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NON-DEGENERATE HYPERSURFACES OF A
SEMI-RIEMANNIAN MANIFOLD WITH A
QUARTER-SYMMETRIC NON-METRIC CONNECTION

AJIT BARMAN

ABSTRACT. The object of the present paper is to study a non-degenerate
hypersurface of a semi-Riemannian manifold with a quarter-symmetric non-
metric connection.

1. INTRODUCTION

Let M be an (n + 1)-dimensional differentiable manifold of class C*° and
M an n-dimensional differentiable manifold immersed in M by a differentiable
immersion

i: M — M.
i(M) identical to M, is said to be a hypersurface of M. The differential di of the
immersion ¢ will be denoted by B so that a vector field X in M corresponds to a
vector field BX in M. We suppose that the manifold M is a semi-Riemannian
manifold with the semi-Riemannian metric g of index v, 0 < v < n+ 1. Thus
the index of M is the v, which will be denoted by indM = v. If the induced
metric tensor g = g|M defined by

g(X,Y) = §(BX,BY), forall X,Y in x(M)

is non-degenerate, then the hypersurface M is called a non-degenerate hy-
persurface. Also M is a semi-Riemannian manifold with the induced semi-
Riemannian metric ¢ [6]. If the semi-Riemannian manifolds M and M are
both orientable and we can choose a unit vector field N defined along M such
that
+1, for spacelike N,

G(BX,N)=0, §(N,N)=¢€= {_1

, for spacelike N,
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for all X in x(M), where N is called the unit normal vector field to M and
indM =indMife=1,indM =ind M —1ife=—1.

The hypersurface of a manifold have been studied by several authors such
as Bucki [1], De and Kamilya [2], De and Mondal [3], O’Neill [6], Yiicesan and
Yasar [9], Yiicesan and Ayyildiz [8], Yano and Kon [7] and many others.

In 1975, Golab [5] defined and studied quarter-symmetric connection in dif-
ferentiable manifolds with affine connections. A linear connection V on an
(n + 1)-dimensional Riemannian manifold M is called a quarter-symmetric
connection [5] if its torsion tensor 7' satisfies

(1.1) T(X,Y) =7(Y)eX —i(X)eY,
where 77 is a 1-form and € is a vector field defined by
(1.2) (X)) = (X, §),
for all vector fields X,Y € x(M) , x(M) is the set of all differentiable vector
fields on M. L .

In particular, if X = X, then the quarter-symmetric connection reduces to
the semi-symmetric connection [4]. Thus the notion of the quarter-symmetric

connection generalizes the notion of the semi-symmetric connection.
If moreover, a quarter-symmetric connection V satisfies the condition

(1.3) Vj#0,

then V is said to be a quarter-symmetric non-metric connection.

2. QUARTER-SYMMETRIC NON-METRIC CONNECTION

Let M denotes an (n+ 1)-dimensional semi-Riemannian manifold with semi-
Riemannian metric g of index v, 0 < v < n+ 1. A linear connection V on M
is called a quarter-symmetric non-metric connection if

(2.1) (Vxd)(Y,2) = =i(Y)§(6X. Z) = i(Z)§(6X,Y).

Throughout the paper, we will denote by M the semi-Riemannian manifold
admitting a quarter-symmetric non-metric connection given by

(2.2) VY =ViY +i(Y)eX,

any vector fields X and Y of M. When M is a non-degenerate hypersurface,
we have the following orthogonal direct sum :

(2.3) X(M) = x(M) ® x(M)*.
According to (2.3), every vector field X on M is decomposed as
(24) § = B¢+ N,

where p is scalar function, a contravariant vector field £ and a semi-Riemannian
metric g on hypersurface M" respectively.
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We denote V* the connection on the non-degenerate hypersurface M induced
from the Levi-Civita connection V* on M with respect to the unit spacelike
or timelike normal vector field N. We have the equality

(2.5) VixBY = B(V4Y) +h*(X,Y)N,

for arbitrary vector fields X and Y of M, where h* is the second fundamental
form of the non-degenerate hypersurface M. Let us define the connection V
on M which is induced by the quarter-symmetric non-metric connection V on
M with respect to the unit spacelike or timelike normal vector field N. We
obtain the equation

(2.6) VpxBY = B(VxY) +h(X,Y)N,

where h is the second fundamental form of the non-degenerate hypersurface
M. We call (2.6) the equation of Gauss with respect to the induced connection
V.

According to (2.2), we have

(2.7) VexBY = Vi, BY +ii(BY)p(BX).

Using (2.5) and (2.6) in (2.7), we get
(2.8) B(VxY)+h(X,Y)N = B(VLY) + h*(X,Y)N + ij(BY)p(BX).
which implies
(2.9) VxY = ViY +n(Y)oX
and

hMX,Y)=h(X,Y),

where 7(BY') = Bn(Y) and ¢(BX) = BoX.

From (2.9), we conclude that

(2.10) (Vxg)(Y, Z) = —n(Y)g(¢X, Z) = n(Z)g(¢X,Y),
and
(2.11) T(X,Y) =n(Y)pX —n(X)¢Y,

for any XY, Z in x(M).
From (2.10) and (2.11), we can state the following theorem:

Theorem 2.1. The connection induced on a non-degenerate hypersurface of
a semi-Riemannian manifold with a quarter-symmetric non-metric connec-
tion with respect to the unit spacelike or timelike normal vector field is also
a quarter-symmetric non-metric connection.

The equation of Weingarten with respect to the Levi-Civita connection V*
Is

(2.12) VixN = —B(AyX),
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for any vector field X in M and where A% is a tensor field of type (1, 1) of M
which is defined by

(2.13) W(X,Y) = eg(A5X,Y),

[6]

Using (2.7), we have
(2.14) VexN = Vi N + eug(BX),
because from (2.4), we obtain
A(N) = g(&,N) = §(BE + uN, N) = pjg(N, N) = epu.
Combining (2.12) and (2.14), we get

(2.15) VexN = —B((Ay — eud)X), €eF1.
Applying the tensor field Ay of type (1,1) of M defined
(2.16) Ay = Ay — €,
From (2.15), we have
(2.17) VexN = —B(AxX),
Combining (2.13) and (2.16), we have
(2.18) h(X,Y) =eg(AnX,Y) + pg(¢X,Y).

From (2.16), we can state the following corollary:

Corollary 2.1. Let M be a non-degenerate hypersurface of a semi- Riemannian
manifold M. Then

(1) if M has a spacelike normal vector field, the shape operator An with
respect to the quarter-symmetric non-metric connection V s

AN = A}k\/ - NQS?
and
(i1) if M has a timelike normal vector field, the shape operator Ay with
respect to the quarter-symmetric non-metric connection V s

Ay = Ay + g,

We suppose that ey, es,...,€,,€,11,...,€, are principal vector fields corre-
sponding to unit spacelike or timelike normal vector field N with respect to
V*.

From (2.16), we have

An(e;) = Ay(ei) — eugl(e;) = kie; — eupe; = (kI — eupi)e;, 1 <i<mn,

where k7, 1 <7 < n, are the principal curvatures corresponding to the unit

spacelike or timelike normal vector field N with respect to the Levi-Civita
connection V*. If we take

(2.19) k; = k! —eup; and ¢(e;) = pie;, 1<i<mn,
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then we obtain
(2.20) An(e;) = kle; and An(e;) = kie;, 1 <i<mn,

where k;, 1 < ¢ < n, are the principal curvatures corresponding to the unit
spacelike or timelike normal vector field N with respect to the quarter-symmet-
ric non-metric connection V.

Therefore, we can give the following corollary:

Corollary 2.2. Let M be a non-degenerate hypersurface of a semi- Riemannian
manifold M. Then

(1) if M has a spacelike normal vector field, the principal curvatures corre-
sponding to the unit spacelike normal vector field N with respect to the quarter-
symmetric non-metric connection V are ki =k —up;, 1 <i<n,

and

(i1) if M has a timelike normal vector field, the principal curvatures corre-
sponding to the unit timelike normal vector field N with respect to the quarter-
symmetric non-metric connection V are ki =k +upi, 1 <i<n.

3. EQUATIONS OF (GAUSS CURVATURE AND CODAZZI-MAINARDI

We denote the curvature tensor of M with respect to the Levi-Civita con-
nection V* by

R(X,Y)Z =ViV3Z = ViViZ = Vig 2
and that of M with respect to the Levi-Civita connection V* by

RY(X,Y)Z =VxVyZ = VyVixZ = VixyZ.

Then the equation of Gauss curvature is given by
R*(X,Y,Z,U) = R*(BX,BY, BZ,BU)
+e{h* (X, U)h*(Y,Z) — h*(Y,U)h* (X, Z)},
where . .
R*(BX,BY,BZ,BU) = g(R"(BX,BY)BZ,BU),
R(X,Y,Z,U)=g(R"(X,Y)Z,U)
and the equation of Codazzi-Mainardi [6] is given by
R*(BX,BY,BZ,N) = {(Vih" ) (Y, Z) — (Vih")(X, Z)}.

We find the equation of Gauss curvature and Codazzi-Mainardi with respect
to the quarter-symmetric non-metric connection. The curvature tensor of the
quarter-symmetric non-metric connection V of M is

(3.1) R(X,Y)Z=VgVyZ-VyV3Z Vg3 Z.
Putting X = BX,Y = BY, Z = BZ in (3.1) and using (2.6) and (2.17), we
get

R(BX,BY)BZ = BIR(X,Y)Z + h(X, Z)AyY — h(Y, Z) Ay X]
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(3.2)  +[(Vxh)(Y.Z) = (Vyh)(X, Z) + h{n(Y)9X — n(X)¢Y, Z}|N,
where
R(X,)Y)Z =VxVyZ —NVyVxZ —Vixy|Z

is the curvature tensor of the quarter-symmetric non-metric connection V.
Combining (2.18) and (3.2), we obtain

R(BX,BY,BZ,BU) = R(X,Y, Z,U) + e[h(X, Z)h(Y,U) — h(Y, Z)h(X,U)
(3.3) +uh(Y, 2)g(¢X,U) — ph(X, Z)g(¢Y, U)]

and

(3.4) +h{n(Y)eX —n(X)oY, Z}],
where R(X,Y,Z,U) = §(R(X,Y)Z,U) and R(X,Y, Z,U) = g(R(X,Y)Z,U).
The above equations (3.3) and (3.4) are Gauss curvature and Codazzi-

Mainardi with respect to the quarter-symmetric non-metric connection respec-
tively.

4. THE RICCI AND SCALAR CURVATURES

Suppose that {Be, ..., Be,, Be,y1, ..., Be,, N} is an orthonormal basis of
X(M). Then the Ricci tensor of M with respect to the quarter-symmetric

non-metric connection is
Ric(BY, BZ) =Y _ €j(R(Be;, BY)BZ, Be;)
i=1

(4.1) +e§(R(N, BY)BZ,N),

for all X,Y in x(M).
Using (2.18) in (3.3), we get
R(BX,BY,BZ,BU) = R(X,Y, Z,U) + eg(Ax X, Z)g(AxY, U)
+ug(¢X, Z)g(AnY,U)
(4.2) —€g(ANY, Z)g(An X, U) — pg(AnX,U)g(¢Y, U).

Putting X = e; and U = ¢; in (4.2) and using (2.19) and (2.20), we have

> €iR(Be;, BY,BZ,Be;) = » _ e;§(R(Be;, BX)BY, Be;) = Ric(Y, Z)

(4.3) + Z[dﬂ + ups — ef]g(ANY, Z) — pnfg(oY, Z),

where

f = Z EiQ(ANez‘, €i)-
i=1
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Using (4.3) in (4.1), we obtain

Ric(BY, BZ) = Ric(Y, Z) + Y _[ek; + ppi — ef1g(ANY, Z) — pfg(¢Y, Z)

(4.4) +eg(R(N, BY)BZ,N),

where Ric and Ric are the Ricci tensor with respect to V and V respectively.
The scalar curvature of M with respect to the quarter-symmetric non-metric
connection is

(4.5) T = ZeiPCic(ei, e;) + €Ric(N, N).

i=1
Putting Y = ¢; and Z = ¢; in (4.4), we get

(4.6) F=r+ ) lehi+ ppi — ef1f — pfo+ 2eRic(N, N),

i=1

where o = g(¢e;, ;) and 7 and 7 are the scalar curvature with respect to V
and V respectively.
From the above discussion, we can state the following theorem:

Theorem 4.1. Let M be non-degenerate hypersurface of a semi-Riemannian
manifold M with respect to the quarter-symmetric non-metric connection, then
(1) the Ricci tensor is given by (4.4)
and
(1) the scalar curvature is given by (4.6).
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