WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR LITTLEWOOD-PALEY
OPERATORS

LIU LANZHE

ABSTRACT. In this paper, we prove weighted endpoint estimates for multilinear Littlewood-Paley operators.

1. INTRODUCTION AND RESULTS

Let ¥ be a fixed function on R™ which satisfies the following properties:
(1) [¥(z)dz =0,
(2) (@) < O+ )=+,
(3) [b(a +y) — (@) < Clyl(1 + |z]) =+ when 2|y| < |x[;

Let m be a positive integer and A be a function on R™. The multilinear Littlewood-Paley operator is defined by

1/2
4 - t oA o dydt
sow=[ [ (=) FOergE| et
where
m+1(4; T,
FAD @) = [ FER g - o f(ei,
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Rsi (A,) = Al@) = Y L D*AQ)(@ — )",

la|<m

and ¢ (x) =t "(x/t) for t > 0. We denote by F;(f)(y) = f * ¢:(y). We also define

mxfx@-(/:LMJ(t+L§_y)n“wxfwaiﬁf>Ui

which is the Littlewood-Paley operator (see [17]).
1/2
Let H be the Hilbert space H = {h |R|| = (f j |h(t)|2dydt/t”+1> <oo}. Then for each fixed z € R™,
+

FA(f)(x,y) may be viewed as a mapping from (0, +00) to H, and it is clear that

)

g2
g ()@) =‘Kh+t) B () .)

z —y|
np/2
9u(£)(@) = ‘Q+;m> F(H®)

We also consider the variant of g;:‘, which is defined by

1/2
e dyd
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Ay = [ GmrtAima) o i)

O e U

where

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



and
Qm+1(A;2,2) = Ry (4;z, 2) Z DYA(z)(z — 2)*.
lee|=

Note that when m = 0, g is just the commutator of Littlewood—Paley operator (see [1], [14], [15]). Tt is well
known that multilinear operators, as an extension of commutators, are of great interest in harmonic analysis and
have been widely studied by many authors (see [4] — [8], [12], [13]). In [11], [16], the endpoint boundedness
properties of commutators generated by the Calderon-Zygmund operator and BMO functions are obtained. The
main purpose of this paper is to study the weighted endpoint boundedness of the multilinear Littlewood-Paley
operators. Throughout this paper, M (f) will denote the Hardy-Littlewood maximal function of f, @ will denote
a cube of R" With side parallel to the axes For a cube @ and any locally integral function f on R™, we denote

that f(Q) = [, f(x)d, fo = |Q|™" [, f(z)dz and f*(z) = 51€1£)?|Q|_1 Jo lf(y) = fqldy. Moreover, for a weight

functions w € A; (see [10]), f is said to belong BMO(w) if f# € L>(w) and define || f||symo(w) = |/#]| L (w)
if w = 1, we denote that BMO(R™) = BMO(w). Also, we give the concepts of atomic and weighted H' space.
A function a is called a H' (w) atom if there exists a cube @ such that a is supported on @, ||a|| g () < w(Q)~" and
[ a(z)dz = 0. Tt is well known that, for w € Ay, the weighted Hardy space H'(w) has the atomic decomposition
characterization (see [2]).

We shall prove the following theorems in Section 3.

Theorem 1. Let D*A € BMO(R") for |a| =m and w € A;. Then gl’j is bounded from L (w) to BMO(w).
Theorem 2. Let D*A € BMO(R") for |a| =m and w € A;. Then g}f is bounded from H'(w) to L*(w).
Theorem 3. Let D*A € BMO(R") for || = m and w € Ay. Then gﬁ‘ is bounded from H'(w) to weak L (w).
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Theorem 4. Let D*A € BMO(R") for || =m and w € A;.
() If for any H'(w)-atom a supported on certain cube Q and u € 3Q \ 2Q, there is

t /2 1 (z—u) N
/(462)“ (t+|ﬂ7—y|) alzz: ol |z —um /wt — 2)D*A(2)a(z)dz|w(z)dx < C,

then g;‘ is bounded from H'(w) to L*(w);
(ii) If for any cube Q and u € 3Q \ 2Q), there is

L #"“/2 io‘x—"‘ . M —2)f(2)dz|| w(z)dx
w(@)/Q (t+|x—y|> D Gi(DA) = (D*4)o) /(4@0 g Ve = ()| w(@)d

< C||f||L°°(w)7
then g,j‘ is bounded from L (w) to BMO(w).

|a]=m

Remark. In general, g7 is not bounded from H'(w) to L*(w).
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2. SOME LEMMAS

We begin with two preliminary lemmas.

Lemma 1. (see [7].) Let A be a function on R™ and D*A € Li(R™) for |a| = m and some ¢ > n. Then

1/q
1
|Rn(A:z,y)| < Clo —y|™ Z (@(fﬂy” o) |DaA(Z)|qu> ;
) x,y

|a]=m
where Q(x,y) is the cube centered at x and having side length 5v/n|xz — y).

Lemma 2. Letw € A1, 1<p<ool<r<oo,1/g=1/p+1/r and D*A € BMO(R"™) for |a| = m. Then
g;} is bounded from LP(w) to LI(w), that is

gt (llzaw) < C Z [|1D*AllBmol|| I Lr (w)-
|a|=m

Proof. By Minkowski inequality and the condition of v, we have
9. (f)(@)

" 1/2
|f(Z)||Rm+1(A;$, Z)| / 2 t K dydt

< — d
B /n |z — 2™ R+ Wely = 2) t+lz—yl) tH" ?
< of V@IRm(4z2) / / t=2n . t O\ dydt)'"”?
- Rn |z — 2™ n (14 |y —2|/t)2 T2\t + |z -y il

n /2

()| Rmt1 (45 2, 2)| U (_ / ( t )M dy ) ]1

< C t - tdt|  de,
- Rn |z — 2™ 0 re \t+ |z =yl (t+ |y — 2[)>n+2
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noting that

t‘"/ ( ¢ )W dy <CM< 1 )()<c L
1 Nm<o L
e \t+ |7 —yl (t+ |y —2])2n+2 — (t+ |- —z[)?nt2 - (=)

and - o
_ . —2n
e RL
we obtain
Apn@ < of HOLp 4 /WL s
T S R eV A PR
_ of BOIBmiz o),
Rr |z — z|mtn ’
thus, the lemma follows from [8] [9]. O
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3. PROOF OF THEOREMS

Proof of Theorem 1. It is only to prove that there exists a constant Cg such that

@ /Q |g;‘(f)($) — Colw(z)dzx < C||f|zo (w)

holds for any cube Q. Fix a cube @ = Q(=o,l). Let Q = 5/n@Q and fl(:z:) =Alz)- X i(DaA)QIa,
|a]=m

then Ry, (4;z,y) = Rm(A;z,y) and D*A = D*A — (D*A),, for |a| = m. We write FA(f) = FA(f1) + FA(f2)

for f1 = fXQ and fo = fXRn\Q7 then

w(lQ) /Q g5 (f)(@) — g5t (f2)(zo)|w(z)dz
= 5 o R = R e

1 1 " np/2
w@ Jyst et s [ (=) e

- (t>w2 FA(2) (@o,)

t+ |zo — ¥

IN

w(z)dzx

= I(x)+ II(x).
Now, let us estimate I and II. First, by the L> boundedness of g;‘ (Lemma 2), we gain

I <|lg (f)llLeo ) < ClIFllzoe w)-
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To estimate I, we write

(M)/ FAG) @) -

¢ np/2 "
(W) FL(f2) (o, y)

¢ ni/2 1
(t+|:c—y|> /Lx—zm_
t "2 (y — 2) fa(2)
+(t+|x—y|) / wo—am B

¢ ny/2 np/2
(t+ Ix—y> - <t+lxo—y|)

np/2 (Z‘ — Z)O(

o

! ]m( R A

|lzo — 2|™

Yi(y — 2)R

|zo — 2|™

‘l;_m;!/[(m;m)

|z — 2™

. t npu/2 (1'0 . Z)a B o
(py) e _Zm] by — 2)DA(2) fa(2)dz

= II(z) + IIi(z) + II5(z) + ITi(x),
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Note that |z —z| ~ |zg—z| for 2 € Q and ze€ R"\Q, similar to the proof of Lemma 2 and by Lemma 1,

we have
ﬁ / 11T ()] ()

< / $O||+f(+)1‘|Rm(A;:v,z)|dz w(z)dz

@ \/r"\@ |x*Z\" m
= / |ac_I+7|L‘fm(+)l||Rm(f~1;ac,z)\dz w(z)dx

@ \ik=0 2’““@\2*”@ |z — 2|

Ki( le N
< CZ le ntm+1 Z [[D*AllBmo ( 1Q|f(z)|dz)

la|=

< 0 3 ID™Allemollfllzmq) Y k27" <€ 3 IID"Allzwollfllz=cw);

la|=m k=0 |a|=m
For IT4(z), by the formula (see [7]):

_ _ _ 1 _
Rm(A,va) 7Rm(A,x07Z) :Rm(A,IE,$0)+ Z ERM—\ﬁ\(DﬁAaxﬂaz)(‘T*xO)ﬁ

0<|B|<m

and Lemma 1, we get

|Bmn(A;@,2) = Rm(4;20,2)| <C Y |ID*Allmo(jz —zo|™ + D |ao — 2™ Pz — ao|71),

|a|=m 0<|B|<m

thus, for z € Q,
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1113 ()|

< C ; MRm(A;x,z)—Rm(A;xmzﬂdz
|I‘ - x0|m + ZO<\/B\<m |l‘0 - Z‘mi‘ﬁl‘x - x0|‘ﬁl

S C DA BMO/ f 2)|dz
< 0 Y DAl Y. e [ (st

|a|=m k=0 (2 l) 2k+1Q
< C Z HDQAHBMonHLm(w)ZkQ*km

|a]=m k=1
< C Z [|D*Al|Bmol| f|| Lo (w);

|a|=m

For IIi(z), by the inequality: a'/? —b'/2 < (a —b)'/? for a > b > 0, we obtain, similar to the estimate of
Lemma 2 and 11,
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I115()]]

2 1/2
< C / £z — 20| 2|9he(y — 2)||.fo( )||R( 0.2)] dydt\
B re\Jroril (t+ |o —y|) e tD2 |z — 2|m et
< C \fz(z)\|$—$0|1/2|R (4; 20, 2)|
B |Zo — 2|™

1/2
(] o ()™ i)
rr+t \t+ |z —y (t+ |y —2[)2+2
|[f2(2)lle — 0|2 Rin(A; 30, 2)| ([ dt 12
< C dz
Rn |zo — 2™ o (t+ |z —z[)2n+2
< C \fz(z)\lff—$o|1/2|Rm(A;xo,Z)|dz

Rn |zg — 2| tnt1/2

— kI'/2(2kD)m o
< CF g 2 DAl L )

o=

C Z [|D*AllBMo || f1] Loe (w) Z k2~ h/2

<
|a]=m k=0
< C Y ID*Allsumollfl] o (w);
|a]=m
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For IT{(z), similar to the estimates of IT{(z) and IT4(z), we have

— — z0|1/2
¢ < [z —xol |z — o S Do
||II4(‘%.)|| = C R"\Q (|l‘ _ Z|n+1 + |1, - Z|n+1/2 | A(z)||f(z)|dz

la]=m

C Y ID*Allsmol|fllLew) P k@7 +275/2)

<
|a|=m k=0
< C ) |ID*Allsyollfllzew)-
|a]=m
Combining these estimates, we complete the proof of Theorem 1. O

Proof of Theorem 2. It suffices to show that there exists a constant C' > 0 such that for every H'(w)-atom a
(that is that a satisfies: suppa C Q = Q(x0,7), ||al|p~@w) < w(Q)~! and [a(y)dy = 0 (see [3])), we have

1952 (@)l 21 (w) < C.

We write

i (a)(zx)w(z)dz = g2 (a)(x)w(z)dz == J + JJ.
| #@@uw) [/+/|I] G @) @) =T+

For J, by the following equality

Qmsa(452,9) = Rmia(4i2,0) = 3 (2 =) (D*A() — D*AW),

|a]=m

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



we have, similar to the proof of Lemma 2,

@)@ < @@ +C Y / 2 A AW o4,

yl”

ler]=
thus, g is L>-bounded by Lemma 2 and [3]. We see that
J < Ollgi ()|l o= uwyw(2Q) < Cllal| o uyw(Q) < C.
To obtain the estimate of J.J, we denote that A(z) = A(zx) — 2 laj=m L(D*A)spz™. Then Qm(A;z,y) =

Qm(fl;x,y). We write, by the vanishing moment of a and Qn+1(4;2,y) = Rn(4;z,y) — Z|a\:m %(x —
y)*D*A(z), for x € (2Q)°,

F{a)(z,y)
Ve (y m(A; 7, 2) Pi(y — 2)DA(z )(m—z)aaz ’
- / J'3—?«'|m a(z)d \Im / |z — 2|™ (2)d
= / [wt( |x)_ ZEnA 2idl) _ 0 _20)_]%;?;4;%%)] a(z)dz

|as—z|m |z — o™

_ Z - / [1/% (@ —2)* ey —xo)(x — xO)a} D*A(z)a(z)dz,

le]=

thus, similar to the proof of I1 in Theorem 1, we obtain

_ 14+1/n
1EA @) (@, 9)l| < o197

DA o —n—1 . —n—1 Da/i
w(©) > |[BMO|Z — 20 + |z — o | (@)),

|a]=m
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note that if w € A;, then %Q;l) w'(%ll) < C for all cubes Q1, Q> with Q1 C Q,. Thus, by Holder’ inequality and

the reverse of Holder’ inequality for w € Ay, taking p > 1 and 1/p + 1/p’ = 1, we obtain

o K \QI w(2"1Q)
N |Q\ 1 - 1/p 1 , 1/p'
C 2~ D%A(x)[Pd N = Pd
i IozlZ Z <2k+1Q| 2k+1Q s m) <2k+1Q| 2k+1Q e x)
o _e (w(Q) Q]
< C Z ||D AHBMOZk2 (2’“"‘1Q| ( ))<Cu
|a|=m
which together with the estimate for J yields the desired result. This finishes the proof of Theorem 2. O

Proof of Theorem3. By the equality

R (A2,5) = @mia(Aim, ) + 3 —(z —9)*(DA@) - D*A(y))

and similar to the proof of Lemma 2, we get

@ <gin@+c X [ 'D”‘ W AW 5y ay,

|a|=m
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by Theorem 1 and 2 with [3], we obtain
w{z € R": g (f)(z) > A})

< w({zeR": g (@) > N2+ w{zeR*: Y

|al=m

|D*A(z) — D*A(y)

|
o=y |f(y)ldy > CA})

IN

Cl It (wy /A
This completes the proof of Theorem 3. O
Proof of Theorem /. (i) It suffices to show that there exists a constant C' > 0 such that for every H!(w)-atom
a with suppa C @ = Q(xo, d), there is
Hgf(a)HLl(w) <C.
Let A(z) = A(z) — 3 i(DO‘A)QxO‘. We write, by the vanishing moment of a and for u € 3Q \ 2Q,

jal=m
F(a)(, )
— xag@FA@) ()
Run(Aiz, 2)e(y = 2) _ Runl(Asm, u)iuly = U)] )

|z — 2™ |z — uf™

e N A

—X(Q)( Z ol / § [ =& _u)a] $i(y — 2) D A(2)a(2)dz

ior@ X 4 [ Tl 9D AGH(E)
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then

nu/2
G (@) @) = H (o)A@

t

np/2 "
t+|x—y|) Ff(a)(x,y)

< el H(

Rm(Aa xZ, Z)wt(y _ Z) . Rm(A7x7u)wt(y B u)

|z — 2™ |z — uf™

t n
aF X(4Q)c($) (m) ”/z/n

] a(z)dz

+ X@)- () ( t >w/z 3 1 [(x —2)* (v —u)®

m = ] - P(y — 2)DA(2)a(z)dz

|z — 2™ Jo—um

a! R™

x| ) 2 A [ = e
Xa@)e t+ |z —y| al Jpn |z —ul™ B

|a]=m

= Li(z)+ La(z) + La(z,u) + La(z, ).

By the L*°(w)-boundedness of gl‘?7 we get

/n Ly (z)w(z)de = AQ gy (@)(@)w(z)de < [lg; (@)l o= wyw(4Q) < Cllallpewyw(Q) < C;

Similar to the proof of Theorem 1, we obtain

/n La(z)w(z)dz < C
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and

Ls(z,w)w(x)dz < C.
Rn
Thus, using the condition of Ls(z,u), we obtain

[ st@@ui<c.
R

(ii) For any cube Q = Q(z0,d), let A(z) = A(z)— . i(DO‘A)QxO‘. We write, for f = fxiq+fXxug): = fitfe

and u € 3Q \ 2Q, la|=m
FA(f)(=,y) ~
— A+ [ E By - pe
- L (0 A) - (D (z=2)* (u=2)* _ ) fa(2)dz
}_:m —(D*A(z) (D A)Q)/Rn Lx_z|m = 2| Y (y — 2) fa(2)d
(u—2)*

- 3 (D) - (0°4)q) |

R |u—z|™

¢t(y - Z)fQ(Z)dZa
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A(F)(@) - (R’”(A””f> (20)

lzo — <™
_ t nw/2fa et g Ba(Am, )
B ‘(t+|x—y|) v (f)(x’y)H (t+\x0—y|) EE: 2o — ™ f2)(xo)
¢ np/2 - " nu/2 Rm(/i,Io,)
= <t—|—x—y|> FA(f)(z,y) — <t+|$0—y|) F; <|xo—-mf2 (z0)
¢ nu/2 .
< (Gpm) B
t "2 R4, 2)
+ e (mx—m) To—am P

3 ( t )Wﬂ Rm(fl;a:o,z)

t+|zo — ¥

+ (Hf_y)/ S A -y |20 MmNy - )i

lee|=m

n/2 u—z)“
. (t) Y L0 aw - (074)) [ By -2

t+ |z —y| e lu—z|™

lee|=m

= M (z) + Ms(x) + Msz(z,u) + My(z,u).
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By the L>°(w)-boundedness of g,j‘, we get
5707, M@ < 15l < Ol
Similar to the proof of Theorem 1, we obtain

/Mg z)dz < C||fl] Lo (w

and
= /A@xu (@)dz < O|| f|| oo (w)-

Thus, using the condition of My (z,u), we obtain

w(Q) |lwo —-|™
This completes the proof of Theorem 4. |

. / g (@) = gu (W;xo")ﬁz) (zo)| w(z)dz < O||f]| Lo (w)-
Q
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