COEFFICIENT ESTIMATES IN SUBCLASSES
OF THE CARATHEODORY CLASS RELATED
TO CONICAL DOMAINS

S. KANAS

ABSTRACT. We study some properties of subclasses of of the Carathéodory class of functions, related to conic sections,
and denoted by P(pg). Coefficients bounds, estimates of some functionals are given.

1. INTRODUCTION

We denote by P the class of Carathéodory functions analytic in the unit disk U = {z : |z]| < 1}, e.g.
(1.1) P = {p: p analytic in U, p(0) =1, Rep(z) > 0}.

Some special subclasses of P play an important role in geometric function theory because of their relations with
subclasses of univalent functions. Many such classes have been introduced and studied; some became the well-
known, for instance, the class of analytic functions p in the unit disk ¢/ such that p(0) = 1 and p < (14+Az)/(1+Bz),
that is the class of functions for which p(U{) is a subset of a disk, or a half-plane. The other choice is the class
of all p such that p < [(1+ 2)/(1 — 2)]7. In this case p(f) is a subset of a sector, contained in a right half-plane
with a vertex at the origin and symmetric about the real axis. Here the symbol “<” denotes the subordinations

(cf. e.g. [7])-
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Let k € [0,00). For arbitrarily chosen k let §2;, denote the following domain
(1.2) Q= {utiv:v® >k (u—1)>+ K} .

Note that €y, is convex and symmetric in the real axis and 1 € Q, for all k. g is nothing but the right half-plane
and when 0 < k < 1, © is an unbounded domain enclosed by the right branch of the hyperbola

ag) ((1—k2)u+k2)2<(1—k2)v>2_1

' k Vi—k2)
with foci at 1 and —(1 + k2)/(1 — k?). When k = 1, the domain ©; is still unbounded domain enclosed by the
parabola

2u =102 +1

with the focus at 1. When k£ > 1, the domain €} becomes bounded domain being the interior of the ellipse

<(k2 — Du-— k2)2 B <(k2 - 1)v>2 _,
k vkZ-1)
with foci at 1 and (k% + 1)/(k? — 1). It should be noted that, for no choice of parameter k, {2 reduce to a disk.

{Q%, k € [0,00)} forms the family of domains bounded by conic sections, convergent in the sense of the kernel

convergence.
Let py denote the conformal mapping of U onto € determined by conditions px(0) = 1, p,(0) > 0. The
concrete form of py was given in [7], [8], [L1] and in [5].
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Theorem 1.1. Let k € [0,00). The conformal mapping of U onto Q. is of the form

?[J_rz for k=0,
14+ 25 sinh? (A(k)arctanhy/z) for k€ (0,1),
(1.4) pr(z) =19 14 3 (arctanhy/z)? for k—1,

1""1&’277151“ (2]C(t (V= t) for k>1,

where A(k) = (2/m) arccos k, F(w,t) is the Jacobi elliptic integral of the first kind

v dx
(1.5) ]—"(w,t):/o T

and k = cosh p(t) = cosh (g’fc/((tt))) , t€(0,1).

By P(pk) we denote the subclass of the Carathéodory class P, consisting of functions p, analytic in U, p(0) = 1,
Rep(z) > 0in U, and such that p < pg in Y. Observe that when k varies, P(py) generate a number of subclasses

of the class P.

The aim of this paper is to present some properties of the class P(pg). In Section 2 we prove the continuity of
functions “extremal” in P(py) as regards the parameter k. Some coefficients problems are treated in Section 3,
in particular we obtain the sharp bound on the coefficient functional by — ub?| (—0o < p < o).

2. (GENERAL PROPERTIES OF THE FAMILY P(pg)

We recall some notation and properties of Jacobi elliptic functions which will be used in next theorems (cf. e.g.

[1], [4])-
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The elliptic integral (or normal elliptic integral) of the first kind has been defined at (1.5). By K(t) we denote
the complete elliptic integral of the first kind

K(t)=F(1,t), andlet K'(t)=K({), t'=+V1-1t2, te(0,1).
Let £(w, t) denote the elliptic integral of the second kind, e.g.
w1 — 222
2.1 E(w,t) = —d
(21) O R e
and let £(t) = £(1,t) be the complete elliptic integral of the second kind, t € (0,1). Also, set &'(t) = E(t).
Changing the variable by 2 = sin 6 integrals (1.5) and (2.1) reduce to the Legendre form

%]
f(gp,t):/ (1 —*sin 0)~1/24p,
0

%2}
s(w)zf V1 — t2sin 0dh.
0

The equation z = F(p,t), where z is assumed to be real, defines ¢ as a function of z which has been called by
Jacobi the amplitude of z and denoted ¢ = am(z,t). Further Jacobi introduced sin(amz), and cos(amz) (sinus and
cosinus amplitudinus) that have several applications in geometry and mechanics. Among numerous interesting
properties of elliptic functions, the following will be used in the proof:

2.2 1'111 t = l.IIl (S t = 1‘1[1 ! = —
( ) . 1 0 IC( ) . 1 ( ) . 1 ’C (1) 2 B
2.:; 1.111 IC/ t = l'IIl (SI t = ].
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lim KC(t) = oo, hI}'l E(t) =1,
t—1—

t—1—
(2.4) K'(t)

lim (1 —¢#* = li =

A ROSEE g

K'(t) . oK' (t)\
(2.5) Jm e T oo, so that tlir51+ sinh < K ) = 0.
Functions IC, K, £, £’ are continuous and differentiable on (0, 1), and
(2.6) k) &) — (1 —tH)K(®) ety  E(t)—K(1) aK'(ty  2K'(t) - &)
’ dt B t(1 —t2) ’ dt B t ’ dt B t(1—1¢2)

from which the Legendre identity can be derived (cf. [1, p. 112])
E)K!(8) + €' (DK () — KK () = =

5.
Further, (2.6) and the above identity yields the result
diK'®)/K®)]  _ K@OK'(E) — EQK(H) — E()K(?)
dt N t(1 — t2)K2(t)
7r
(2.7) T 21 —2)K2(t)
Moreover
(2.8) — L <K(t) € ——,
1+vV1—1¢2 2v/1 — 2
(c.f. [2], see also [3]).
Finally, by a simple computation we arrive at
(2.9) 111{1 F(v/z/t,t) = arctanhy/z.
t—1—
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We now return to functions “extremal” in the class P(pg).

Theorem 2.1. Functions py, is continuous as regards the parameter k € [0, 00).

Proof. First we observe that

li = lim ——
ki%h Pi(2) kg& 1— k2

2 sinh? <arcsinh\/ﬁ72) + 1 =po(2),

sinh® (A(k)arctanhy/z) + 1

since limy_ o+ A(k) = limy,_o+ (2/7) arccos k = 1.
Simultaneously, by (1.4) and setting ¢ = 2arctanhy/z one gets

2
kllr?f pr(z) = ,}E{E (1 + 152 sinh? (A(k)arctanhﬁ))
sinh? A%
= 1+2 lim —2—

k—1— 1-— kQ

2
_ P A(k) \? [ sinh A8
- i 2 Jgg?— V1 — k2 A(k)t

2

—92 2 . A(k)t 2
t? . A . sinh =5
= v Pl (klir{l— =k klg?— ARt
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Here, A(k) = (2/7) arccosk — 0% as k — 17.
Finally, we will prove the right-hand continuity of py at k = 1 if we show that

sin (525 F(V2I61) o

im = —arctanhy/z.
k—1t+ k2 —1 m \f

Note that & = cosh (gﬁ( ) so that v/k2 — 1 = sinh (

(2.10)

(@)

0] ) and if k — 17 then t — 17, thus (2.10) is equivalent

to

Sm<4ic ) F(Vz/tt) ) 2

2.11 li = —arctanhy/z.
@11 Y ) B e
2K ()
Since by (2.4) and (2.9) both, the numerator and the denominator tend to 0 we need to prove, by the ’'Hospital
rule, that there exists the limit of the quotient of derivatives of (2.11), or equivalently

E(M)—(1—t?) K@) \/775 [F(y/2/t,t)]

t(1—t2)K2(2) dt

K/ () \ 72 1
cosh ( 2K () ) T Ik

(2.12) lim | cos <21g“)f(\/7/t7 t)> , : [

t—1—

Set
D(s,t) = () — (1~ £)K(0) F(v/3750) — (1 - £)c( IV

Then (2.12) reduces to

cos ( e F(\/2/t,t)
g 11I1I17 (QIC(t) <0 )D(Z,t)
w 6= cosh ( ST )
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Differentiating with respect to ¢ we obtain from (1.5)

dF (/a0 _ /ﬁ ta? PR
dt 0 VI —22)(1 — 222)3 2\E — 21—tz

so that

AFGERD] 1, 1-VE 1
arc s dt T1%1TrE 20— e
Since, by (2.4)

lim t(1 —t*)K(t) =0, and lim E(t)=1
t—1-— t—1—
then using (2.9) we obtain

lim D(z,t) = arctanhy/z.

t—1—
Therefore, the above and first and fourth relation from (2.4) finally yield

9 cos (#(t)]:(\/zi/t, t))

2
= lim =0 D(z,t) = —arctanhy/z,
T t—1— ™ v
COSh (T{t))
that is equivalent to (2.11). It completes the proof. O

Theorem 2.2. Let k € [0,00) be fixzed. The function pr(z) has the positive Taylor coefficients around the
origin.

The proof of Theorem 2.2 appeared complicated for the case k € (1,00) and has been proved in [11] using the
theory of continued fractions. We quote it here for the sake of completeness. Applying Theorem 2.2 estimates of
the modulus and the real part of p € P(py) were derived [11].
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3. COEFFICIENT BOUNDS

Now, we find some bounds in the family P(py). The first problem, we discus, is the Fekete-Szego-Goluzin’s
problem in the class P(pg). We begin by proving the theorem that is itself interesting, since it improves the
Livingston result in P(px) [12]. For fixed k, set

pe(2) =1+ Pi(k)z + Po(k)22 +---, z€U.

Theorem 3.1. Let 0 <k < oo be fized. Then

(3.1) P2 (k) — Po(k)]| < Py (k).
Proof. The inequality (3.1) is obvious for & = 0, by Livingston result [12], therefore we assume k& > 0. We
consider separately cases:
ke (0,1), k=1, k> 1.
Case 1. By virtue of (1.4) a precise form of coefficients of p, were derived (cf. [5], [9])
2 2 2 2
R =TT, ) = 2D a2

2
A(k) = — arccos k.
™

Since Py (k) is positive for k € (0,1), the inequality (3.1) reduces to proving |P; (k) — (4%(k) + 2)/3| < 1. Note
that
A%2(k)+2  A%(k)(5+ k%) +1—k?

Pk) = —5—= 3(1— k2)

>0
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for k € (0,1), then it suffices to show the inequality P;(k) — (A%(k) +2)/3 < 1, or equivalently

5(1 — k2 4
ﬁ - = arccos® k > 0.
T
Set
1—k2 2
h(k) := 5(1627_%5) — — arccos k.
™
Then functions h is well defined on a closed interval [0, 1] and
) 3V omk
1 (k) = | e
V1 —k? (k% + 5)3/2
Note that h/(0) > 0,h'(17) < 0. Since g(k) = (132‘_(%’)’5/2 is monotone then there exists the only point kg € (0, 1)

such that h'(kg) = 0. Then A'(k) > 0in 0 < k < kg and A/(k) < 0in 0 < kg < k < 1. Therefore h(k) >
min{A(0), (1)} =0in 0 < k < 1, so that the proof of the case 1. is complete.

Case 2. In this instance Py (k) = 8/72 and P»(k) = 16/(37%) = 2P1(k)/3 (cf. [14], [15]). The inequality (3.1) now
follows immediately by means of the relation
—-1/3 < Pi(k) <5/3.

Case 3. To this purpose we use the following form of py for k£ > 1

(3.2) pr(z) = k21— - sin (2/?(75) F(u(2)/Vt, t) IF %,
(cf. [5, p. 20]), where u(z) = (2 — Vt)/(1 — V/tz) and k = cosh(u(t)/2) for t € (0,1). In view of [5]
Pilk) = i

4(k2 — )2 () Vi1 4+ 1)’
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4K2(t) (2 + 6t + 1) — w2
24KC2(t) V(1 + t)
see also [9]. Since Pj (k) is positive for all ¢ € (0, 1), the inequality (3.1) will hold if | Py (k) — D( )| < 1, equivalently

Pi(k) < D(k)+ 1 and D(k) < Pi(k) + 1. Now, we will show that the inequality D(k) < Pj(k) + 1 holds. We
rewrite the inequality D(k) < Pi(k) + 1 into the form

Py(k) = Py (k)

=: Pi(k)D(k),

42 () (2 + 6t + 1) — 2 3m2
. t(1+1¢).
(3:3) K2 (1) < S DR OV
Observing that k2 — 1 = sinh?(7K’(t)/(4K(t))), the relation (3.3) becomes
(3.4) 2 GtE+ 6t — 6y 1 — — < i
Y0 arcz(t) sinn? ()

Observe next, that if K — 11 then t — 1= and the case k¥ — oo corresponds to the case t — 0F. Thus, we may
study the inequality (3.4) as regards t € (0,1). The left-hand side function satisfies

2
(3.5) 2 — 6tVE+6t— 6vE+1— %2(75) <t —6tvVE+6t—6vVE+1—(1—12).
by means of the right-hand estimation in (2.8). Set
w(t) =12 — 66Vt + 6t — 67+ 1 — (1 — t2) = 2% — 6t/t + 6t — 6V/1.
The function w(¢) is defined on the closed interval [0, 1] and it decreases continuously from w(0) = 0 to w(1) = —4.

Indeed w'(t) = 4t — 9Vt +6 — 3//t = (t —3) + 3(v/t — 1)3/v/t <0 on (0,1). Therefore w(t) < 0 on (0,1).
Now we show that the right-hand function of (3.4) is positive in (0,1) and increases from 0 to 96/72. Let

32

2K2(t) sinh? (Zg((tt)) ) '

W(t) =
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Making use the first relation in (2.2) and the last relation in (2.5) we find that
lim W (¢) = 0.
t—0t

Also, after necessary transformations, we obtain

/ 2
24 (TFIC (t)) %
lim W () = lim .4’“2” s = =
t=1 =1 (e sinh? () 7

because of the last formula in (2.4) and the fact that lim sinh 2/ = 1. Now, we will show that W (¢) is increasing.

z—0

Differentiating W (¢) and using (2.6) and (2.7) one gets
. K w2 7K’
372 [(E(t) — (1 =t?)K(t)) sinh ( 4IC((tt))> — sk cosh (T((tt)))}

#(1 — £2)K3(¢) sinh® (’;ﬁ’(%))

W'(t) =

In order to show that W'(¢) > 0 it suffices to prove that the expression in the square brackets of W’(t) is negative
for t € (0,1). Such relation may be rewritten in the form

€0 == eyeensn (Gt ) < st et ()

o) 5 [E0=020] _ o, ()

K(t) 4K (t)
Set
p(t) = E(t) — (1 — t*)K(2).
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Then, in view of (2.6) we have

do(t) _ E() —K(8) _ —22K() + EW) = KO T EKO) _ oy
dt t t

in (0,1). Moreover ¢(0%) = 0 and ¢(17) = 1 by the second and third relation in (2.4). Thus 0 < ¢(¢) < 1 in
(0,1). Note also that K(t) is increasing from 7/2 to oo, when t € (0,1). Therefore

8EM-(-@KW]_8 1 _16

2 K(t) /2 3 ’

whereas the right-hand side of (3.6) is greater than 1 since (zg((t‘;)) > 0. Then the inequality (3.6) holds,

equivalently W'(¢) > 0 on (0, 1) so that W increases on (0,1). Thus, having in view properties of w(t) and W (¢)
we conclude that w(t) < W(t) for all ¢ € (0,1), so that (3.4) is satisfied.
Next, we will show that P;(k) < D(k) + 1 holds for ¢t € (0,1), or equivalently
2 2
il <% 4 6V + 6+ 6VE+1 — o

262(¢) sinh? () 2K2(1)°

by reversing the inequality in (3.4). Since K(t) > § we have —#f(t) > —1 so that it suffices to show that

32

2/C2(t) sinh? (gg((tt)) )

< t? 4+ 6Vt + 6t + 6V/¢.

(3.7)

Set

r(t) == t? 4 6tVt + 6t + 6V/%.
Then r'(t) = 2t + 9v/t + 6 +3/v/t > 0 on (0,1) and r(0) = 0, r(1) = 19. Moreover r(1/v2) ~ 14.158379 > 2%
whereas the value % is the supremum of the left hand side of (3.7) as was shown in the first part of the proof of
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that case. Thus, it suffices to show (3.7) for ¢ € (0,1/v/2). Since K(t) > Z then
372 6
K/ (t < 2 (7K' (1))
2/C2(t) sinh? (ﬂ ( )> sinh (7T )

2K (8) 2K ()

Now, we will show that
6

sinh2 ( K/ () ) <
4K ()

6(t+ V) <r(t)

for ¢ € (0,1/+/2], which concludes the desired result. The last inequality is obvious therefore it suffices to show
that

(3.8) (¢ + V/T) sinh? (4’2((’5))) “1>0.
- s(t) := (t+ V1) si ( )

Now we prove that s(t) decreases in (0,1/v/2) to s(1/v/2) > 0. leferentlatmg, we obtain

= () (1t (55 -t

Since sinh (7;'2(%)) is positive for t € (0,1/v/2] then s'(t) < 0 if and only if the expression in square brackets of

s'(t) is negative, or equivalently
1 7rlC’(t)> m2(Vt+1)
14+ ——= ] tanh — < 0.
< 2\/£) an ( AK(6) )~ Vi1 — 2)K2(D)
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The above will be fulfilled if

/ 2
Zyfiiael tanh <7T’C (t)> - T <0,
2(Vt+1) 4K(t) 4(1 — 12)K2(t)
or, by means of the relation tanhz < 1, when the inequality
2Vt + 1 w2

2D aa-—eKe <

holds. It is easy to see that b(t) = 22(1@\72) is increasing on (0, 1/v/2) with the maximal value b(1/v/2) ~ 0.73. Let

2

t) i = ————-

‘0= e

Since, by (2.6),
2 _
vy = K0 =€)
2 #(1 —12)2K3(¢)
and KC(t) > &(t) on (0,1), then ¢/(£) > 0 on (0,1) so does on (0,1/+/2) and therefore c(t) > c¢(07) = 1 for all
t € (0,1/4/2). Thus b(t) — c(t) < 0 for all t € (0,1/+/2) and hence s(t) decreases on (0,1/v/2).
Next, we show that s(07) = oco. Note that

o (55) - () s (568) -

. (M wPAEVD e 1 (aK ) ’
tli%l+(t + Vt)sinh < 2KC(2) > - tlirél+ T%t)\/i(lc ®) ll * 3! ( 2K(t) ) T

Then
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By properties of K(t) at 0% (the relation (2.2)) we have

. m2(14+Vb)
Jm —en b

so that we need to calculate the limit

lim V7 (K'(1)°.

t—0+

Applying (2.8) to the value v/1 — ¢ we obtain

(3.9) T SKWVI-2)=K@®) < 2.

and since v/t/(1 +t)? and v/t/t? tend to oo, as t — 0, we conclude that
(3.10) lim, VE(K!(t)? = oco.
t—

Thus also lim,_,¢+ s(t) = co. Moreover s(1/v/2) ~ 0.9614 > 0 so that we obtain the desired result. Hence the
proof of the case 3. is complete. O

Theorem 3.2. Let 0 < k < oo be fived, and let a function p € P(py) be such that p(z) = 1+ b1z +byz? +---.
Then

(3.11) 62 — by| < Pi(k).
The equality holds if p(z) is pr(2?) or one of its rotation.

Proof. Since p < pi then, in view of a definition of the subordination, there exists a function w(z) = a;z +
gz + -, |w(z)| < 1 such that p(z) = pr(w(z)), therefore

1+b1z+ b2Z2 +---=1+ Pl(]{i)OélZ—FZQ(Pl(k‘)OQ —i—Pg(k;)af) 4+
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Comparing the coefficients of z and 22 we have by = Pj(k)a; and by = Py (k)as + Po(k)a?, thus
b7 —bo| = [|PP(k)oi — Pi(k)az — Pa(k)oi]|
= |af(Pi(k) = Pa(k)) — Pi(k)on|
|1 [P (k) = Po (k)| + [Pr(K)||as]-
For the Schwarz’ function w the classical inequality |a| < 1 — |a;|? holds then, on account (3.1), we conclude

6 —bo| < |oaP|P(k) — Pa(k)| + |Py(k)|(1 — |aa]?)

= | [|P}(k) = Pa(K)| = Pu(K)] + Pu(k)
S Pl(k)7

IN

and the proof of the inequality of (3.11) is complete.
The equality in (3.11) holds if [b;| = 0 and |by| = P1(k), or equivalently, p(z) is px(2?) or one of its rotations. O

Remark. Observe that the bound like (3.11) can be used in those subclasses of Carathéodory class for which
the inequality similar to (3.1) holds. Let

(3.12) a(z) =1+crz+caz +---,
be such that
(3.13) |7 —ca| <c1,  with ¢ >0,

it means ¢ satisfies the bounds similar to (3.1). Then, reasoning along the same line as in Theorem 3.2 we may
prove that for p € P(q), p(2) =1+ b1z + bp2? + - - the inequality

(3.14) b — ba| <,

is satisfied.
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For instance, if 0 < v < 1 then the function ¢(z) = [(1+2)/(1—2)]” maps the unit disk onto an angle, symmetric
with respect to real axis, of width y7 and contained in the right half-plane. Moreover, p(2) = 1+2y2+27222+- - -.
Then, |2 — co| = 272 < 2y = ¢ therefore (3.13) is satisfied, so that (3.14) applies. Concluding, if p € P(yp) =
{g:q<¢}and p(z) =1+ b1z + byz? + - - -, then |b3 — by| < 2v. This inequality remarkable improves the result
|62 — ba| < 2, due to Ma and Minda [13]. Similarly, the family P((1+ (1 —28)z)/(1 — z)) can be treated. In this
instance we obtain the inequality [b? — ba| < 2(1 — 3) for p € P((1 + (1 —28)2)/(1 — 2)).

Theorem 3.3. Let 0 < k < oo be fived, and let a function p € P(px) be of the form p(z) = 1+byz+boz%+---.
Then

Pi(k)—uPR(k)  w<0,
(3.15) by — ub3| < ¢ Pi(k) € (0, 1],
Pi(k)+ (= )PR(k) 4> 1.

When p < 0 or u > 1, the equality holds if p(z) is px(2) or one of its rotations. If 0 < p < 1 then the equality
holds if p(z) = pr(22) or one of its rotation.

Proof. Since p < pj, then by Rogosinski Subordination Theorem we have |b,| < P; (k) for n > 1 and each fixed
k € [0,00) First assume that g > 1. In view of Theorem 3.2, we have |by — b?| < P; (k) therefore we obtain

bz — pbi| < |67 — bo| + (u — 1)[ba|* < Pr(k) + (n — 1) PE (k).
Next, suppose that ; < 0. Then

by — ub?] < |ba| + (—p)|b1|? < Py(k) — pPE(k).
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Finally, if 0 < u < 1 then g = 1/t with ¢ > 1. Hence one gets
2 Lo 1 2 _ 1 2
lbz — pby| = |b2 = b1 = S tb —by| = Z[(t = 1)b2 + b2 — b3

1
< ;[(t — 1)[ba| + [b2 — B3]

1
< Sl =DPk) + Pi(k)] = Pu(k),
and the proof of all cases of (3.15) is complete.
When g < 0 or g > 1, the equality holds if and only if |by| = Py (k), that is, p(z) = px(2) or one of its rotation.
If 0 < p < 1 then the equality holds if |b;] = 0 and |be] = P;(k), or equivalently, p(z) is pr(2?) or one of its
rotations. U

Remark. In the paper [13] Ma and Minda proved similar bounds in the class P. For instance, when p < 0
authors obtained the estimate |by — ub?| < 2 — 4u. Observe that in the case of P(py) the result is far better; the
same it holds in the remaining range of the constant pu.
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