ON THE PERRON PROBLEM FOR THE EXPONENTIAL DICHOTOMY OF
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ABSTRACT. In the present paper we give a sufficient condition for the exponential dichotomy of a Cp-semigroup in terms
of ”Perron-type“ theorems in the case when we don’t have the requirement of invertibility on the kernel of the dichotomic
projection.

1. INTRODUCTION AND PRELIMINARIES

Over the past ten years the asymptotic theory of one parameter semigroups of operators has witnessed an
explosive development. A number of long-standing open problems have recently been solved and the theory
seems to have obtained a certain degree of maturity. There are various conditions characterizing exponentially
stable or dichotomic semigroups on Banach or Hilbert spaces.

The concept of exponential dichotomy of linear differential equations was introduced by O. Perron [9], which
is concerned with the problem of conditional stability of a system z/ = A(t)xz + f(¢, ) in a finite-dimensional
space. After seminal researches of O. Perron, relevant results concerning the extension of Perron’s problem in the
more general framework of infinite-dimensional Banach spaces were obtained by M. G. Krein [2], J.L. Daleckij
[2], J.L. Massera[4] and J.J. Schéffer [4], and recently by van Neerven [7], van Minh [5, 6], F. Rébiger [6],
R. Schnaulbelt [6] and Vu Quoc Phong [11].
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The first aim of this paper is to propose a new and direct way to deal with the connections between some
”Perron-type* conditions and the exponential dichotomy of a Cy-semigroup, more easier to verify from our point
of view.

Let X be a Banach space and B(X) the Banach algebra of all bounded linear operators acting on X. The
norm on X and on B(X) will be denoted by || - ||

We recall that a family T = {T'(¢)}+>0 of bounded linear operators from X into itself is a Cp-semigroup on X,
if
(s1) T(0) =1 (where I is the identity operator on X);
(s2) T(t+s)=T(t)T(s), for all t,s > 0;
(s3) tliI(IJl T(t)x =z, for all x € X
—04

It is well-known that every Cjy-semigroup is exponentially bounded i.e.
|T()|| < Met, for allt >0

for some M,w > 0. See for instance [7, &].
Therefore it makes sense to define

w(T) = inf{a € IR: 3 B> 1such that ||T(t)|| < Be™, for all t > 0}.
For the spectral radius of the operator T'(t) we have the formula (see [7])
r(T(t)) = (™).

We denote by X; the space of all z € X with the property that 7'(-)z is bounded. In what follows X; will be
assumed complemented (i.e. X is closed and there exists Xo a closed subspace such that X = X; @ X5).Also we
denote by P a projection along X5 (that is P € B(X), P2 = P and Ker(P) = X5).

It is easy to see that X, is T'(¢)-invariant for all ¢ > 0 (that is equivalent to PT'(t)P = T'(t)P for each t > 0)
and so the application Ty : IR, — B(Xy), T1(t) = T'(¢t)|,. is also a Cp-semigroup, acting on Xj.

|X1
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Let us denote by C(IR4, X) the space of all bounded continuous functions from IRy to X, which is a Banach
space endowed with the norm

£l = sup || £ ().
t>0

Definition 1.1. The Cy-semigroup T = {T'(t)}i>0 is exponentially dichotomic if there exist the constants
Ny, No,vq,v9 > 0 such that

(dy) || T(t)z|| < Nye ™t||z||, for allt > 0 and all z € X1;
(d2) || T(t)z|| > Nae*2t||z||, for allt > 0 and all z € X5.

Remark 1.1. The condition d;) is equivalent with w(73) < 0.

We note that in domain’s literature almost all authors (see for instance [1, 10]) defined the concept of exponen-
tial dichotomy in the case of Cp-semigroups in the following way: A strongly continuous semigroup {7'(¢)};>0 is
said to be exponentially dichotomic if there exists a projection operator P on X (so-called dichotomic projection)
such that the following statements hold:

(i) PT(t)=T()P forallt>0
(ii) There are positive constants M, v such that ||T(t)z| < Me="t||z|| for all z € P(X) and t > 0
(iii) The restriction T(t)| ker(p) is an invertible operator (so extends to a Co-group) and |71 (¢)z|| < Me™""|z|
for all x € Ker(P) and t > 0.
Thus, in this spirit, the concept of exponential dichotomy is in fact exponential stability, first for the restriction
T (t) and second for Ty *(t) where Ty (t) = T(t)| ger(p)-
We remark that if P is a dichotomic projection then P(X) = X; and the conditions of Definition 1.1 are
satisfied. The converse statement seems to be an open question until now. However in the spirit of the Definition
1.1 our main result do not refer on the additional requirement of invertibility on X5, so is more easier to verify.
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Definition 1.2. The Cy semigroup T = {T'(t)}+>0 satisfy the Perron condition if for all f € C(IR4, X) exists
x € X such that u(-;z, f) € C(IR4, X) where

u(t;z, f) =T()x + /0 T(t—s)f(s)ds.

Proposition 1.1. If the Cy semigroup T = {T'(t)}+>0 satisfy the Perron condition then for every f €
C(R4,X) exists a unique o € Xo such that u(;xe, f) € C(IR4, X).

Proof. Consider f € C(IR4,X), x given by Definition 1.2 21 € X1, x9 € X with = 1 + 2. Then
u('vx%f) = u('vxaf) - T()wl € C(B+7X)

and so we have the existence part.
If we assume that ys, 290 € X5 and u(+;y2, f), u(-, 20, f) € C(IR, X) it is clear that

T()(y2 — 22) = u(s 92, f) — ul 22, ) € C(R4, X)
which implies that yo — 2o € X7 N X5 and hence yo = 25. ]
The unique element xzo € X5 for f € C(IR4+,X) will be denoted in what follows by x.
Proposition 1.2. If the Cy-semigroup S = {S(t)}i>0 has the property supt||S(t)|| < co then w(S) < 0.
>0

Proof. Tt is obvious that from the hypothesis we have that there exists a > 0 with ||S(a)| < 1.
It follows that

e® =r(S(a)) < IS <1
and so we obtain w(S) < 0. O
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2. THE MAIN RESULT

Proposition 2.1. If the Cy semigroup T = {T'(t)}1>0 satisfy the Perron condition then there exists K > 0
such that
Wulszg, O < K[[|f]]l, for all f € C(R4, X).

Proof. Define U : C(R+,X) — C(Ry,X), Uf = u(-;xy, f). We note that U is a linear operator. In order
to prove that in addition U is also bounded, consider (f,) a sequence of elements belonging to C(IR+,X) and
fyg € C(IR4,X) such that

fo ' f and Uf, g
Since zy, = (U f»)(0), for all n € N it follows that

x5, — ¢g(0) andso ¢(0) € Xs.

Using the fact that

‘ /OtT(t — ) ful(s)ds — /OtT(t ) f(e)ds

for all t > 0 and all n € IN we obtain that

u(:;9(0), f) = g € C(IR+, X)
which implies that 2 = ¢g(0) and hence Uf = g.
It is now clear that

IN

AnTuf@UM@—f@mus
Me||fa - £l

IA

HuCsze, HIT = NITLN < NUNHA, for all f € CR, X)
Now we can state the main result of this paper. |
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Theorem 2.1. If the Cy semigroup T = {T'(t)}+>0 satisfy the Perron condition then T is exponentially
dichotomic.

Proof. For § > 0, z € X5\ {0} we define x : Ry — R4

1, t €10,9]
xt)=¢ 1+06—t, t€(0,6+1)
0, t>6+1
t
and f: Ry — X, f(t) = |12<(())x|T(t)x Then f € C(Ry, X), |||f||| <1 and
t
T(t—s)f(s)ds = sT (t)x =
J ) Ror il
= x(s) /°° x(s)
— dsT(t)x + dsT(t)x,
/o @al O ), (T
for all ¢ > 0.
From the argument that x has compact support we have that the function ¢ — / 7 s)) T dsT(t)z: Ry — X
has compact support too, and hence
> x(s)ds )
Ul -3 7f € C(R aX)
( /0 IT(s)]] i
which implies that z; = / x(s)ds —————x and
o T (s)zll

_ [T _x()
u(t,xy, f) = /t HT(S);UHdST(t)z’ for all ¢t > 0.
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By Proposition 2.1 it follows that

> _x()
/t IT(s)z HdSHT( )z|| < K, for all t > 0.

)
ds K
Using the definition of y we can state that / < ,for all 6 >0, t > 0, with t < d,z € X5\ {0}.
1T (s)zl| = [T ()]

Making § to tend toward oo we obtain that

o0 ds K
< , for all ¢ > 0, and all z € X5 \ {0}.
| R {0

*  ds
If, for z € X5 \ {0} we denote by ¢, : IR — IR, the function defined by ¢, (t) = / ||T( eIk
t

see that ¢, is a differentiable function and
0r(t) < =Kl (t), for all t > 0 and all z € X5 \ {0}

it is easy to

It results that 1
dS t K
< <e eX Py () (Px(o)
~/t T (s)2]

for all t > 0 and all z € X5\ {0}.
If we combine this with the fact that

1T (s)a|| < [IT(s =T ()| < Me*||T(#)x], for all £ >0,

X\*

= Jall’

s€ett+1], xz € X.
We can conclude that

IT@)z| > MewKe%HxH, for allt > 0 and all z € X,
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1

.. 1
and hence the condition d3) holds for Ny = VoK and v, = 73

Put g: Ry — X, g(t) = T(t)x, for x € X;.
By the definition of X; it follows that g € C (R4, X) and

u(t; zg,9) = T(t)zy + tT(t)z, for allt > 0.
If we assume that z, # 0 then
Klllglll = [lu(t; g, 9)l| 2 [T (#)xg|l — T ()]l > Nae™* — tl]|gll|
for all £ > 0, which is a contradiction. It follows that 4, = 0 and so
tT(t)x = u(t; x4, f), for allt > 0.

Now it is obvious that
supt||T1(t)z| < oo, for all x € X;
>0

and hence supt||T1(¢)|| < co. By Proposition 1.2 and Remark 1.1. we have that the condition d;) holds, and
>0

with this the proof is complete. O
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