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REGULARITY OF WEAK SOLUTIONS
OF DEGENERATE ELIPTIC EQUATIONS

Contents A. C. CAVALHEIRO

ABSTRACT. In this article we establish the existence of higher order weak derivatives of weak solutions

‘ »» of the Dirichlet problem for a class of degenerate elliptic equations.
4 1. INTRODUCTION

In this paper we shall study the existence of higher order weak derivatives (see Theorem 3.9) of
Page 1 of 19 weak solutions of degenerate elliptic equations Lu = g, where L is an elliptic operator

(L1) Lu=— 3" Dj(ai;(2)Dsu)(x))

Go Back by=1

whose coefficients a,; are measurable, real-valued functions, and whose coefficient matrix A = (a;;)
is symmetric and satisfies the degenerate ellipticity condition
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for all £ € R™ and almost every = € Q2 CR™, where 2 is a bounded open set, w and v are weight
functions (that is, w and v are locally integrable and nonnegative functions on R™).

In general, the Sobolev spaces W¥P(Q) without weights occurs as spaces of solutions for ellip-
tic and parabolic partial differential equations. For degenerate partial differential equations, i.e.,
equations with various types of singularities in the coefficients it is natural to look for solutions in
weighted Sobolev spaces (see [1], [2], [3], [4], [5] and [8]).

2. DEFINITIONS AND BASIC RESULTS

By a weight, we shall mean a locally integrable function w on R™ such that 0 < w(z) < oo for a.e.
z€R". Every weight w gives rise to a measure on the measurable subsets of R through integration.
This measure will also be denoted by w. Thus w(E) = | g wdz for measurable sets £ CR™.

Definition 2.1. Let Q CR"™ be open and let w be a weight. For 1 < p < oo, we define LP(Q, w),
the Banach space of all measurable functions f defined on 2 for which

1/p
T ( / |f(93)pw(x)dx) .

Definition 2.2. Let 1 <p < oc.

(a) The weight w belongs to the Muckenhoupt class A, (w€A,) if there is a constant C = C),
(called A,-constant) such that

-1

1 1 £
(W/ wdm) <|B|/ w1 dm) <C, when 1 < p < oo
B B
(|;|/ wdx) (ess sup jj) <C, when p =1,
B B
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for every ball B C R™, where |B| is the n-dimensional Lebesgue measure of B.
(b) Let w and v be weights. We shall say that the pair of weights (v,w) satisfies the condition
Ap, 1 < p < o0, if there is a constant C such that

1 1 p—1
<B|/Bv(x) d:z:) (W/Bw_l/(p_l)(x) dx) <C, when 1 < p < oo,
1
|B|/ v(z)de < C essi%fr.u7 when p =1,
B

for every ball B in R"™. The smallest constant C will be called the Ap-constant for the pair
(w,v).

Remark 2.3. If (v,w)€A4, and w < v then weA, and veA,.

Example 2.4. The function w(z) = |z|%, z€R™, is a weight A, if and only if —n < a < n(p—1)

(see [7, Chapter 15]).

Remark 2.5. If weA,, 1 < p < oo, then since w1/ P=1) s locally integrable, when p > 1,

and 1/w is locally bounded, when p = 1, we have LP(Q,w) C L{,.() for every open set Q and such
that convergence in LP(Q,w) implies local convergence in L'(Q). If Q) is bounded, in the same way
one obtains LP(Q,w) C L'(2). Tt thus makes sense to talk about weak derivatives of functions in
LP(Q,w).

Definition 2.6. We shall say that the pair of weights (v, w) satisfies the condition S, (1 < p < c0)

if there is a constant C' (called the Sp-constant) such that

p

M(pxp)(@)| v(z)dz < Cp(B) < oo,

J
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for every ball B, where [M fl(z) = sup | Bl / |f(y)| dy is the Hardy-Littlewood maximal function,
p=w V@D and u(B) = [, p(x)
Remark 2.7. If (v,w)eSp, 1< p < oo, then (v,w)€A,.

Theorem 2.8 (Muckenhoupt generalized theorem). Let 1 < p < oo and let (v,w) be a pair of
weights in R™. Then M : LP(R™,w) — LP(R™,v) is bounded

IMfllpe@n vy < CMIFllLe@n 0y

if and only if (v,w)€S,. The constant Cir is called Muckenhoupt constant and Cyy depends only
onn, p and the Sy-constant of (v,w).

Proof. See Theorem 4.9, Chapter IV in [6]. O

Definition 2.9. Let 2 C R™ be a bounded domain and let v,w be weights. We define the space
Wh2(Q,w,v)
= {uELQ(Q,v) : / (AVu, Vu) dz < oo and D*ucL?(Q,w), 2 < |a| < k}
Q
with the norm

1/2

lullwe.2(@we) = /Qu vdx—i—/ (AVu, Vu) dx + Z /|Dau|2wdx

2<|al <k

where A = (a;j)i j=1,..n is the coefficient matrix of the operator L.
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Remark 2.10. If (v,w)€S2 and w < v then C*°(Q) is dense in W*2(Q,w,v) (see [1, Theorem
4.7)). In this case, we define WJ"?(Q,w,v) as the closure of C§°(Q) with respect to the norm
1/2

el 20y = /Q (AVu, Vaydz + 3 /Q D% da

2<|al<k

Note that, by (1.2), we have

/|Vu\2wdx S/(AVU,VU>dx < / |Vul*vdz.
Q Q Q

Definition 2.11. We say that an element u€W2(Q,w,v) is a weak solution of the equation

Lu =g if
/ Z aijDiungodx:/gcpdx
Q. Q

1,7=1
for every peW,(Q,w,v).
Remark 2.12. The existence and uniqueness result for the Dirichlet problem
Lu=g, in Q
(P 1,2
u—YeWy (Q,w,v)
where 1) € W12(Q, w, v), can be found in [1, Theorem 4.9].

3. DIFFERENTIABILITY OF WEAK SOLUTIONS

In this section we prove that weak solutions u€W12(Q, w,v) of the equation Lu = g, with some hy-
potheses, are twice weakly differentiable and D;;u€L?(€',w) (that is, ue W*%(Q,w,v), V' CC Q).
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Definition 3.1. Let u be a function on a bounded open set 2 C R™ and denote by e; the unit
coordinate vector in the x; direction. We define the difference quotient of v at x in the direction e;
by

(3.1) Alu(z) = LEF h‘f]’;) —U®) o< b <dist  (z,00).

Lemma 3.2. Let 'CCQ and 0 < |h| < dist(Y,09Q). If u, pe L2 (Q,w), supp(p) C ' and g is
a measurable function with |g(z)| < Cw(z), then

(a) Al(up)(z) = u(z + her) Ahp(x) + o(z) Alu(z), with1 < k < n.

(b) /Q o(u(z) Ap () de = — /Q () A (gu) (=) da.

(c) If p€CH(R), then AR(D;e)(x) = Dj(Akp)(2).
Proof. The proof of this lemma follows trivially from the Definition 3.1. O

Definition 3.3. Let w be a weight in R™. We say that w is uniformly A, in each coordinate if
(a) wedp(R™);

(b) wz(t) = w($1,...,xi_1,t,$i+1,...7l‘n) is in AP(R), for LlyeoeyLj—1yTj41y- .y
.., 2p ae., 1 <i<n, with A, constant of w; bounded independently of x1,...,z;—1, Tit1,
ey T

1/2

Example 3.4. Let w(z,y) = wi(x)wa(y), with wy(z) = \:z:|1/2 and wa(y) = |y|/". We have w is

uniformly As in each coordinate.

Definition 3.5. Let v,w be weights in R™.
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Title Page (a) We say that (v,w) is uniformly A, in each coordinate if (v,w)€A,(R™) and (v;,w;)€A,(R)
(1 < ¢ < n) with constant A, of (v, w;) bounded independently of z1, ..., zi—1, Zit1, .. ., Tn.

(b) We say that (v,w) is uniformly S, in each coordinate if (v,w)€S,(R™) and (v;,w;)€S,(R)

P (1 <4 < n)with S,-constant of (v;, w;) bounded independently of z1, ..., %i—1, Tit1,. .., ZTn.

Lemma 3.6. Let ucWh2(Q,w,v) and let (w,v) be uniformly Sy in each coordinate. Then for

ﬂ > any ' CCQ and 0 < |h| < dist(Q, 0Q), we have
(32) ||A;flu||L2(Q’,v) < C”DkuHLz(Q,w)
< >

where C'= 2C)y, and Cyy is the Muckenhoupt constant.

M Proof. Case 1: Let us suppose initially that ueC'>(€2). We have,
+ hey) — I
o Back M) = 2 e/i) w2 h / Di( + Gex) d¢
0

1 h
Full Screen = E /0 Dku(xla ey X1, Tk + Cu Th41ye-- 71‘”) d(
For 1 < k < n, we define the functions
Close
Dyu(zx), if z€Q
Quit Gk(x) - {

0, if 22Q.
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/ | Diw(z1, oy X1, Tk + €, Thot 1y - -+ » T d(j‘
0

zr+h
/ |Gk(x1,...,mk1,t,xk+1,...7mn)|dt‘
xr

k

Title Page We have for z€Q’ CC Q and h satisfying 0 < |h| < dist(Y, 09Q),
h 1
Au@] < o
Contents | |
_ 1
|h|
“« | » |
S -
|h|

[ :

/ |Gk(m1,...,xk_1,t,zk+1,...,xn)|dt‘
kah

QM(GOI?7---733k717$k+17---,$n)(Xk%

where G TR () = G(@4, . .., Xk, - - -, T). Consequently, using the notation (in\k =
Page 8 of 19 dzy ...dxg—1dzg4q ... dz, (where the hat indicates the term that must be omitted in the product)

and by Theorem 2.8, we obtain

Go Back / |ARy(z) 20 (x) de
Q/
Full Screen

<2 [ (G ol 0)

< 4/ (MG Tkt T 2 (0 Vo201, vy Ty oy Tp) A2y - dTge ... dTpy

Close
. i

<C]2V[/ |Gi"“"x"'l’x’““’”"x"’(xk)|2w(x1,...7xk,...,xn)dxk) dzy,
R

ot — 40 [ 1Gu(@)Pul) de = 4C3, / |Dyu(z) Peo(z) de,
R" Q
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where C) is independent of x1,...,Zk—1,Tg+1,- .., Ty because (v,w) is uniformly Sy in each coor-
dinate. Therefore

||AZU||L2(Q/,'U) < C’||Dku||L2(Q7w), where C' = 2CM

Case 2: If ue WH2(Q,w,v) then there exists a sequence {u,,}, u, € C*°(), Cauchy sequence in
the norm || - |lw1.r(Q,w,v)- By Remark 2.10, we have

Um—u in L?(Q,v), and Ditty,— Dyu in L?(9,w).

Since (v,w)€S2 and w < v, we have w€As and vEAy. Consequently, by Remark 2.5, there
exists a subsequence {um} such that wu,,, — w a.e.and Dyumy; — Dpu a.e.. This implies, for
0 < |h| < dist(€, 09), that

AZumj —Ahu ae..

We have {Alu,,,} is a Cauchy sequence in L(€,v), for any ' CC €. In fact, using the first case,
we have

||Azumr - Azums

L2(Q'w) — HAZ(UW - ums)HL2(Q’,u)

< C||Dg(um, — wm,)llr2(@.w)
= C”Dk’umT — Dkums L2(Q,w)
— 0, as My, Mg—00.

Therefore, there exists g € L?(2',v) such that AZuijg in L2(€Y,v). Consequently, there exists a
subsequence Agumh —g¢ a.e.. We can conclude that Azu = g a.e.. Hence

Agumj —AMy in L2, v).


http://www.river-valley.com

Home Page
Title Page
Contents

“« | »
< >
Page 10 of 19
Go Back
Full Screen
Close
Quit

This implies that
AR ull L2 @ 0) = m£igloo 1A%t |l L2 (2 )
S© lim [ Drtim; | 22(02,0)
= C||DrullL2(0,0);
that is, [|Alull 20y < Cl|DrullL2(0,0)- O

Lemma 3.7. Let ueLP(Q,w), 1 < p < 0o, we€A, and suppose there exists a constant C such
that

(3.3) AR Lo (o) < C, k=1,2,...,n

for any Q' CCQ and 0 < |h| < dist(Y,0Q) (with C independent of h). Then there exists
IR €LP(Q,w) such that Diu = Uy in the weak sense and || Dyul pr,w) < C.

Proof. Since HAZuHL,,(Q, v < O, using LP(Q, w) is reflexive (1 < p < 00), there exists a sequence
{hm}, hymn— 0, and a function ¥, € LP(Q,w), with [|Ux] zrw) < C, such that

(3.4) /A x)dz — /ﬁk (z)dz

for all p € L' (Q,w). Since weA,, we have ¢ = ¢ /weL¥ (Q,w) for any ¢eCs° (). In fact,

/|<p|pwd3:*/|1/z\pw P wdz

< C’w/ w' P dz < oo (because weAy).
Q
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Setting ¢ = ¥ /w in (3.4), we obtain

/Agmu( z)dzr — /ﬂk x)dz, Vi eC(Q).
Q

Now for h,, < dist(supp,99Q), we have

/ AN = 7/ u(z) Ay ap(x) da

Q

- — / u(z)Dp(x) de, with h,,— 0.
Q

Hence

() (x) dz = — / w(@)De(z)de, Vi eCP(Q).

Q Q

Therefore Dyu = 19 in the weak sense. O

Remark 3.8. If the assumptions of Lemma 3.6 are satisfied and w < v, then we have

||AZU||L2(Q/,w) < HAZUHLQ(Q’,U) < C”DkuHL2(Q'

w)*

We are able now to prove the main result of this paper.

Theorem 3.9. Let ucW2(Q,w,v) be a weak solution of the equation Lu = g in ), and assume
that

(a) g/veL*(Q,v);

(b) The pair of weights (v,w) is uniformly Sa in each coordinate;
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(c) |ARa;;(z)| < Cro(z), € CCQ ae., 0 < |h| < dist(Q,09Q), with constant Cy is indepen-
dent of V' and h.
Then for any subdomain Q' CC ), we have ueW22(Y, w,v) and

(3-5) HUHWQ*"’(Q’M,U) <C (HuHleQ(Q,w,v) + ||9/U||L2(Q,v))
for C = C(n,Cyp,Cy,d"), and d' = dist(Y, 00Q).

Proof. Since ueW12(Q,w,v) is a weak solution of the equation Lu = g, then by Definition 2.11
we have,

(3.6) Lwﬂmamewuwx=zg@w@m%

for all peW,y(,w,v) (in particular for all peCF*(Q)).
In (3.6) let us replace ¢ by A" (1 < k < n), with p€C°(Q), supp(p) CC Q and let |2h] <
dist(supp (), 9Q). Then, by Lemma 3.2, we obtain

- [ s@a7"o(@)do = - [ asy(0)Diu(z) Dy (AT plz) do
Q Q
- /¢m>Dm>Ahwﬁx>d
— [ AlasDiu)(@)Dyplz) do
Q
_/Q( (z + hew) A Diu(z) + Diu(z)Abay;(z)) Djolz) dx

(3.7) = /Q ([hAZaij(x) + aij(x)]AZDiu(x) + Diu(x)AZaij (m)) -Djo(z)dx.
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By Lemma 3.6, if ue W1H2(Q,w,v) we have

(3.8) ARl L2 0y < CllDgtllL2wy =C, VR CCQ.
Since u € L?(Q,v) and v € Az (see Remark 2.3 and Remark 2.7), by Lemma 3.7 we have that
(39) ||DkuHL2(Q’,v) < ||Dku||L2(Q7v) < é = CHDkuHLZ(Q,w)? v ccq.

Consequently, in (3.7), we obtain
| as @)Dy Afu@) Dyo(e) da
= — [ 6@ pla)de — [ Ay () Diu(@)Dypla) da
f/ hAla;;(z) Al Dyu(z)Djp(z) da

(3.10)

IN

/ 9@ | AT o ()| dz + / |Abay; ()| |Diu(e)| | Dyp(a)| de

+Ihl / |Abag; ()| | AL Diu(z) | |Dyp(a)] de

We have, by Lemma 3.6,

[ @ lazote) az = [ (D) o2 |agt o) o1/260) as
<[ L
<ol

—h
Q.0) ||Ak (P||L2(Supp<p,v)

D -
ey 1PEPlL200)
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And, using (3.9), we obtain
| 18kas @) 1D 1Dspta)] da
<o / v(@) | Diu(z)| | D;p(w)] da
supp ¢
<a / |Diu(z)[0M2(2)| Dyp(a)*?(z) da
suppy

1/2 1/2
< CC? (/ | Dju(x |2 ) (/ |D;io(x |2 )

Hence, in (3.10), we obtain

| as(@)Di(aku) Dyeta) da

g
(311) < € (lulwraoun + 2]

D w

L2, )> | %0||L2(Q, )
+Cilt] | o(@)|ALD (@)l |Dsp(a)| do

Let ¥ CcC Q. To proceed further let us take a function n € C5°(2) satisfying 0 < 7

(

in  and with ||[Dn|l,, < 2/d’, where d' = dist(Q,0Q) and set ¢ = n?Alu
dist(supp(n), 012)). We have

Dj¢ = 2nDnAju+n>D;(ARu).

<1, n=1

)

with |2h| <
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Contents Q
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¢ (Iulbwraam + 2] .., ) 120D
IR + P AN D) L2 0w) + 2/Q |as; (z)||nDs Al | DAl da

Page 15 of 19 + Cl‘h| /Q v|A2D1u||277D]77AZU’ + WQDjAZM dx

Ca (2||77Dj77AZu”L2(suppn,w) + ||77D] (AZU)HLz(suppn,w))

Go Back + 215 +Cl|h|13

Ca (HDJ'WHOO”AZUHP(Suppn,W) + H’?DjAZu”LQ(suppmw))

Full Screen + 212 + Cl |h|Id

CaHDjT]HOOHDkuHLZ(QM) + C(JJH?]DJ‘AZUHLz(QM) + 20 + Cl|h|I3,
Close Le.

512 /Q (AnD(Alw) nD(ALw)) da
o Que | < C a®|Dyillos + CallnD; Alul 2y + 21z + Calh)Ls.

. In (3.11) we obtain
L2(Q,v)

_ /Q 015 (@) () Di( Albu(a)][n(2) Dy (Alu(z))] da

g

[

IA

IA

IN

IA
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| teslinDidtul DAl dz

IN

Contents 12
C v|nD; Afu||DjnAlu| dx
“« | » suppn

< CllnDsARul L2 suppn,v) |1 DA R ul| L2 (suppn.v)
;“g < C|Di(nARu) — DinAfull 2 suppn,o) |1 Dinlloo | ARl L2 (suppn,v)
< C(CulDinAju 4+ nDiAjull L2 (suppy,w) + Cllullwr2.w,0))
: ”uHWlﬂ(Q,w,v)
e iootis | < O (IDsulzae) + I1D:Akul a0y + Iulwram)
Nlullwr2(@w,v)
Go Back < C (lullwr2@we) + InDiARul L2(0,0)) 14w 2(0,0.0)
< Cllullfyreo,ww) + CllnDidull L2 (@.w) llullwr2 (@)
Full Screen (3.13) < Cd® + Ca|nD;Ajul|L2(.w)-

We also have,

Cl
# Is = /v|AZDiu||2nDjnAZu+772DjAZu\dx
Q
Quit 2/ v|AZDianDj17AZu|dx+/ v| AR Dyu||n? Dy Afu| dz
suppn

supp”n

IN
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= 2/ v|77AZDiu||Dj77AZu|dx—|—/ v|nDiAZanDjAZu\dm
suppn

suppn
< 2||77DiAZU||L2(suppn,v)‘lenAZU||L2(SUPP777U)
(3~14) + ||77DiAzu”L2(SUppn,v)HnDjAZUHLQ(SUppn,v)-
Using (3.8) and (3.9), we obtain

HDjnA;cLuHLz(mppn,v) < ||Dj77||<>0HAZUHLQ(suPpn,v) < C”DjnHOOHDkuHL2(Q,w)
(3.15) < ClDjnlloollullwrz@.ww) < CallDjnlloo-

And we also have,

”nDiAZUHLz(suppn,v) = HDl(nAZU) - AZUDin”LZ(suppn,v)

IA

1D (nARW) | L2 (suppm,v) + | ARuDinl| L2 (suppn.v)
Co || Di(nARw) || L2 (suppn,w) + 1 Dinllsol| Aful
O || DinAu + WDiAZU”LZ(suppn,w)

+ Cum || Dinll oo || Drull L2(,w)

Ca||Djnlle + CM||77DiAZU||L2(suppn,w)'

IN

L2 (suppn,v)

IN

(3.16)

IN

By condition (1.2) we have,
/ ai; (@)[n(2) Dj(Aju())][n(2) Ds(Afu(@))] dz Z/ [n(2)D(Afu(@)Pw(z) de
Q Q

(3.17) - / In(2) Al (Du(z)) Pw(x) da.
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Young’s inequality, we obtain

b? < Ca? + Cab + C|hla? + Cablh| + C|h|b?
Contents
2 e? 2 €5 €2, ST 2

2 2
“« | » = (C+Ce 2+ C|n|) a® + <052 + C%|h|2 + C|h|> b
Choose € > 0 and h such that
QQ Ce?  (Ce?
N + 7|h| + C|h|
Page 18 of 19 S Obtain’
2
APDulPwdz < C P Hﬂ
[ makpuPuas < ¢ (Juwioan + 2] .
L} Using n=1 in ', we have
2
Full Screen /Q' |A2Du‘2w dr < C <|U‘||W1 2(Q,w,v) + H ‘ 2 Qv))

Then we conclude that

Cl
_ o | 1D (M%)l Z2 (01 ) = 1ARDjulle 0wy < 1ARDUIlL2 (0 0

2
g
L2(Q, v))

Quit <C <||U‘||1/V1 2(Q,w,v) H ‘

1
2’
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By Lemma 3.7, we have there exists D;,u and

(%

L2<Q,v)> '

g
IDsulzzer < € (o + ]

Therefore ucW22(Q',w,v), VQ' cC Q. |
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