GATEAUX DIFFERENTIABILITY FOR FUNCTIONALS
OF TYPE ORLICZ-LORENTZ

F. E. LEVIS anp H. H. CUENYA

ABSTRACT. Let (2, A, 1) be a o-finite nonatomic measure space and let A, 4 be the Orlicz-Lorentz space. We study
oo

the Gateaux differentiability of the functional W, +(f) = [ ¢(f*)w. More precisely we give an exact characterization
0

of those points in the Orlicz-Lorentz space A,, ¢ where the Gateaux derivative exists. This paper extends known results
already on Lorent spaces, Lqy,q, 1 < ¢ < co. The case ¢ = 1, it has been considered.

1. INTRODUCTION

Let (2,4, 1) be a o-finite nonatomic measure space, Mo = Mo (2, A, 1) the class of y-measurable functions on
Q that are finite u-a.e..

As usual, for f € Mg we denote by p its distribution function and by f* its decreasing rearrangement. If two
functions f and g have the same distribution function we say that they are equimeasurable and we put f ~ g.
The reader can see [1] for definitions and properties.

Now recall some basic notations and definitions. Let ¢ : R. — R, be differentiable, convex, ¢(0) = 0, ¢(¢t) > 0
for ¢ > 0 and a weight function w : (0,y) — R, for v < oo, be nonincreasing and locally integrable with respect
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to the Lebesgue measure m. For f € M let

Voolf) = [ o Oimo.
We consider the Orlicz-Lorentz space
Apo ={f € Mpy:T, s(A\f) <oo forall X>0}.

It is clear that w = const, A, » becomes an ordinary Orlicz space Ly. On the other hand setting ¢(t) = t9,
w(t) =t we obtain the Lorentz space LP in the case 1 < ¢ < p < oo and U, 4(f) = I £115,

It is well known that the functional W, 4 : Mg — [0, 0] is an orthogonally subadditive convex modular and
Vo(f) = supyy Jo- @(If])v, (see [7]). In [2] the authors make the following assertion: If 1 < ¢ < oo and
the weight w is strictly decreasing, it is known that L, ; has a Gateaux differentiable norm at f if and only if
u{lf] = s} = 0 for any s > 0. However we observe that the Corollary 3 in [2] does not hold when ¢ = 1. In
section 4, we give an example which shows that the Corollary 3 in [2] is not true. So, we can not get in this case
the set of points where the Gateaux derivative exists.

Our main purpose in this paper it will be to give an exact characterization of those points in A,, 4 where there
is the Gateaux derivative of the functional W, 4, when ¢ is differentiable and w is a stritly decreasing function.
We remark that this work generalizes the known results over differentibility in Lorentz spaces for 1 < ¢ < oco.

Voo (fH8h) =Wy o (f)

For f,h € Ay, ¢, we will use in this work the one-sided Gateaux derivatives v, (f, h) = lim,_, o+ :

y_(f, h) = lim,_,o- Voo (Fhsh)=Puw ()

S

Definition 1.1. We say that a function f € Ay ¢ is a smooth point if there exists the Gateaux derivative of
the functional ¥, 4 in f, i.e., if v (f, h) =v_(f, h) for all h € A, ».We denote it by ~v(f, h).

Let f € Ay 4. By redefining f, if necessary, on a set of p-measure zero, we may assume that |f| and f* have
the same non-null range, say R(f). Since f* is decreasing, if A € R(f), each Iy(\) = {t > 0: f*(¢t) = A} is either
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a singleton or an interval. The case where I;()) is an interval, can occur for at most countably many values of
A, say W(f). We introduce the following sets, which will play an important role later,

E(f)=0~ |J Cr(N) where Cr(A) ={z € Q|f(2)| =N},
AEW (f)

£%? = {f € Auw,g — {0} : u(supp (f) — E(f)) = 0}
and
AP =N {f € Nug : p(Q —supp(f)) =0 or m(supp(f*)) = oo}
where m is the Lebesgue measure and supp (f) is the support of the function f.

Let us now agree on some terminology. A function o : (2, ) — (S, v) is called a measure preserving transforma-
tion (m.p.t) if for each v-measurable set I C S, 0=1(I) is p-measurable and p(o~1(I)) = v(I). It is very important
to emphasize that any m.p.t. induce equimeasurability, that is, if g € M(S,v) then |g| o o is a p-measurable
function on Q and |g| o o ~ |g|.

If f € Ay g, then lim;_, o f*(t) = 0. In consequence, by Ryff Theorem (see [1]) there is a m.p.t. o : supp (f) —
supp (f*) such that |f| = f* o o p-a.e. on supp(f). We denote such a o by o and we observe that o satisfies
s (1) < o7 on supp (f):

2. A CHARACTERIZATION OF THE SMOOTH POINTS IN Ay, 4 WHEN ¢/ (0) =0

In this section, we obtain a characterization of smooth points in the Orlicz-Lorentz space Ay ¢, when ¢/, (0) = 0.
More precisely, we prove that the set of smooth points in this A, 4, is gw:e,
For the proof of the main theorem, we need some auxiliary lemmas.

Lemma 2.1. Let f,h € Ay, 4, A:=supp(h)—supp(f) and s a nonzero real number be. If u(A) > 0, then
there is a m.p.t oyisn such that |f + sh| = (f + sh)* oofisn p-a.e on supp (f + sh) and opy, < Opisn p-a.e on
A, where opy, is gwen by Ryff in [1].
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Proof. From [1] as ay = p(Chy, (X)) < o0,

o (@) = inf{t: z EEA,t}+NhXA(>\) if \ e W(hxa),z € ChXA(/\)
hxa Kby (X) otherwise

where {E); : 0 <t < ay} is an increasing family of y-measurable subsets (i.f.m.s) of Cyy, (A) such that p(Ex ;) =t
for 0 <t < ay.

For each A € R(f + sh) we define a function ay : Cyysp(A) — Ir4sn(N) in the following way. If A ¢ W(f + sh),
then Iy sp(N) is a singleton and we define ax(z) = pyrysn(A). Now suppose that A € W(f + sh). Since
|s|W (hxa) C W(f + sh) then A ¢ |s|W (hxa) or there is a § € W (hyxa) such that A = |s|3. In the first case,
let oy be the m.p.t given in [1], proposition II.7.4. For the second case, we have Chy,(8) C Crisn(X). We call
D = Cfisn(X)—Chya(B) and kx = p(D). If kx = 0 then ag = p(Cfysn(A)). Here we consider {Eg;: 0 <t < ag}
an i.fm.s of Crysp(N) with p(Eg) =t, 0 <t < ag and the mapping ax(z) = inf{t : x € Eg;} + prsn(A) is a
m.p.t Finally, if ky > 0let {Rx;:0 <t < kyx} be an i.m.f.s of D such that u(Ry ;) =t, 0 <t < ky. Then

E@t if 0 S t S ag

Rtfaﬁ U ChXA(ﬁ) if ag <t <ag-+ky
is an i.fm.s of Cyysn(A) such that pu(Uxy) =1¢, 0 <t < ag+kx. So, an(z) = inf{t : & € Ugi} + prisn(N) is a
m.p.t.

Now, we define ¢4, : supp (f + sh) — supp(f + sh)* by

ortsh(®) = ax(z), (A€ R(f + sh), z € Crran(N)).
Clearly, of4sp is a m.p.t and |f + sh| = (f + sh)* o 0 f4sn p-a.e on supp(f + sh). On the other hand, for x € A

and X\ = |h(z)|, we have £ € Chy,(X) C Crisn(|s|A). Since pshya < fifish, if X € W(hxa), we get opy, (z) <

inf{t : @ € Exs} + pprsn(|s|A) = oppsn(@). A ¢ W(hxa), Onyxa () = phxa(A) < prrsn(|s|A) < opsn(x). The
proof is complete. 0

Uy =

)

Henceforth, we consider in this paper the m.p.t o¢4 4, given in lemma 2.1
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Lemma 2.2. Let f,h € Ay . If f* is continuous at ty then
lim (f + sh)"(to) = f*(to)-

Proof. Let (sn)nen be an arbitrary sequence such that lim, oo s, = 0. As lim, o0 |f + sph| = |f], it is well
known that f*(t) <lim,(f + s,h)*(¢) for all ¢ > 0.
Using a property of the decreasing rearrangement we obtain for m € N and ¢ > 0, (f + s,h)*(t) = (f +

th) (m+1t+ m—+1 ) = f* (7 ) * |Sn|h* (7n+1 ) ’ Therefore’ we have m"(f + Sn ) ( ) = f* (mfi ) As
f* is continuous in #g, taking limit for m — oo, we have

Hm(f + snh)*(to) < £ (to)-
The proof is complete. O

Lemma 2.3. Let A, {Ap}nen and {Bp}nen be subsets of Q0 such that p(B, — A,) =0 for alln € N and
A Clim, B, =: By. If Ap :=lim, A,, then p(A) = p(AN Ap).

Proof. We note that
(2.1) A=(ANA)UANUZ (B, —4,)).

In fact, if # € A, there exists m € N such that € (),_  B,. Suppose that z ¢ Ay then there exists k € N,
k > m such that z ¢ Ay. Thus z € By, — Aj. The reciprocal inclusion is obvious, so (2.1) is true.
Since p(B,, — A,) =0 for all n € N, (2.1) implies that u(A) = u(AN Ap). O
Lemma 2.4. Let f € Ayp and (Sp)nen be such that w(E(f)) > 0 and lim, o S, = 0. Then for all
h e Aw,¢>;
1 o7 4s,n(2) = 05 (2)

w-a.e on E(f) Nsupp(f).
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Proof. Let A := E(f) N {z € supp(f) : |f(z)| = f*oos(x)}, By :=supp(f + s,h) and A, := {z € supp(f +
sph) | f(z)+sph(x)] = (f+sph)*oopys, n(x)}. Clearly A C lim, B,. Since |f+s,h| = (f+sph)* 0ofys,n pae
on supp (f + sph), we have u(B, — A,) =0 for all n € N. As u(E(f) Nsupp(f)) = u(A), from lemma 2.3 we get

u(E(f) Nsupp(f)) = p(ANlim A,).

We will prove that lim, .o ofis,n(x) = o¢(z) for all x € ANlim, A,. Assume that it is false, then there
exist £ € ANlim, A4,, ¢ > 0 and a subsequence of (s,)nen which we again denote by (s,)nen such that

|0 f1s,n(x) = 0f(2)] > €
Consider the following sets

N={neN:opis n(x)>0of(x)+e}and M ={neN:osy, n(x) <or(z)—e}

Clearly some of these sets must be infinite. Suppose that card(N)= co. Since the points of noncontinuity of f*
are at most countably, there exists 0 < § < ¢, such that f* is continuous in oy (z) + 9.
As x € A, from lemma 2.2 we have

)
[f(@)] = f*(o5(@)) > f*(og(2) + 5) = f*(o5(z) +0) = lim (f + suh)"(0(2) + ).
Since z € lim, A,, for n large enough in A we obtain
|f(x) + suh(z)| = (f + snh)” 0 0f15,n(2).
Therefore
1 (f + 5h)" (0(2) +8) > im (f + 80h)* (0 10,1(2)) = | (@)

It is a contradiction, so the card(N') must be finite.
We now suppose that card(M)= oco. Then

[f(@)] = f*(o5(2)) < f*(of(z) - g) < fHop(@) —¢) < liTm(f + snh)" (05 () —€).
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For n large enough in M, (f + sph)*(os(x) —€) < |f(z) + sph(x)|, and we obtain
Lim(f + snh)*(of(z) —€) < [f(z)],
which is other contradiction, so the card(M) must be finite. The proof is complete. O

Lemma 2.5. Let f,h € Ay, 4 be with p(E(f)) > 0. If C := E(f) Nsupp(f) then

iy w(oppun) TN = 007D [ wtod 1) setr

S
supp(f+sh)NC C

Proof. Let (sp)nen be an arbitrary sequence such that lim, .. s, = 0 and let (wy)nen be a sequence of
p-measurable functions on 2 defined by

wn(z) = w(ofys,n(z)) if @ €supp(f+s,h)NC
S0 otherwise.

Clearly

M7+ 00 = 01D, [, 80 o) =)

W\O f+s,h
(0f+5.n) - -
supp(f+snh)NC C

Let H := {t € supp (f*) : w is continuous at ¢t} and D := ANlim , Anﬂaj?l(H) where A and A,, are the sets defined
in lemma 2.4 Then p(D) = p(C). In fact, by the proof of the lemma 2.4 we have p(ANlim, A,,) = p(C). On the
other hand, as supp (f) — O'f_l(H) C orf_l(supp (f*)—H) and u(af_l(supp(f*) — H)) =m(supp(f*)— H) =0, we
get (D) = w(ANlim, A,).

So, if z € D we get

du.

Jim wnd(2(]f| +[h])) = wlop)e2(|f] +[R])) on D
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and

o, S0+ 50]) = (141

n— oo Sn

=w(os)¢'(If])sg(f)h on D.

Moreover, for all n € N such that 0 < |s,| <1, ’wnWI < wnd(2(|f] +|h|)). On the other hand,

(2.2) / w(os)o2(|f] + [h]))dp < /oo wo(2(|f] + [R])*)dt < oco.
supp(f) 0

Then by the generalized Lebesgue convergence theorem we have

b [, S+ 32hD) = 951

n—0o0 C sn

ds = /C w(o)d (1) se(f)hdg.

Remark. We observe that the lemma 2.5 holds when ¢/, (0) > 0.

Theorem 2.6. If f € £, 4 and h € Ay ¢ then

= [ o) ) ss( .

Proof. Since
wo(f7) ~w(op)o(|f]) and w((f + sh)*) ~ wlorisn)d(|f + shl)

we have

Uy (f)= / w(op)o(f)du, Vo g(f + sh)= / w(of1sn)P(|f + shl)dp.

supp (f) supp (f+sh)
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As (w(oy))* = w in [0, u(supp (f)), by the Hardy-Littlewood inequality (see [1])

/ w(o)d(|f + shl)dp < / T w(®)e((f + sh) (1)) dt.
supp (f) 0

In consequence, for all s > 0 we get

. ( / wlopemn)(lf + shl)du— [ w(af>¢<|f+sh|>du> >0,
supp (f+sh) supp (f)

So
(2.3) Wy o(f +8h) — Wy 4(f) >/ w(af)¢(|f+sh|) - ¢(\f|)dﬂ_
supp (f)

S - S

Analogously with f + sh to instead of f, we get for s > 0 the inequality

\Ilw,¢(f F Sh) — \Ilw,qb(f)
S

(2.4) o(|f + shl) — o(1f])

< / w(0f+sh) dp.
supp (f+sh) &

Similarly for all s <0

Sf +5h) = 607D, Fwolf +5h) = Fuo(f)

S S

w(0f+sh)

supp (f+sh)
(2.5)

< [ uwioplrs=eln),,

s
supp (f)
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S

For all 5, 0 < |s| < 1, ]w(af)w < w(os)p(2(|f] + |b])). Thus, from (2.4) and the Lebesgue

convergence theorem we get

o(1f + shl) — o(If])

S

lim w(oy)
570 Jsupp (1)

We now consider A := supp (h) — supp (f) and the following functions
o(|f + sh|) — @
B = [ wlope D=l g,

supp (f+sh)

K(s) = /A W(os1am)

ds = / w(o )¢/ (1) se(fhdg.
supp (f)

h
oliohl)

and

o(|f + shl) — o(If])
w(Uersh)

L= |
supp (f+sh)NE(f)Nsupp (f) s
Since f € &,,¢ we have H(s) = L(s) + K(s). In addition, by lemma 2.5 we get

ti L) = | g 1D se(h.

s—0

d.

If u(A) =0, then K(s) = 0. In otherwise, from lemma 2.1, we get
(|shl) ¢(|sh)
s

5]

w(o f4sn) < wW(ohya) p-a.e on A.

Moreover, lim;_,q w(ahXA)% =0, w(UhXA)¢(|Sh|) < w(opy,)o(|R]) if [s| <1 and

[s| =

/A w(he) SRl < Loy g(h) < 00,
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Thus by generalized Lebesgue convergence theorem, lim,_,o K(s) = 0, which implies that

i 1(s) = | g U7 se(fnn

s—0

Finally from (2.3), (2.4) and (2.5) we obtain

W= [ o) shse e

O
Corollary 2.7. For all f € £%9,
L(f) = wlps(1£D)¢' (1 f1) sg(f)
where ' denotes the Gateaux gradient operator.
Proof. Since oy(x) = ps(|f(z)|) on supp(f), the corollary is an immediate consequence of theorem 2.6 O

Next, we establish the main result of this section.
Theorem 2.8. Suppose that w is a strictly decreasing function. f € Ay, 4 is a smooth point if only if f € E9.

Proof. The sufficient condition follows from theorem 2.6.

Suppose now that f ¢ £“¢. If f = 0 then for any h € Ay s — {0}, 74+ (f, k) # v—(f,h), so f is not a smooth
point. Assume f # 0. Then there exists r > 0 such that p(C¢(r)) = @ > 0. As p is nonatomic, there is a set
A C Cy(r) such that u(A) = §. We define h € Ay, ¢ by h(z) = xa(z)sg(f(x)). For s > 0, we call f; = f+sh and
gs = f—sh. From the definition of &, for sufficiently small positive s, we have | fs| = |f|+s|h| and |gs| = | f| —s|h|.
Next, if s <7 and pys(r) < py (r +s) + ¢, we obtain

JopN)+G i r<A<r+s
ws,(A) = { pr(X) otherwise
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and

s if pp(r+s)<t<pr(r+s)+%
fry=9q £ (t—9) if prlr+s)+§<t<p(r)+4
() otherwise
Thus,
Vaslf) = Busll) _ [ 0t =0,
pr(r+s) S
v T B9 o)
pg(r) S

+/#f(7’)+4 (f*(tf 3)) 7¢(7ﬂ)

py(r+s)+§

It is easy to prove that the first and third terms in the equality above tend to zero as s — 0. A straightforward
computation leads to

g (r)+4
vAﬁmzwm/' w(t)dt.
I

7(r)
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Since ¢(t) > 0 for t > 0, ¢'(r) > 0. On the other hand, if s <7 and py (r —s) — § < ps(r) + a, we obtain, in a
similar way,

o )T py(r—s)—% — (4 &
o0 =Wualf) _ [0 S0 00D,
=5 py(r)+ia 8
wr(r)+a _ _
L W f0) =00 =3,
py(r—s)—% &
g (r—s) * _ _
P [ O ==
pg(r)+a &
Therefore
. py(r)ta
R =¢0) [ win
py(r)+ia
Since w is strictly decreasing, y_(f, h) < v+ (f, h). We conclude that f is not a smooth point. ]

Remark. We observe that the necessary condition of theorem 2.8 holds when ¢/, (0) > 0.
3. A CHARACTERIZATION OF THE SMOOTH POINTS IN A, 4 WHEN (;“);(0) >0

In this section we give a characterization of smooth points in Orlicz-Lorentz space A, 4 when ¢/, (0) > 0. We will
use a similar technical to the developed in the section two. We assume here that tlim w(t) = 0.
— 00

We begin with two auxiliary lemmas.
Lemma 3.1. Let f,h € Ay . If oy is continuous at \ then

lim op+5n(A) = pp (A)-
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Proof. Let s be such that 0 < |s| < 1. Using properties of the distribution function we have

) = pron (1= VDA + VIS1A)
(3.1) -
< pg ((1 - |8|)/\) + (m/\> ;

|s

I

limg o pp, ( B lA) =0and ps(A) <lim, pryspn(A). In addition, by hypotheses, we have limg_g por((1—+/[s))A) =

pr(N). From (3.1), limg gty 5n(A) < gy (X). The proof follows immediately. O
Lemma 3.2. Let f € £%% and h € Ay, 4 be. If m(supp (f*)) = oo then
lir% oftsh(z) =00  for all x € supp (h) — supp (f).

Proof. If supp (h) — supp(f) = &, it is trivial. In either case, let © € supp(h) — supp(f). Given M > 0,
since m(supp (f*)) = oo we can choice s; such that us(|sih(x)]) > M. As f € £9?, us is continuous.
Then by lemma 3.1 lims_g pr4sn(|s1h(2)]) = ps(|sih(z)]). Thus psysn(|sih(z)]) > M for sufficiently small s. It
follows that M < psysn(|sh(z)|) for sufficiently small s. Finally, for the last remark in the introduction we have
Litsh(|sh(z)|) < opqsn(z). The proof is complete. O

Theorem 3.3. If f € AY? and h € Ay, 4 then
WD = [ (o se( b
supp (f)
Proof. We proceed analogously to the proof of theorem 2.6. According to the remark of lemma 2.5, we only

need to prove that lim, o K(s) = 0. Let A := supp(h) — supp(f). If w(2 —supp(f)) = 0 then u(A) = 0.
Therefore K (s) = 0. Suppose that u(A) > 0 and m(supp (f*)) = co. From lemma 2.1, op, , () < 0p4sn(x) for all
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z € A. In addition, [, w(ohy,)P(|h|)dp < Wy 4(h) < oo. Therefore by lemma 3.2 and the Lebesgue convergence
theorem, lim;_,o K(s) = 0. O

Corollary 3.4. For all f € AY?,
L(f) = w(ps (1) (1£]) sg(f)
where ' denotes the Gateaux gradient operator.
Theorem 3.5. Suppose that w is a strictly decreasing function. f € Ay, 4 is a smooth point if only if f € A¥9.

Proof. The sufficient condition is immediate consequence of theorem 3.3.

Assume that f ¢ AW, If f ¢ £%% then f is not a smooth point because the remark of theorem 2.8. We
now suppose that f € €%, so u(Q — supp(f)) > 0 and m(supp(f*)) < co. Take a set A C 2 — supp(f) with
0 < u(A) < oo and let h(z) = x, (). A straightforward computation leads to

_ (0)+n(A)
(3.2) lim Zwelf +5h) = Wuolf) _ +¢/, (0) / o w(t)dt

s=0% s s (0)
i'e'7 7+(f7h) #7—(]07}1) U

Remark. It is well known that £¥°¢ and A“? are dense sets in the Lorentz space because the points of
Gateaux-differentiability of the norm in a separable space form always a dense set.

4. AN EXAMPLE

In [2], the authors have established the following corollary for 1 < ¢ < oo :
Corollary. Let f and h be any elements in L, 4, Then

L [ e | P
lim = lim
510 s sT0 s
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if and only if for all A > 0, u(|f| = ) > 0 implies h - sg(f) is constant on |f|=1()).

However, next we give an example which shows that the Corollary does not hold for ¢ = 1.

Example. Let f € L, 1(0,00) be defined by f(x) = (1 — x)x[o,1)(x). According to corollary 3, f should be a
smooth point, however f ¢ AP:L.
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