THE CESARO y? SEQUENCE SPACES
DEFINED BY A MODULUS

N. SUBRAMANIAN

ABSTRACT. In this paper we define the Cesaro x? sequence space Cesg (X?) defined by a modulus and
exhibit some general properties of the space.

1. INTRODUCTION

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single sequences,
respectively.
We write w? for the set of all complex sequences (7, ), where m,n € N, the set of positive integers.
Then, w? is a linear space under the coordinate wise addition and scalar multiplication.

An initial work on double sequence spaces is found in Bromwich [4]. Later on, they were
investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir and Solankan [2], Tripathy
[17], Turkmenoglu [19] and many others.
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Let us define the following sets of double sequences:

M, (t) = {(xmn) cw?: sup |xmn|t"”‘ < oo},

m,neEN

Cp(t) == {(wmn) cw?:p— lim |z, —I|"" =1 for some [ € (C} )

m,n— oo

COp (t) = {(xmn) € w2 p— lim |.’,l7mn|tm" = 1} ,

Ly (t) = {(xmn) cw?: Z Z |a:mn|tm" < oo} ,

m=1n=1

Cop (t) :==Cp (t) N M, (t) and Copp (t) = Cop (t) N M, (t)

where ¢t = (tyy,) is the sequence of strictly positive reals ¢,,, for all m,n € N and p — lim, ,— 0
denotes the limit in the Pringsheim’s sense. In case ¢,,, = 1 for all m,n € N, M,, (¢), C, (¢), Cop (2),
Ly (t), Cop (t) and Copp (t) are reduced to the sets M., Cp, Cop, Lu, Cop and Copp, respectively.
Now, we may summarize the knowledge given in some documents related to the double sequence
spaces. Gokhan and Colak [21, 22] proved that M,, (t) and C, (t), Cy, (t) are complete paranormed
spaces of double sequences and gave the a-, -, - duals of the spaces M, (t) and Cp), (t). Quite
recently, Zelter [23] in her PhD thesis, essentially studied both the theory of topological double
sequence spaces and the theory of summability of double sequences. Mursaleen and Edely [24]
recently introduced the statistical convergence and Cauchy for double sequences and gave the
relation between statistical convergent and strongly Cesaro summable double sequences. Next,
Mursaleen [25] and Mursaleen and Edely [26] defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem and introduced the
M-core for double sequences and determined those four dimensional matrices transforming every
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bounded double sequence xz = (z,;) into one whose core is a subset of the M-core of z. More
recently, Altay and Basar [27] defined the spaces BS, BS (t), CSp, CSpp, CS, and BV of double
sequences consisting of all double series whose sequence of partial sums are in the spaces M,
My (t), Cp, Cpp, Cr and L, respectively, and also examined some properties of those sequence
spaces and determined the a-duals of the spaces BS, BV, CSy, and the 5 (¥) — duals of the spaces
CSyp and CS, of double series. Further Basar and Sever [28] introduced the Banach space L,
of double sequences corresponding to the well-known space ¢, of single sequences and examined
some properties of the space £,. Quite recently Subramanian and Misra [29] studied the space
X3; (p,q,u) of double sequences and gave some inclusion relations.

Spaces that are strongly summable sequences were discussed by Kuttner [31], Maddox [32], and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox [8] as an extension of the definition of strongly Cesaro summable
sequences. Connor [33] further extended this definition to a definition of strong A-summability
with respect to a modulus where A = (a, %) is a nonnegative regular matrix and established some
connections among strong A-summability, strong A-summability with respect to a modulus, and
A-statistical convergence. In [34] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [35]-[38] and [39] the four dimensional matrix transformation (Az), , =
anozl Zle ayy" Tmn Was studied extensively by Robison and Hamilton. This will be accomplished
by presenting the following sequence spaces:

1

oo oo A J Pmn\pmn
= $€X2 :=m}TiLIBOO ZZ(QI Z Zanf (((m +n) |xmn|)m+n)> =0

i=1j=1 ij m=1n=1

and
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Ces; (Afc) =d(z,0)

oo oo i J
) T, zz(é,zzw(uxmnw

i=1 j=1 J m=1n=1

_1
Pmn Pmn
)) < o0

where f is a modulus function. Other implications, general properties and variations will also be
presented.
In the sequel of the paper we need the following inequality

(1.1) (a+b)P <al +bP
for a,b,> 0 and 0 < p < 1. The double series > T 18 called convergent if and only if the

m,n=1
double sequence (S,,,,) is convergent, where S, = > ;1o i;(m,n € N) (see [1]).

i,j=1
A sequence x = (s ) is said to be double analytic if sup,,,, |mmn|l/ ™H" < 0. The vector space

of all double analytic sequences will be denoted by A%. A sequence z = (,,,) is called double gai se-
quence if ((m + n)! |mmn|)1/ mH" _, 0asm,n — oo. The double gai sequences will be denoted by 2.
Let 0] = {all finite
sequences}.

Consider a double sequence = = (7). The (m,n)"" section z™" of the sequence is defined by
glmnl = > Zyzoxia‘ Sy for all m,n € N; where S;; denotes the double sequence whose only non
zero term is a ﬁ in the (i, 7)™ place for each i,j € N.

An FK-space (or a metric space) X is said to have AK property if (Sy,,) is a Schauder basis
for X. Or equivalently z!™"™ — z.

An FDK-space is a double sequence space endowed with a complete metrizable; locally convex
topology under which the coordinate mappings x = (zx) — (Zmn) (m,n € N) are also continuous.

Orlicz [13] used the idea of Orlicz function to construct the space (L*). Lindenstrauss and
Tzafriri [7] investigated Orlicz sequence spaces in more detail and proved that every Orlicz sequence
space {j; contains a subspace isomorphic to ¢, (1 < p < 0o0). Subsequently, different classes of
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sequence spaces were defined by Parashar and Choudhary [14], Mursaleen et al. [11], Bektas and
Altin [3], Tripathy et al. [18], Rao and Subramanian [15] and many others. The Orlicz sequence
spaces are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0, 00) — [0, c0) which is continuous,
non-decreasing and convex with M (0) = 0, M (z) > 0 for z > 0 and M (z) — oo as © — oo.
If convexity of Orlicz function M is replaced by subadditivity of M, then this function is called
modulus function, defined by Nakano [12] and further discussed by Ruckle [16] and Maddox [8],
and many others.

An Orlicz function M is said to satisfy the As-condition for all values of u if there exists a
constant K > 0 such that M (2u) < KM (u) (v > 0). The As-condition is equivalent to M (fu) <
K{M (u) for all values of u and for ¢ > 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct Orlicz sequence
space

Iy = me:ZM<@)<oo, for some p >0, .
k=1 P

The space £3; with the norm

[ :inf{p>0:iM(|x—:l) < 1}

k=1

becomes a Banach space which is called an Orlicz sequence space. For M (t) = t#, (1 < p < c0),
the spaces ;s coincide with the classical sequence space £,,.
If X is a sequence space, we give the following definitions:

(i) X' is the continuous dual of X;
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(i) X

{a = (amn): Y, |@mn®Tmn| < 0o, for each x € X};

m,n=1

m,n=1
M,N

Y DT
m,n=1

(iv) X7 =< a= (amp):sup > 1,

mn

o0
(iii) XP = {a = (@mn): Y. @mnTmn is convergent, for each x € X};

< oo, for each xeX};

(v) let X be an FK-space D ¢; then X7/ = {f(gmn) 1 fe X,};

(vi) X0 = {a = (Gmn) : SUD |Gmn@mn| ™™ < 00, for each z € X};
mn

X XB X7 are called a- (or Kéthe-Toeplitz)-dual of X, 8- (or generalized- Kothe-Toeplitz)-dual
of X, y-dual of X, d-dual of X, respectively. X* was defined by Gupta and Kamptan [20]. It
is clear that 2 C X% and X® C X7, but X# C X7 does not hold, since the sequence of partial
sums of a double convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz [30)]
as follows

Z(A)={z=(z) ew: (Axy) € Z}

for Z = ¢, cp and l, where Az, = xp, — x4 for all k € N.

Here ¢, ¢y and £, denote the classes of convergent, null and bounded scalar valued single se-
quences, respectively. The difference space bv, of the classical space ¢, was introduced and studied
in the case 1 < p < co by Basar and Altay in [42] and in the case 0 < p < 1 by Altay and Basar
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in [43]. The spaces ¢ (A), ¢ (A), lo (A) and bv, are Banach spaces normed by

[e'e) 1/17
2|l = |z1| + sup [Azg| and [l = | |zl ; (1<p<oo).
ezl ! =il

Later on the notion was further investigated by many others. We now introduce the following
difference double sequence spaces defined by

Z(A) ={z = (Tmn) € W : (Azyny) € Z}

where Z = A27 X2 and Axrnn = (x'mn - xmn-i—l) - (xm-i-ln - xm—i—ln—i—l) = Tmn — Tmn+1 — Tm+1n +
Tm41n+1 for all m,n € N.

2. DEFINITIONS AND PRELIMINARIES

Ces; <X?¢) and Ces}! (Af,) denote the Pringscheims sense of Cesaro double gai sequence space of

modulus and Pringscheims sense of Cesaro double analytic sequence space of modulus, respecc-
tively.

Definition 2.1. A modulus function was introduced by Nakano [12]. We recall that a modulus
f is a function from [0, c0) — [0, 00) such that

(1) f(x)=0if and only if x = 0,

(2) fe4+y) < f(x)+ f(y) forallz >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f () — f (y)| < f (Jz — y|), it follows from here
that f is continuous on [0, c0).



Definition 2.2. Let A = <a2’f?> denote a four dimensional summability method that maps
the complex double sequences x into the double sequence Ax where the k, /-th term to Az is as

follows:
(Ax)kz = Z Z aﬂf"iﬂmn-

m=1n=1

Such transformation is said to be nonnegative if a};* is nonnegative.

The notion of regularity for two dimensional matrix transformations was presented by Silverman
[40] and Toeplitz [41]. Following Silverman and Toeplitz, Robison and Hamilton presented the
following four dimensional analog of regularity for double sequences in which they both added an
adiditional assumption of boundedness. This assumption was made because a double sequence
which is P-convergent is not necessarily bounded.

Definition 2.3. Let p € [1,00) and ¢ be a double gai sequence of positive real numbers such

that
i g
Qij = Z ZQMTH Za.] € NJ
m=0n=0
Ces; (X?) =d(x,0)

1
Pmn

IR 9 3 C7p ) A (AT I T

i=1j=1\%9 m=1n=1

If gpn = 1 for all m, n € N, then Ces? (Xfc) reduces to Ces, <X?), and if f (z) = x, then Ces{ <X§)

reduces to Ces] (x?).



Definition 2.4. Let p € [1,00) and ¢ be a double analytic sequence of positive real numbers
such that

i

J
Qij = Z ZQWWM ’i,j S Na

m=0n=0

If ¢yn = 1for all m,n € N, then Ces] (A?) reduces to Ces, (A%), and if f (z) = z, then Ces} (Aft)

reduces to Ces] (A?).

The space Ces? ( x2) is a metric space with the metric
p \Af

d(z,y)

mn \Pmn

= inf { sup ZZ(I.ZZ%J (((m+n)!|xmn—ymn|)m;+n)) <1

i=1j=1 \¥" m=1n=1




The space Ces} (A?) is a metric space with the metric

d(z,y)

el 5

=1 j=1

_1

1 i j ) Pmn Pmn
Q" anf ((|xmn - ymn|)m+">> S 1
(%] 1

m=1n=

S

3. MAIN RESULTS

Proposition 3.1. Let z,y € Ces} ()@) Then for any € > 0 and L > 0, there exists § > 0
such that (d (x +y,0),0)’"" =d (z,0)’™" + ¢, whenever d (x,0)" < L and d (y,0)"™" < 4.

Proof. For any fix € > 0,

d(z +y,0)"™ = ZZ <le qunf (((m+n)! |Zmn +ymn|)m1+n>)

INA
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=1 j=1 m=1n=1

oo o0 1 0 J L Pmn
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Proposition 3.2. For every p = (Dmn),
[Cesg (A3)]° = [Cest (43)]" = [Cesg (A3)]" = [Cesg ()]”

where

1
Pmn

(Ql ; anZEanf<|$mn|N%)) <0
}

[Cesg, (n7)]

- N = XY

NeN—{1} i=1 j=1 W om=1

Proof. First we show that [C’esg (n?) C [Cesg <A§)}ﬁ

B
Let z € [Cesg (17]2@)] and y € [C’esg (A;)] . Then we can find a positive integer NV such that

<|ymn|1/m+n)

oo J Pmn
<o (1. 33 (0 3232t (ol =) ) ) <
YU m=1n=1

(oo}
mnzlioy j=1

1

for all m,n.
Hence we may write

§ TmnYmn
m,n

m,n
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Since z € Ces] (77!%) The series on the right side of the above inequality is convergent, whence
B
z € Ces] (A%) Hence [Cesg (77]%)} C [C’esg (A?)} .
B
Now we show that [Cesg (A?«)} C [Cesg (n?)]

B
For this, let z € [Cesg (A%)] and suppose that = ¢ [Cesg (A?)] . Then there exists a positive
integer N' > 1 such that 3> (f (|zmn| N™*7)) = co.

If we define y,,, = N™"Sgnz,,,, m,n =1,2,---, then y € [Cesg (A?)} .
But, since

=3 (f (Emntmal)) = 3 (f (|2mnl N™™)) = oo,

mn m,n

E TmnYmn
m,n

B B
we get x ¢ [Cesg (A?)] , which contradicts the assumption x € [Cesg (A?)] . Therefore x €

o ()] ant [eesp (45)]” = [est (7))

(if)and (iii) can be shown in a similar way of (i). Therefore, we omit it. O

Proposition 3.3. Let p = (pmn) be a Cesaro space of double analytic modulus sequence of
strictly positive real numbers pmy,. Then

(i) Ces} (A?c) is a paranormed space with

(3‘1) g(x) = sup ZZ (Qlu Z Zanf (lxmn|m;+">>

i=1 j=1 m=1n=1



if and only if h = inf py, > 0, where M = max (1, H) and H = sup pmn.-
(ii) Ces} (A?) is a complete paranormed linear metric space if the condition p in (3.1) is
satisfied.

Proof. The proof of (i). Sufficiency. Let h > 0. It is trivial that g (6) = 0 and g (—z) = g (z).
The inequality g(z+y) < g(x) + g (y) follows from the inequality (3.1), since pn/M <1

for all positive integers m,n. We also may write g (Az) < max <|)\| , |)\|h/M) g (x), since |A\["™" <

max |)\|h , |)\|M for all positive integers m,n and for any A € C, the set of complex numbers.

Using this inequality, it can be proved that Az — 6, when z is fixed and A — 0, or A — 0 and
x — 0, or \is fixed and = — 6.

Necessity. Let Ces; (A?) be a paranormed space with the paranorm
Pmn

5(@) = sup ii(;ﬁ iiqmnf(|xmn|ﬁ)) T

i=1 j=1 m=1n=1

and suppose that h = 0. Since |)\|pm"/M < |)\|h/M = 1 for all positive integers m,n and A € C such
that 0 < |A| < 1, we have
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Close sup ZZ <621U Z qunf(|)\|)> =1.

=1 =1 =1n=1
Quit =8 mesn




Hence it follows that

g (Az) = sup ZZ ( 1“ Z qunf(p‘l)) — 1l

=1 j=1

for z = (a) € Ces] (A;ﬁ) as A — 0. But this contradicts the assumption Ces} (Afc) is a paranormed
space with g (z).

The proof of (ii) is clear. O

Corollary 3.4. Ces} (A%) is a complete paranormed space with the natural paranorm if and
only if Cles! (A?) — Ces? (Ag) :

Proposition 3.5. For every p = (pmn), Ces] <77}2¢)C[Cesg <X?¢)} ﬁg Ces? (A?)

Proof. The proof of (i). First, we show that Cesf (77?) C [Cesg (X})r We know that
[Cesg (Xfc)] C Ces? (A?)
[Cesg (A?)]B c [Cesg ()@)]ﬁ . But [Cesg (A?)]ﬂ = Ces? (17]2@) by Proposition 3.2. Therefore,
(3.2) Ces? (113) C [Cest (x2)]”.

The proof of (ii). Now we show that [Cesg ()@)]B & Ces} (A?)



B
Let y = (Ymn) be an arbitrary point [Ces;f7 <X?¢)} . If y is not Ces; (A%), then for each natural
number ¢, we can find an index myn, such that
1

Pmn\ Pmn
Z Z qmq”q ( Mg + nq)‘ |qu”q|) mq}'—nq )) >q

m=1n=1

>> (3

for (1,2,3,---). Define z = {zn} by

>3 (5.3

=1 j=1

m=1ln

Z qu"f (m+n) |xmn|)pmn)p;n >> qm;ﬂ

for (mn) = (mgyn,) and some ¢ € N; and
B

Then z is Cesf7 (x?c) , but for infinitely mn,

(3.3) > ( s

Zqunf (m +n)! |xmn|)”m")pmn) —0, otherwise.

m=1n=1

Zqunﬂ m+n>'|ymnxmn|>pmnw> 51

Consider the sequence z = {z,,} , where

Q11 (g1 f (2l211)P™)P™™ = Qu1 (qu1 f (2lz11)P )P — s



with

= ZZ@ Z%nf<<<m+n>!|wmn|>”m">$> ;

S o f (14 )t |zmn|)pmn)ﬁ>

- ZZ(@glj Zlqmnf(((m-i-n)!|xmn|)pm")ﬁ>

H
=
)
I
=
®
o)
e
=
Qo
=
Q
[¢)
1)
LSS
N
=
N

Hence z is in Ces] ()@) But, by the equation (3.3),

ZZ <G21 Z qmnf(((m+n)!|Zmnymn|)pmn)ﬁ>

i=1 j=1 v m=1n=1

does not converge and s0 Y > mnYmn diverges. Thus, the sequence y would not be [Cesg ()@)]
This contradiction proves that




(3.4) [Ces? (x3)]”  Ces? (A2).

If we now choose f = id, where id is the identity and

Q%j (q1n (M4 n)ly1p)) = QLU (g1n (M + n)lz1))

and
Qiij (G (72 + 7)) = Qi (G (M + 1)) =0, (i > 1)

for all n, j, then obviously 2 € Ces! (x?) and y € Ces? (A?) , but

(3.5) Z Z TonnYmn = OO-

Hence y ¢ [Cesg (X?)]ﬂ
From (3.4) and (3.5), we are granted [Cesg (x?c)}ﬂ & Ces] (A?) . O

Proposition 3.6. In Cesg ()@) weak convergence does not imply strong convergence.

Proof. Assume that weak convergence implies strong convergence Cesg ()@) . Then, we would

have [Cesg (X?c)]ﬁﬂ = Ces] (X?) [see Wilansky]. But

[Cest (x3)]” G [Cest (43)]” = Ces, (1)



Thus [Cesf, ()@)] 7 # Ces] ()@) . Hence weak convergence does not imply strong convergence in
Ces? <X?) . 0O
Proposition 3.7. Let f be anmodulus function which satisfies the As-condition.  Then
Ces? (x?) C Ces] (X?) .
Proof. Let
(3.6) z € Cest (x?).

Then

ZZ <le Z qun (((m+n)!|$mn|)pm")ﬁ> -

i=1 j=1 m=1n=1

for sufficiently large m,n and every € > 0.

33 (g 32 Damns (el ) <166

i=1 j=1 J m=1n=1

(because f is non-decreasing). This implies

> (éj DD dmnf ((m+n)! |xmn|)”m>ﬁ> <Kfe)<()

i=1 j=1 m=1n=1




(by the As-condition, for some K > 0 and by defining f (¢) < 3).

oo oo Pmn ﬁ
(3.7) m,lrizriloo ZZ (szzqm”f( (m +n)! |mmn|)m_+")> =0.

i=1j=1 m=ln=1
Hence
(3.8) x € Ces? (x7) -
2
From (3.6) and (3.8), we get Cesq ) C Ces? (Xf) . O

Proposition 3.8. [Cesq ( )] Ces; (X )

Proof. Let (Tmn) € [Ces (A )]

(3.9) ZZ |ZrmnYmn| < 00

B
for all (Ymn) € [Cesg (A?)] . Assume that (2pn) ¢ Ces (X?c) . Then there exists a sequence of
positive integers
1

=1,2,3,---).
(mT+nT!2)(mr+nr)>’ (7" 3 4y 9y )

f(Zmptn,]) > (

Take
(2 (my + 0 ))™ " for r=1,2,3,--,

Ym+n, =
Ymptn, =0 otherwise.



Then (Ymn) € [Cesg (Af,)] . But

oo oo
Z Z |ZmnYmn| = Z |Zmptnp Ymptn, | = f (Z |mmr+nrymr+nr|>
r=1

r=1

>14+14+1+---.

We know that the infinite series 1 + 1+ 1+ ... diverges. Hence > > |ZmnYmn| diverges. This
contradicts (3.9). Hence (2mn) € Ces] ()@) . Therefore,

(3.10) [Ces? (A2)]7  Cest (x2) .

If we now choose p = (pmn), it is a constant f = id, where id is the identity and

Qiu (g1n (1 +n)ly1n)) = QLU (q1n (1 +n)'z1,,)) and
Qiij (an ((m aF n)'ymn)) = Qiz] (qmn ((m + n)'ajmn)) =0

where (m,i > 1) for all n, j, then obviously = € Ces] ()@) and y € Ces] (A?) , but

(3.11) S Tontmn = oo

Hence y ¢ [Cesg (X%)],H
From (3.10) and (3.1), we are granted [Cesg (A?)]ﬁ G Ces? (X}) . O




Proposition 3.9. Let <Ceszq, (Xfc)>* denote the dual space of Ces] (Xfc) . Then we have (Cesg <X}>)*
Ces? <Afc) :

Proof. We recall that

0, 0, 0, 0, 0
0, 0, 0, 0, 0
z = Smn =
1
0, 0, w0 0
0, 0, 0, 0, 0

with (m+n), in the (m, n)th position and zero otherwise, with

1
Pmn

r= S ii(; : iqmnf(«mm)wxmnnﬁ)) B

=1 j=1 =1n=1
0, 0, ... 0, 0, ... 0 0,0 ... 0 0 ...0
. 0, 0, ... 0, 0, ... 0
y YUy e (m4n)! ) > P - 0,0, ... 11/m+n’ 0, 0




which is a Ces]| ()&) sequence. Hence Sy, € Ces) ()@) .Letustake f () =Y 0 1 >0 | TmnYmn

with & € Ces? (X?c) and f € (Cesg (Xfc)>* Thles @ = (@) = S, € T (X?) Then

[Ymn| < If]]d(Smn,0) < oo for each m,n.
Thus (Ymn) is a bounded sequence and hence an Cesaro double analytic sequence of modulus. In
*
other words y € Ces]! (A?) . Therefore (Cesf7 (X?c)) = Ces? (A?) : 0O
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