg_a <o

1=

and
n—1 n c
(17) Qn <) q< i < cn®.
1=0 =1
If we apply (16) and (17) we get that
(18) QnDaym < 200" Dy < cAG Do, 27 < < 27

and
(19) (2™ = 1) gnoy | Kgn_y| < en®12™ K5y | < cAST2™ | Ky,

where A is defined by (4).
Let

n=2M 42" 4 2V >y > .. >, ntF) =Mk o

By combining (18) and (19) we have that

2" -1

|QuFY| < cA% ) Domi+c Z ‘Aggfﬂl LK |+cA 0 2™ | Ky | +¢|Qun iy | -
=1
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By using this process r-time we get that

r 2"k —1
QuEY| <> (A (h—1) Doni, + Z ‘A%MH‘ LK) + AL 2 | Ky, 1|>

k=1

The next steps of the proof is analogously to Lemma 5 of the paper [4],
where is proved the analogical estimation for (C, ) means. So, we leave out
the details. U

Proof of Theorem 1. By using Abel transformation we obtain that

(20) Z an -

and

n—1
(21) thf = 0. (Z (Gn—j = Gu—j—1) joi [+ qon05f> :

>—‘

n—

(Gn—j — Gn—j—1)J + qon
1

J

Let sequence {qx : k > 0} be non-increasing, satisfying condition (6). Then

n—1
K 1 *,K
1 fI_Q (ZMM Gn—j— 1|J+qu>0 f

= C;_l (Z (qn—j - QH—j—l)jU;f + %)’llO‘Zf) *, nf + ggon *7”f

< co™"f.

Let sequence {qx : kK > 0} be non-decreasing. Then

n—1
1 . i »
= Q (Z (Gn—j = Gn—j-1)J + qu) o f <ot f.
n \j=1

It follows that t**f < co™*f. By using Theorem W1 we conclude that the
maximal operators ¢*" are bounded from the martingale Hardy space Hj/; to
the space Ljjs . It follows that (see Lemma 1) t* is of weak type (1,1) and
thf — f,ae, forall fel.
Let
Jn = Dan+1 — Dan.

~ 1, ifi=2n, ... 20t 1,
fn(%)Z{ |

0, otherwise.

It is evident that

From (1) we get that
(22) 1fally, = |1 Danll, < 1/270/770).
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It is easy to show that

K 1 K qo P
|50 1 fu| = Ors (40501 fa| = O | Dby = Dan
qo0 qo
- Ron| = .
Q2”+1 | 2 | Q2n+1

Let sequence {qx : kK > 0} be non-increasing. Then we automatically get
that

o o 1
23 > = .
Under condition (7) we also have inequality (23) in the case when sequence

{qx : k > 0} be non-decreasing. Hence

1/p
||tgn+1anLp,oo > ﬁil (’u {{L‘ < G : ‘t§"+1fn| Z Q;Zil })

(24) Z
1ull,r 1all,r
n(l/p—1 n(l/p—1
. cqp2™ (/=1 . cqo2n(/P=1) . qu2n(1/p_2)'
Qon i1 2 +1
Since, 0 < p < 1/2 so n — oo gives our statement. 0

Proof of Theorem 2. Since t*" is bounded from L., to L., by Lemma 1, the
proof of theorem 2 will be complete, if we show that

/|t*,ma|1/(1+o¢) d/uLS ¢ < 00,

In
for everyl/ (1 + a)-atom a, where I denotes the support of the atom.

To show boundedness of t** we use the method of Gat and Goginava [4].
They proved that the maximal operator c®* of (C, «) (0 < a < 1) means with
respect Walsh-Kaczmarz system is bounded from the Hardy space Hj/(14q) to
the space L /(14a),00- Their proof was depend on the following inequality

In|
¢ (@) ,
< YN gjafw

=0

o,w
K

Since our estimation of the kernel of IV is the same, it is easy to see that the
proof will be quite analogous to that of Theorem G2, so we leave out details.

By using Theorem W we also conclude that the maximal operators t* are of
weak type-(1,1) and t% f — f, a.e., for all f € L.

Now, we prove the second part of Theorem 2. Let 0 < p < 1/(1+ «a). By
combining (9), (22) and (24) we have that

Htg"Jrlanproo - Cq02"(1/13—1) - cqo2°™ (2n+ 1)1/1?—1—04
1 foll T Qe Qa2n11
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— 00, when n — oc.

Let as prove the third part of Theorem 2. By combining (10), (22) and (24)
we have that

Htg"Jrlf”HLl/(Ham cqo2™

> — 00, when n — oo.
an||H1/(1+a) Q2"+1 ’

This complete the proof of Theorem 2. O
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