SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM

S. PERES

ABSTRACT. We study the existence and multiplicity of positive solutions of a nonlinear second or-
der ordinary differential equation with symmetric nonlinear boundary conditions where both of the
nonlinearities are of power type.

1. INTRODUCTION

We deal with the existence and number of positive solutions of the following class of boundary
value problems:

o (z) = auP(z), x € (—1,1),

M) u' (1) = £u?(£l)

where p,q € R a a,l > 0 are parameters.
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Our principal reference is [5] where M. Chipot, M. Fila and P. Quittner studied also the
N-dimensional version of (1):
Au(z) = auP(z), x €Q,
%(m) = u!(z), x € 0N

where © C RY is a bounded domain, n is the unit outer normal vector to 9Q, N € N. First of all,
they were interested in global existence and boundedness or blow-up of positive solutions of the
corresponding parabolic problem

uy = Au — au® in Q x (0, 00),
(2) % = u? in 09 x (0, c0),
u(-,0) = g in Q

where ug: Q — [0,00) but they restricted their investigation to p,q > 1. The same problem was
independently studied in [12] for N = 1.

The results from [5] have been generalised in many directions. In [14], the behaviour of positive
solutions of (2) was examined for all p,¢q > 1 while sign changing solutions were considered in [6]
for p,q > 1—in that case, u? and w9 are replaced by |u[P~tu and |u|9~ u, respectively. Positive
solutions of the elliptic problem with —Au + «? on the right-hand side of the equation were dealt
with in [13] for A € R, p,¢ > 1 and later in [10] for A € R, p,q > 0, (p,q) ¢ (0,1)2. In [11] and
[15], positive and sign changing solutions of the parabolic problem with more general nonlinearities
f(u), g(u) instead of au?, u? have been studied while f(z, ), g(z, u) were considered in [2]. Further
extensions of results from [5] can be found in [1, 3, 4, 7, 8, 9]. Finally we mention [16], which
was devoted to elliptic problems with nonlinear boundary conditions.
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In this paper, we focus only on (1) and we extend the results known for p,q > 1 to a larger
set of parameters, namely to p > —1, ¢ > 0 and p = —1, ¢ = 0. The main results are included
in Theorems 2.6 (a nonexistence result), 4.1 (p = —1, ¢ = 0), 54 (p > —1, ¢ = 0), 6.6 (p > —1,
0<qg< pT'H), 71 (p> -1, q= p—;‘l) and 89 (p > —1, ¢ > ’%1) However, in case of p > —1,
q > %1 only symmetric solutions are concerned and some small questions are left open (see the
text above Theorem 8.9). Our aim is to answer these questions in the future as well as to examine
the number of nonsymmetric solutions for p > —1, ¢ > p—;l and the solvability of (1) for the values
of p and g not considered in this paper.

We use the method included in Section 3 (dealing with the case N = 1) of [5]: After considering
an appropriate initial value problem, we introduce a function L or functions L; and Lo, the so-
called time maps, the graphs of which directly determine the number of solutions of (1), so we will
need only the tools of real analysis. On the other hand, it is not so easy to examine the properties
of L, L; and Lo because they are given by a formula that contains an improper integral, with an
upper limit, which is given only implicitly.

2. THE INITIAL VALUE PROBLEM AND THE TIME MAPS

If u is a positive solution of (1), then w/(—I) < 0 < u/(l), therefore u has a stationary point
xo € (=1,1). So the function u(- + zo) solves

v’ = au?,
(3) u(0) = m,
u'(0)=0

for some m > 0. In the following theorem we summarise the facts known about the solvability of
this problem. The proof for p,q > 1 can be found in [5], for other p, ¢ it is done analogously.



Theorem 2.1 (for p,q > 1 see [5, pp. 53-54]). Suppose m,a > 0, p € R. Then (3) has
a unique mazimal solution. We will denote it by Um pqo and its domain by (—Ap p.as Ampa)-
Function U p,q 15 even, strictly convex, unbounded from above and fulfils

1—

mz L)
(@ ol =2, (22255} 2 € (~Ampashmp)
where I, : [1,00) — [0,00) is given as
+1 .
AV el
I(y) = y
/ v ifp=—1
1 VInV P
and
1_—2 .
m 2 . < o0 ifp>1,
() Ampoa Neri yll{go I(y) { — 69 ifp<1.

Finally, for € (—Am p,a, Am,p.a) we have:

- Vo (et — ) ifp AL
x f—

\/2a(ln U p,a (@) — Inm) ifp=—L.

Definition 2.2. For given p,q € R, a,l > 0 denote the set of all positive symmetric (i. e.
even) and positive nonsymmetric solutions of (1) by S(I) = S(I;p,q,a) and N (I) = N(l;p,q,a),
respectively.

(6) |trm p,a
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Remark 2.3 ([5, pp. 53-54]). Assume p,q € R, a,l > 0. Obviously, S(I) consists of all such
functions wpm p al[—1,) that 0 <1 < Ay, pa and uy, , (1) = uf, , ,(1). On the other hand, if I; # Iy

are such numbers that 0 < l; < A pa;, Up, (L) = ud, , (1) for i = 1,2 and Iy + Iy = 21, then

Um,p,a(- — (L = 12)/2) 1=,y € N(1).

Lemma 2.4 (for p,q > 1 see [5, pp. 54-55]). Let p,q € R, a > 0. Then the following statements
are equivalent for arbitrary m,l > 0:

(1) Il <Ay po and u;n’p’a(l) = ud (1),

m,p,a
(ii) the equation
24 o an mpPtL

- ip# -1,
(7) 0=F(m,z) = Fpgalm,z):= j;lq p+1 p+1
— —Inz+1nm ifp=—1
2a
with the unknown x > 0 has some solution R > m and
1-p
jomz <E)
V2a P\m)’
Proof. In order to derive (ii) from (i), it suffices to use (6), denote up, po(l) =: R > m and
realise (4) for = [. The reversed implication is proved essentially in the same way. O

Function F(m,-) has obviously different behaviour for p > —1, p = —1 and p < —1 as well as
for ¢ > 0, g = 0 and ¢ < 0. It also matters which of the exponents 2¢q, p+ 1 is greater. So we have
to distinguish thirteen cases shown in Figure 1.



qt

1
VI ==
VII v
3 II1

VIII I ;
1 0 i D

X

X XIIT
X1 XII

Figure 1. Cases I to XIII.



Lemma 2.5 (for p,q > 1 see [5, proofs of Lemma 3.1 and 3.2 with pp. 57-58]). Let p,q € R,
a,m > 0. Function F(m,-) has at most two zeros and both lie in (m,00). We denote them
Ry, q.a(m) =: R(m) if there is only one zero and Ry.p q.q.(m) =: Ri(m) and Ry q.a(m) =: Ra(m)
if there are two while Ri(m) < Ra(m).

Let us also introduce

((2¢—p—1\7" a T ifp#-1,¢>0, ¢> 2
2q q (v, Vi),
a i
M:=M,q,q:= (5) ifp=-1, ¢>0 (VI),
1
1)\ p+T
(_p;; ) ifp<—1, ¢=0 (VII).

The following holds for the number of zeros:
(i) Ifg< 0 org< %1 orp=—1, ¢q =0 (cases I-III, IX-XIII), then F(m,-) has ezactly one
zero for arbitrary m > 0. Moreover, forp> —1,0< g < ’%1 (case III) we have

(i) Ifp> -1, q= %1 (case IV), then F(m,-) has one zero for q < a and none for q¢ > a.
(ii) If p < —1, ¢ =0 (case VIII), then F(m,-) has one zero for m < M and none for m > M.



(iv) If¢g > 0 and g > ’%1 (cases V-VII), then F(m,-) has two zeros for m < M, one form = M
and none for m > M. Meanwhile,

9) Ri(m) < (g) T < Ro(m).
——
=R(M)
Moreover,
'e%m pr:_]-a q:0(1)7

mptl 4 PFL =T ifp>—1, ¢=0 (1)
orp<—1, ¢q=0, m < M (VIII),
1

a %m Up>—Lq:%ﬁ<aﬂW
a—q orp< -1, ¢=22 (X).

Proof. Investigating the behaviour of F(m,-), we obtain the facts collected in Table 1. They
are sufficient to determine the number of zeros of F(m, ) in cases I-IV and VIII-XIII as well as
to verify (8).

In cases V-VII, F(m,-) has exactly one relative minimum, the value of which can be easily
calculated. So there exist two zeros if and only if this minimum is negative, what happens just for
m < M. Further, for m = M there is only one zero and for m > M there is none. The validity of
(9) is apparent.




” iig%)}'(m, z)

monotonicity on (0, c0) | zll{lgo F(m, z)

I.p=-1,9=0 (o)
I T o=0 TP FT decreases
- D > — > 4 = E"' Pl >0
increases on — 00
0 (a/q)l/(2q—p—l)]
ML p>—1,0 el (0, ;
we <4<y decreases on
- [(a/a)!/®3=7=), o0)
pr1 >0 decreases if ¢ < a, —o0 1if q<a,
IV.p>-1,q= Pg—l is constant if ¢ = a, "zf:l >0 if ¢ = a,
increases if ¢ > a wifg>a
V.p>—-1,q> p—'gl decreases on
VL p=-1,4>0 (0, (a/q)t/Ga—p=1], |
’ increases on
VI. p< —1,¢>0 [(a/q)l/@q—p—l),oo)
1 T
2a + prT
VIII. p< —1,¢=0 >0if m > M,
=0ifm=M,
00 <0ifm< M
IX.p< -1, 2l <g<o0
X 1 o= il decreases P 0
p<—-Lg="5" FESRIRS
p+1
XI.p< —1,g< =
XII.p=-1,¢<0
—00
XIIIL.p>—-1,¢<0

Table 1. The properties of F(m, ).
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Now let us prove that each zero of F(m, ) is greater than m. In cases I-IV and VIII-XIII it is
guaranteed by the simple fact that F(m, m) = m?7/2a > 0 for p,q € R, a,m > 0. In cases V and
VII for m < M, we need to consider

1
2q—p—1
m§M<<g>
q

too, similarly in case VI.
Finally, equation (7) is linear in Inz and P! in cases I and II, VIII, IV, X respectively, so
explicit solutions can be found. O

Let us notice that the set of parameters p, ¢ > 1, which was investigated in [5], forms only part
of cases III-V and we will see that more complicated and interesting things happen outside it.

Although there is no difference in the properties of F(m, ) summarised in Table 1 between cases
IX, X and XI, it is not clear whether or not different results hold for (1) in these cases. For this
reason we have not merged them into one case.

Now, as a simple consequence of Lemma 2.5, we formulate a nonexistence result related to (1),
and afterwards we introduce the notion of the time map.

Theorem 2.6. Letp € R, a > 0.

(i) Ifg<0org< ’%1 (cases I-IV and VIII-XIII), then N(I) = 0 for alll > 0.
(i) Ifp> -1, q= ’%1 > a (case IV), then S(I) =0 for all 1 > 0.

Definition 2.7. Let p,q € R, a > 0 and

) 1= Lyqafm) = 1 (Rpaal)



for all such m that R, .(m) is defined. We introduce L1, 44(m) =: L1(m) and Lo,y 4.4(m) =:
Ly(m) analogously. We call functions L, Ly and Lo time maps.

Using Lemmata 2.4 and 2.5, we can reformulate the statement of Remark 2.3 in the following
way:

Lemma 2.8. For all p,q € R, a,l > 0:

S() = {um,p,ah_lﬂ : L(m) =1 or Ly(m) =1 or Ly(m) = l},

La(m)—Li(m) #q>0
U pal - E2H52 : Ll(m)+L2(m):2l} and ¢ > 2L
N(l) = { : ( ? NHJ] (v-viD,
0 otherwise.

Thus, to determine the number of positive symmetric solutions of (1) for given p,q € R, a,l > 0,
we need to calculate the limits of functions L, Ly, Ly at the endpoints of their domains, to find the
intervals where the functions are monotone and finally to estimate their possible relative extrema.
For nonsymmetric solutions we execute the same with Ly + Lo if ¢ > 0 a ¢ > p—;l (cases V-VII).

Go back Therefore, we now derive formulae for the derivatives of the time map and other functions we will
need in the rest of this article.
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Lemma 2.9 (for p,q > 1 see [5, proofs of Theorem 3.1 and Lemma 3.5]). Assume p,q € R,
Close a > 0. Let R be one of the functions R, Ry, Ro and suppose that its domain is an interval, denote
Quit it by I. Let L € {L, Ly, Ly} be the corresponding time map. Then R,L € C*°(I) and the following




formulae hold for m € I:

(10) R (m) = ( o !

R(m)/) 1—4R2a-p=1(m)’
(1) (R(m = 2P LR ()R (m),
R( ' 9g—p—1 bs RI~P(m)
" ¢ T)) TV " T
(13) £'m) = L m) + 2L Ra(myR! (m),

+1 2q p—1
L _ p [,I
(1) . U s
: ((q ~ IR ) + g — p) R+ (m)(R/ (m)*.
Proof. The C*°-smoothness of R and the formula for its derivative follows from the implicit

function theorem due to Lemma 2.5. If R € {R1, Rz} (cases V-VII), then (9) is used as well. The
other formulae can be derived from (10) in such a way as it is done in [5] for p > 1. O

Now we introduce some further functions, the relation of which to the time maps will be seen
from the subsequent lemma. They will be used in the proofs of Lemmata 6.5 and 8.6.

Definition 2.10. Let p,g € R, p# 1, a > 0 and

_ 2C] p— 1 Rg,q?a(m)
(p—1a 1- %Rp e l(m)

)




for all such m that R, ,.(m) is defined. We introduce Kji.p 4.0(m) =: Ki(m) and Ko,y 4 o(m) =:
K5(m) analogously.

Lemma 2.11. Assume p,q € R, p # 1, a > 0. Let R be one of functions R, Ry, Rs and
suppose that its domain is an interval, denote it by I. Let L € {L,L1,Ls} and K € {K, K, K5}
be the corresponding functions. Then IC € C*°(I) and the following holds for all m € I:

L'(m)=0 < L(m)=K(m),
K (m) = s (0= DER 1 m) 4 = p) RP4 m) R/ ()

Proof. Both of the assertions can be proved using Lemma 2.9. |

Remark 2.12. Let p,q € R, a > 0 and let R, £ and I have the same meaning as in Lemma 2.11.
It follows from (10) that R has no stationary point. So it can be seen from (13) that if p = 1 (the
case not dealt with in Lemma 2.11), then either £’ = 0 (for ¢ = 1) or £ has no stationary point
(for ¢ # 1).

In the subsequent sections we will look for extrema of £, among other things. So assume now
only p # 1. If m € I is a stationary point of £, then £”(m) = 0 (the case when it is more difficult
to determine whether there is an extremum) if and only if

_p+1
T2

Let us notice that it is also anecessary and sufficient condition under that X'(m)=0 holds. Thus:

(i) Ifq:’%lorp:qzo,thenlC'EO.

(15) or (¢—1)qR* "' (m) = (p—qa

(ii) If =0, p#0,—1 or ¢ = 1, then K has no stationary point.



(iii) If ¢ # 0,1, p—;rl, then (15) is equivalent to

R2q—p—1(m) _ (p B q)a

which can hold for at most one m € I due to the strict monotonicity of R. Therefore, if
(p, q) does not belong to cases V-VII, then K = K has at most one stationary point, which
will be denoted by m = Ty 4,4 (see Lemma 6.5). On the other hand, if ¢ > 0, ’%1 (cases
V-VII), then R; and R, have disjoint ranges (due to (9)), so at most one of K; and K»
can have a stationary point, which will be denoted by m = M 4, as well (see Definition 8.2
and Lemmata 8.3 (ii), 8.6, 8.7).

3. PROPERTIES OF FUNCTION I,

The first lemma introduces the first two terms of the asymptotic expansion of I,,(y) (see Theo-
rem 2.1) for y — 1. In the next theorem we show explicit formulae of I, for special values of p.
However, the most important statement of this section is Lemma 3.4, which gives the asymptotic
expansion of I,(y) for y — oo, p > —1. It is essential for investigating the behaviour of the
time maps in many cases but was not needed in [5] for p,q > 1. Afterwards we also derive the
corresponding asymptotic expansion for p = —1.

We will use standard asymptotic notations: If f, g are functions defined in some punctured
neighbourhood of a point a € RU {£co0}, then

f(z)

f(x) ~g(z), * > a means lim —= =1,
(z) ~ g(a) tim



f(z)

f(z) =o(g(x)), © — a means nlclg}l @) =0,
= r)), * — a means limsu M 00
7(z) = O(g(@)) imsup| £ < o

Lemma 3.1. For arbitrary p € R we have

Ip(y) =2y — 1(1— %(y— 1)+0(y—1)), y— 1.

Proof. Suppose p # —1. Then

b= [ e

where

p+1 1 1 1 p

A+api -1~ Va /itbztow & 4

(We used the Maclaurin polynomial of y — (1 +y)® for « =p+ 1 and a = —1.) So it suffices to
Go back integrate the obtained asymptotic expansion from 0 to y — 1.
The case p = —1 is analogous. ]

fo() = VZ +o(vz), z—0.
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Thus,

oo
{pn}nzo (17_%5_%’_%a"')7
S (0,—3,-2,-3 )
pn-l,-% n—0 ) 2 3 Apoeco o
The integral I, can be explicitly calculated for these values.
Theorem 3.3. Let n € NU{0}. Then
(16) Ipn+1/2(y):2\/n+11~n<y"+rl —1), y=>1
where
~ = 1 n\ g
I = >
n(2) \/E,;%H(k)z , 220
and
(17) L,y = V2Cn+ DI (y7), y=1
where

n

~ 2n — 1! 1 2k —2)!!
In(z)=—( (2n)!!) (ln(\/E+\/z—1)+\/1—;ICZ—E%_l;“zk), z>1

(We set (=1)!!:=1.) )

Proof. Using the substitution

A/ VPnt1/2 :\/V%—H—l:u




and denoting
vz n _
/ (v +1)" du =: I,(2),
0

we obtain (16). The integral I,,(z) can be calculated by the binomial theorem.
By the substitutions

Vot — v —

ve|0,Z sinv =: u
p— Tk [’2)7

we obtain (17) with

1-1
= = du
In(2) = /0 A= wr)
Integrating fn(z) by parts, we can derive the recurrent relation

~ 2n—1/~ 1 1 .
n(x) == (I"‘l(z)+2n—1\/1_2z >

from which the formula in the theorem follows.

We will also use the following special cases of (17) and (16):

Li(y) =V2In (y+ VY2 —1),
(18) Io(y) =2vy — 1,

Lujal) = 22 J=T(/5+2).



Lemma 3.4. For k € NU{0} and p € (—1,00) \ {px} put

b (p) o= ZE =D 2 _(2k— 1) 1
HPE e Rk D-p) | @O ikt

and for p > —1 set

By:= > bi(p) €R.

keNu{0}
PLFP
Then the following holds for y — oco:
(i) If p> 1, then
Ip(y)
——= = B, +0(1).
\/m P ( )

(i1) If pnt1 < p < pp, for some n € NU {0}, then

Ip(y) _ i (=br(p))y k(1) B, +o(1).

>0

|
|

(iii) If p = pp for some n € NU {0}, then

Ly) o ppryy , @n =1
) —bi(p ookt L322 Py 4+ By 4 o(1).
N TS kzzoﬁ_v(_)),y\_v_, Gmn Y+ By +ol)

2
>0 >0
Furthermore, the function p — B, belongs to C* on each of intervals (po,0), (p1,p0): (P2,p1),
. and decreases on each of them while

lim B, =00, lim B,=0
pP—Ppo+ p—00




and for all n € N we have:

lim B,=o00, B

o Prsisz = U5 lim B, = —ooc.
7

P—Pn—

Proof. Tt consists of
1. expressing I,(y) as the sum of a series (see (19)),
2. proving the finiteness of B, and verifying statements (i), (ii), (iii)
3. and examining the properties of the function p — B,,.

1. Let p> —1 and y > 1. The substitution V := =%/ (P+1) gives:

Ip(y) e e
= — P .
vp+1l p+1Jiypavi-—2z

Using the Maclaurin series of the function z — 1/v/1 — x, we get that

Ly _ 1 [ S (2k=DI s 4
VPF+1  pHl Ji e kzzo R " ) de

Levi’s monotone convergence theorem allows us to exchange the order of integration and
summation, resulting in

oo

(19) L1C)
k=0

p+1




(20)

where
be(p) (1 — y%p"“(”“)) if p # pr,
arp(y) =4 (2% — 1)

. It is obvious that for all k € NU {0} and p > —1, ay , is increasing, positive on (1,00) and

lim ay,,(y) =

Yy—00

00 if p < py.

Now let m € NU {0} and p > p,,. Stirling’s formula (n! ~ v/27wn(n/e)" for n — o)

implies that
1
br(p) ~ T+ DR’ k — oo,

which guarantees the convergence of Y 7 bi(p) (and also the finiteness of B,). We are
going to prove that

lm 3 arp(y) = 3 be)
& Ook::m, k=m

because statement (i) follows from (19) and (21) with m = 0 while statements (ii), (iii) from
(19) and (21) with m =n + 1.

The inequality “<” in (21) is clear from (20) and the increase of aj ,. In order to prove
the opposite inequality, let us choose any € > 0. We have that

203 br(p) > Y bi(p) — g

k=m k=m



for some ng > m. The positivity of ax, on (1, c0) together with (20) yields that there exists
a number K > 1 such that

[e’e] 0o no
> an®) > D arsy) > D bilp) — 5
k=m k=m k=m

for all y > K. Joining the last two inequalities, we obtain (21).

. The decrease of p — B, on intervals (po, 00), (p1,P0), (P2,p1), ... follows immediately from
the decrease of functions b, on these intervals.

Let us now prove that (p — B,) € C®((=1,00) ~ Up—o{pn}). We will use the
C°°-smoothness of functions by. If we choose arbitrary m,n € NU{0} and [«, 8] C (pn, ),
then applying the Weierstraf} criterion, we can verify that Zzozn(bk)(m) converges uniformly
on [a, 3], therefore we can differentiate it term by term. So the sum of >, by belongs
to C*°([a, A]), thus also to C°°((pp,00)), from which the C°°-smoothness of the function
p— B, on (—1,00) N\ U>~o{pn} follows.

The one-sided limits of p — B, in pg, p1, ... are found easily. They—together with
its continuity and decrease on (p,+1,pn)—guarantee the existence of a unique point p} €
(Pnt1,Pn) such that B, = 0. Statement (ii) gives the expansion

" 1 (k-1 1 Nztn—k  Bp .,
I =2vn+1 n —2 1
Pn+%(y) nE kZZOQn—QkH (2K (y “) * Vn+1 held)



for y — oo. On the other hand, from (16), using the binomial theorem and the Maclaurin
polynomial of z — /1 + z of degree n, we obtain that

I 1 (n ;
Ipn+;(y)_\/;’2m+1v1_Zgzz‘H(i)(z_l)
= ch,kZ%Jr"_k 4 0(%)

k=0

for z = y/ (" — 00 and some constants ¢, x, k =0,1,...n. Consequently, p}; = p,+1/2-
Finally, in order to find lim, . Bj,, we employ the uniform convergence of Y~ ; by on
(cv, 00) for @ > 1, and so we exchange the order of the limit and the sum. O

The following assertions will be needed only in the proofs of Lemmata 8.7 and 8.8.

Theorem 3.5. The mapping (y,p) — I,(y) is continuous on [1,00)xR. Furthermore, p — I,(y)
is decreasing on R for any y > 1.

Proof. Let us express I,(y) as
y
L= [ #(V.pav
where

1
Go back —Vf-lj__ 1 ifp#£—-1, V>1,
- f(V,p) =
ull Screen 1 i LV>1
—_— if p=—1, .
vinV

Function f is continuous in both variables and is decreasing in V, consequently it is continuous (on
(1,00) xR). Similarly, if we prove the continuity of p — I, (y) for all y > 1 (for y = 1 it is evident),
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then using the continuity and increase of I, for any p € R, we will have that (y,p) — I,(y) is
continuous.

For this purpose, it will be important to know the behaviour of f(V,-). We can derive that for
any p# —1 and V > 1:

0 1
————>0 <= InVrt!
3 F2(V.p) T Ty
which can be equivalently written as Inz < z —1 for z := 1/V?*! € (0,1) U(1,00). Thus, 1/3(V,-)
is increasing on R, therefore f(V,-) is decreasing and the second assertion of the lemma holds.
Now choose arbitrary y > 1, pg € R. Since f(-,po) is an integrable majorant of {f(-,p)}p>p,
and f(V,-) is continuous, we have the continuity of p — I,(y) on [pg, c0). O

—1>0,

Lemma 3.6. For everyy > 1, n € N:

n—1
. (2k — 1! Y y
I—l(y) - I;) 2k 1nk+1/2y T O lnn+1/2y ) Yy — OQ.

Proof. Set
_ & dVv
I'n(y) ':/e 1nn+1/2 v

for all N € NU {0} and y > 1. Integrating by parts, we can derive the recurrent relation

= _ Y 2n+ 1
In(y) = 7y —e+ 5 Inta(y).

Using it n times, we obtain

e n—1 .
L) =T+ [ =Y )




where

AV SN (2= (2n— D= @n—1I y
R (y) = - + To(y) ~
() = kE o e 5 ()

for y — oo, which can be proved using I’Hopital’s rule. O

Notice that although Lemma 3.6 gives an asymptotic expansion, the corresponding series

o

= 2k 1nk+1/2

Y
diverges for all y > 1.

4. Casel (p=-1,¢=0)
This case is the simplest one since from Lemma 2.5 it directly follows that

L(m) = \/ﬂQ_a I_l(e%), m > 0.

Thus, the time map, which determines the relation between m = u(0) and ! for u € S(1), is linear.
So substituting into Lemma 2.8, we obtain the following theorem:
Theorem 4.1. Assumep = —1, g =0, a > 0. Then for arbitrary | > 0:
V2a
S(Z) S {um’_l’ah—l,l] Lm = I_I(TLG)l ;

N(l) = 0.



5. Case II (p > —1, ¢ =0)
In this section we answer the question of the solvability of (1) for
(22) p>-1,¢=0,a>0

finding lim,, o L(m), lim,, o, L(m) and proving the monotonicity of L. However, let us first
summarise the properties of R that will be used in the subsequent lemmata.

Lemma 5.1. Let (22) hold. Then R’ > 0 and

T
lim R(m) = (p—l— 1) )

m—0 2a
1 1
R(m)=m 1+2amp+1+0 1) ) Mmoo
Proof. It suffices to use the explicit formula for R(m) given by Lemma 2.5. O
Lemma 5.2. Assume (22). Then
lim L(m) = 2 [p+1 o
m—0 - = =3 ) —-1,1
() = Lea@ = 20) e (11,
0 if p >0,
. 1 .
lim L(m)=<¢ = ifp=0,
m— oo a
00 if p € (—1,0).




[ |

Proof. For p > 1 and p = 1, lim,,_,¢ L(m) is easily found using Lemma 5.1 and (5). In the case
of p € (—1,1), it is of type 2:
I R(m
lim L(m) = lim p( i _)1
m—0 m—0 20/[71%
and we calculate it by 'Hopital’s rule, (12) and Lemma 5.1.
According to Lemmata 5.1 and 3.1:

L(m)N\/gml—?i,/@—L m — oo

while (m)

R(m 1

w7 2gmer T
Connecting these two expansions, we obtain that L(m) ~ —L for m — oo and the second assertion
follows. O

Lemma 5.3. Let (22) hold. Then:
(i) If p > 0, then L' < 0.

(i) If p=0, then L= 1.

(iii) If -1 <p <0, then L' > 0.
Proof.

(i) Firstly, let us consider p > 0. Due to (13), the case p > 1 is clear. So let 0 < p < 1.
If L has a stationary point mg > 0, then L”(mg) > 0 according to (14) and Lemma 5.1,
thus it is a point of strict relative minimum. Therefore, either L has no stationary point



or it has exactly one, which is a point of global minimum. However, the second possibility
contradicts the fact that lim,, . L(m) = 0 (Lemma 5.2).
(ii) For p =0, Lemma 2.5 gives the formula R(m) = m + 5, so L(m) = 1 according to (18).

(iii) Finally, let us have p € (—1,0) and let us proceed as for p € (0,1). Now L attains a strict
relative maximum in each of its stationary points. On the other hand, lim,, ., L(m) = co
so the only possibility is that L’ > 0 on (0, 00). O

From the results of the last two lemmata (which are summarised in Figure 2), applying
Lemma 2.8, we obtain the main statement of this section:

Theorem 5.4. Assume (22) and I > 0. Then N(I) = 0 and the following holds for positive
symmetric solutions of (1):

If p > 1, then |S(I)| =1 and L is decreasing. (Recall that L(u(0)) =1 for any u € S(1).)
If p =0, then (1) has a solution only for I = %, namely

S(%) = {ngxQ—i-m, z € [=L1 : m>0}.

Ifp <1 and p # 0, then
1 if 1 is between L(0) and n}gnoo L(m),
S0l = {O otherwise
and L is strictly monotone. (See Lemma 5.2 about L(0) and lim,,,_,., L(m).)

The last question we will answer in this section is whether L. ¢ ,(0) is monotone.



l/\ l/
L(0)
L L
\ N
0 n 0 m
0<p<l1 p>1
l/\ l/
L
L(0) L
_ 1
L(0)
\ \
0 m 0 m
p=0 -1<p<0

Figure 2. The relation between m = u(0) and [ for u € S(I) in case II (p > —1, ¢ = 0, a > 0) according to
Lemmata 2.8, 5.2 and 5.3. See also Theorem 5.4.




Lemma 5.5. Suppose that (22) holds, let p be the unique solution of the equation p3 —Tp—2 =0

in (—1,0) and set
Pt e, (11
= 7 —. = ].
2 22’ e
Then:

(i) If a>@, then £ Ly0,4(0) >0 forp € (=1,1).
(ii) If a =a, then ,%Lp,o,a(o) >0 forp € (—1,1) \ {p} and a%Lp,O,a(O”p:T? =0.
(i) If 0 < a < @, then p +— Ly 04(0) has two stationary points: p1 = pi(a) € (—1,p) and
p2 = pa(a) € (p,1) while a%Lp,o,a(O) >0 forp € (=1,p1) U (p2,1) and ,%Lp,o,a(o) <0 for
p € (p1,p2)-
Furthermore, for all a > 0 we have
lim Lp04(0)=0, lm Lyg4(0)=oco.

3

p——1+ p—1—
Proof. The limits of L, ,(0) can be easily calculated. We also have that
0 1 1)2
9 Loa(0)>0 > wPEL_ DT 4 o co.

op 2a 1-p
So we need to examine the properties of ¥,. It is not difficult to derive that
Yi(p) >0 = p>—Tp—2=:w(p) >0.

Since w is decreasing on (—1,1) and w(0) < 0 < lim,_,_; w(p), it has a unique zero p € (—1,0).
It means that 1), increases on (—1,p] and decreases on [p,1). However, lim, , 14 ¢(p) =
lim, 1 1, (p) = —o0, thus L. ,(0) has the properties from parts (i), (ii) or (iii) if ¥,(p) < 0
¥a(P) = 0 or ¥, (p) > 0, respectively.

)



Using that w(p) = 0, we obtain:
p+1 2
2a 3—D

Ya (1_7) =In

Furthermore, a — 14(p) is decreasing, so really ¢, (p) < 0 for a > @ and 1, (p) > 0 for a € (0,a).
It remains to check that @ € (515, +). However, it can be directly proved that 1, < 0 for a > %, SO

22 e

@ < 1 and 1,(0) > 0 and consequently 1,(p) > 0 for a < 53, s0 @ > 5. O

Let us mention that p ~ —0.289 and using Cardano’s formula one can also derive that

3v3
arccos 22 — 27
p= 2\/2 cos +

6. Case III (p> -1, 0< ¢ < 2t

A part of case III was already examined in [5] (see Lemma 6.2). For the rest we will need the
asymptotic expansions of R(m) for m — 0 and m — oo (Lemma 6.1) and also Lemma 3.4. We
will deal only with

1
(23) p>—1,0<q<p;_ ,a>0.
Lemma 6.1. Let (23) hold. Then R’ > 0 and
R(m) e -
=1— 0
0 ©—p - DR1(0) + o(mP*1), m —
R(m) =14+ iqu—p—l + wm%&l—p—l) + 0(m2(2q—p—1)), m — 0o

2a 8a?



where

R(O) = Riya(0) = T Bm) = (22) 77

Proof. 1t is clear from (10) and Lemma 2.5 (i) that R’ > 0, so R has a positive and finite limit
(denoted by R(0)) at 0, the value of which can be obtained from the equality

. RPHY0) [ oy p1 2a
O—Jggof(m,R(m))—T(R (0)—p+1>.

Now we will look for such ¢,d > 0 that

R(m) d
R(0) cm®, m — 0.
So let us calculate the following limit using ’Hépital’s rule and (10):
R(m)
. R(rg) -1 p+1 . +1—d
lim =— lim mP .
m—0  md (2¢ —p — 1)dRPT1(0) m—0

It should be positive and finite, determining the value of c¢. Therefore, we have d = p+ 1 and c is
also given as in the lemma.

The decrease of m — R(m)/m > 1 (see (11)) guarantees the existence of its positive and finite
limit at co. So we can use 'Hopital’s rule and (10) to derive that

.. R(m) m \" 1
A-—A%T—Mw(m) ~

Consequently, A = 1. The asymptotic expansion of R(m)/m for m — oo can be also found by the
method of undetermined coefficients, which we used for m — 0. However, let us show an iterative



method borrowed from [5, proof of Lemma 3.3]: Multiplying the equality F(m, R(m)) = 0 (see
(7)) by (p+1)/mP*! and expressing R(m)/m from it, we obtain:

o0 e ) ”

m 2a m

The expression (R(m)/m)?? on the right-hand side can be replaced by 1 + o(1), so

1
M = (1 + Iilm%z—p—l + 0(m2q—p—1)) o =1+ im2q—p—1 + 0(m2q—p—1)
m 2a 2a

(We used the Maclaurin polynomial of z + (1 + z)/®+1)) Now let us insert the asymptotic
expansion we have just obtained in the right-hand side of (24) again. It yields

1
prL

a 2a2 ’

R(m) _ (1 L Pt agpa P DO o0 po1) 0(m2<2q—p—1)))
m 2
which can be rewritten in the form from the lemma.
Let us remark that we could use this iterative method in the case of m — 0 as well. We only

would replace (24) by

mPT1 2g—p—1
Rim) = RO)(1- g )
which can be derived from the equality F(m, R(m)) = 0 multiplying it by (p +1)/RPT(m). O
Lemma 6.2 (for p,q > 1 see [5, Theorem 3.1]). If (23) holds and p > 1, then
lim L(m) = oo, L' <0 on (0,00), Jim L(m) =0.

m—0

Proof. The proof from [5] for p,q > 1 is also valid for p > 1 and the case p = 1 is similar. O




In the next two lemmata we find the limits of L—denoted by L(0) and L(co)—for p < 1. For
the proof of Lemma 6.5 it is also necessary to know the sign of L — L(0) and L — L(oco) near 0 and
o0, respectively, for certain values of p, q.

Lemma 6.3. Assume (23) and p < 1. Then

qg—1
2 [(p+1\ToT
( > ) —: Lpg.a(0) =: L(0)

and furthermore, L > L(0) in some neighbourhood of O for —% <p<0and L < L(0) in some
neighbourhood of 0 for 0 < p < 1.

lim L = —
manO (m) 1—p

Proof. The lim,, o L(m) is found the in same way as in Lemma 5.2. So choose any p € (—%, 1)
and let us calculate the second term of the asymptotic expansion of L(m) for m — 0, which will
allow us to determine whether L < L(0) or L > L(0) near 0. Lemma 6.1 yields:

R(m) = R(0)(1 + O(m?*1)) = R(0) (1 + o(m—))

Joining it with the expansion of I,,(y) from Lemma 3.4, we obtain:

1 —-p —P
L(m) = L(0) + 4/ %BpmlT 4 o(mlT>.

As we know, B, > 0 for p € (—%,0) and B, < 0 for p € (0,1), guaranteeing the validity of the
statement of the lemma for these values of p.
It remains to examine p = 0. In that case we can use (18). So

2
; _qzq (2a) ™% m + o(m)

—_———
>0

L(m) = L(O)\/ i fqzq (2a) ™7 m + o(m) = L(0) +



due to Lemma 6.1. O
Lemma 6.4. If (23) holds and p < 1, then

0 if ¢ < p,
lim L(m)=4{ % if ¢ = p,
o ifg>p

and furthermore, L > % in some neighbourhood of co for q = p.

Proof. The proof of the first statement does not differ from that of Lemma 5.2. So let ¢ = p
and join the expansions of Lemmata 3.1 and 6.1 for m — oc:

1 3p p _ _
L = = 1 £ oyp—1 p—1 (1 _ & p—1 p—1 )
(m) a\/ +om + o(mr-1) st o(mP~1)
1 p =il =il
= a S &7777}) T o(mp )
Since p € (0,1) and hence 325 >0, L > % near oo indeed. O

Lemma 6.5. Suppose that (23) holds and for q > |p| set
(p+a)(2¢—p— 1))m (a(q—p))m

T Mg = ( 2q(q — 1)

(i) Ifp<1, g<p, then L' <0 on (0,00).

(it) If p > 0, ¢ > p, then L has a stationary point mo.p.q.a =: mo € (0,m] while L' < 0 on
(0,mg), L' > 0 on (mg,00).

(i) If p <0, ¢ > —p, then L' > 0 on (0,00) \ {m}.

Quit




(iv) If ¢ < —p, then L' > 0 on (0, c0).

Proof. Tt is similar to the proof of Lemma 5.3. So suppose that mg > 0 is a stationary point of
L. From (14) it is clear that L (mg) has the same sign as

(1= ) LR (m0) +p — 4 = Bp.q.almo) = olmo).

Therefore, if ¢ < p, then L has at most one stationary point and if it has some, then it attains a
strict relative minimum there. However, L cannot increase near oo (see Lemma 6.4), thus statement
(i) holds.

In the rest of the proof we will deal with ¢ > p. We have

1
" a(g—p)\ T . D . D

L (mo) >0 <= R(mo) < <—q(1 — q)> = Rp’%a =R

and
R>R(0) <= (2¢-p-1p+q) <0 <= ¢>-p.
Since (R(0), c0) is the range of R, each stationary point of L is a point of strict relative maximum
for ¢ < —p and statement (iv) follows due to Lemma 6.4.
We will suppose g > —p from now on (together with g > p), thus —% < p < 1. Consequently,

1
— — 1—929—p—1\ PTT
L"(mg) >0 <= mo < R YR) = R<1 _ %qu P 1) —

So Lemma 6.4 guarantees that L does not attain any relative extremum in (772, 00). Furthermore,
if p <0, then no point of relative extremum lies in (0,m) as well (see Lemma 6.3), as it is stated
in (iii). On the other hand, if p > 0, then a similar consideration shows that L has exactly one
relative extremum, which is a global minimum attained at some point mg € (0,7] and in case
of my < m, m may be a stationary point of L as well. In order to complete the verification of



Go back
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statement (ii), let us show that L cannot have two stationary points for 0 < p < 1, ¢ > p: From
Lemma 2.11 we see that K'(m) has the opposite sign to o(m) for any m > 0. Consequently K
decreases on (0,mm]. However, if L had a relative minimum at some point mo € (0,7) and 7 were
another stationary point of L, we would have K (mg) = L(mg) < L(m) = K(m) (see Lemma 2.11),
a contradiction to K(mg) > K(m). O

The properties of L ascertained in this section are summarised in Figure 3, which shows all the
possible graphs of L with the corresponding sets of parameters in the (p, q)-plane, distinguished
by colours. (Note that although we have not ruled out in Lemma 6.5 the possibility that m is a
stationary point of L for p < 0, ¢ > —p, it has no influence on the number of solutions of (1).)
Using Lemma 2.8 , we can state the main result of this section. Recall that L(u(0)) = [ for any
u € S(I) and see also Lemmata 6.2, 6.3, 6.4 and 6.5 concerning L(0), lim,,,—,~, L(m) and my.

Theorem 6.6. Assume (23) and ! > 0. Then N(I) = 0 and the following holds for the positive
symmetric solutions of (1):
If p> 0 and q > p, then

2 ifle (L(mo), L(0)),
[SOI=4q1 e {Llimo)}U[L(0),00),
0 otherwise
and L decreases on (0, mg] and increases on [mg, ), see Figure 3.

In all the other cases,

m—0o0

1 if 1 is between L(0) and lim L(m),
IS =

0 otherwise

and L is strictly monotone, see Figure 3.



7. CASE IV (p> -1, ¢ = Ef1)

In this case we have from Lemma 2.5 that the time map is defined only for ¢ < a and is given by

1
1 %\ 1
L(m):EIp<<QL—q) q>m¥, m > 0.
—_——

‘Tq,a

Thus, it is a bijection of (0, 00) onto (0,00) for p # 1 and a constant function for p = 1. Namely,
we can use (18) to derive that

1 vatl 1 1n<\/5+1>2= 1 Va+l
Ja Va1 2va ‘\Va=1) T 2va "Va-1

Furthermore, solving (3) for p = 1, we obtain that um,1,.(z) = mch(y/az). So according to
Lemma 2.8, we can state the following:

Ll,l,a(m) =

Theorem 7.1. Let p > —1, ¢ = 2L a > 0. Then for arbitrary | > 0:

5 2
V2a N\ TP -
{um,p’a gy P M= <—Ip(rq,a)l) ifp#1, ¢<a,
50) = LAY
{x — mch(\/ax),x S [—l,l] m > 0} f—p L 1n Vatl
T 2VaT Va1’
0 otherwise,

\




8. CASE V (p> —1, ¢ > Zt1), SYMMETRIC SOLUTIONS

Recall that due to Lemma 2.5, we have the following time maps in case V: L; < Ly defined on
(0, M) and L defined on {M}. In this section we describe their behaviour for

1
(25) p>—1,q>z%,a>0.

Lemma 8.1 (for p > 1 see [5, p. 57 and Lemma 3.3]). Assume (25). Then R} > 0 while

lim —Rl )

m—0 m

‘ =
=1, ,,}E,HMRl(m) =R(M) = (5)

and Ry < 0 while

1

. 2q \2arI .
tim o) = (200) T = Rapgal0) = Rl0), ti o) = RO0M)
Moreover,
R2 (m) =1- mp+1 1 - 2q+p mz(p“) aF O(m2(p+1))
Rs(0) (2¢—p—DR;(0)  2(2g-p-1)2R3""(0)
for m — 0.

Proof. 1t is clear from Lemma 2.5 (iv) and (10) that R} > 0 and R} < 0. The limits of Ry (m),
R1(m)/m and Ry(m) can be calculated in the same way as in [5] for p > 1 and the derivation of
the asymptotic expansion of Rs(m) for m — 0 does not differ from that of R(m) for m — 0 and
m — oo in the proof of Lemma 6.1. O



Definition 8.2. For p, ¢,a satisfying (25) and ¢ < |p| set

(P80 ()™

Lemma 8.3 (for p > 1 see [5, Lemmata 3.1, 3.4, 3.3, 3.2 and 3.5]). If (25) holds, then

m = Mp.qa =

. o . / _
n}gnM Li(m) = L(M), m}EnM L7 (m) = oo,

0 if ¢ > p,
lim Li(m) =94 da=p,
00 ifqg<p

and the following holds concerning the monotonicity of Ly :
(i) If ¢ > p, then L} > 0.
(i) If ¢ < p, then there exists such a point mo, q.q =: mo € [, M) that
Ly <0 on (0,mg), Ly >0 on (mg, M).
Proof. Tt does not differ from the proof that can be found in [5] for p,q > 1.
Lemma 8.4 (for p > 1 see [5, Lemmata 3.1, 3.4 and 3.3]). If (25) holds, then
Jim Ly(m) = L(M), lim Lj(m) = ~oo,
0o ifp=>1,

lim Lo(m) =19 2 /p41
2a

1

) = Lypqa(0) = Ly(0)  ifpe (=1,1).

1-p




Proof. The limits at M can be calculated in the same way as it was done in [5] for p,q > 1
while the proof of the second part of the lemma is essentially the same as that of Lemma 5.2. O

Lemma 8.5. Suppose that (25) holds. Then

(i) f0<p<lorq<—porp> —%, q = —p, then Ly < Ly(0) in some neighbourhood of 0

(ii) and if p<0, ¢ > —p orp < —%, ¢ = —p, then Ly > L(0) in some neighbourhood of 0.
(We recommend the reader to draw a picture about these two sets in the (p,q)-plane.)

Proof. We use the asymptotic expansions of I,(y) and Rs(m) from Lemmata 3.4 and 8.1, re-
spectively and our goal is to find the second term of the asymptotic expansion of Lo (m) for m — 0
and to determine its sign. However, as we will see, it has eight different forms depending on the

value of p and gq.
All the asymptotic expansions in this proof will concern y — oo and m — 0.

1. For —% < p < 1 the expansion of Ly(m) looks like that of L(m) and is derived in the same
way as in the proof of Lemma 6.3.

2. If p= —1, then writing B, + o(1) as O(1) and Ra(m) as Rz(0)(1 + O(m?/?)), we obtain:
1 3 2/3 1 2/3 RZ(m) 2/3
L =—/—-R — In = + O(m?
o) = 2422 m) + o B o
1 1
= Ly(0) + ——m?3In — + O(m?/3).
2( ) 2\/% m ( )
3. Now let —1 < p < —%. In general, we have the expansion

Ly 2 1 1 -

Jprl 1-p7 3p+1

+ 0,(y)



for some function g,, which is given by different formulae depending on p and will be
specified later. It can be derived from Lemma 8.1 that

1-p 1-p 1-p
R,> (m)=R,* (0)|1— mPt1
o= ()< 2(2¢ —p - RET(0)

__(-p){4g+ 3212 4;1)) m2@+D) 4 o(m2+D)
8(2¢ —p—1)2R; " (0)

and

_spt1 _spt1 3p+1
R, 2 (m)=R, % (0)(1+ mP 4+ o(mPHL ),
) = B 0) (14 o et o)

which yield:

Ly(m) = Ly(0) + Cp7q,amp+1 + Dp’q,am2(p+1)
-+ Iilml_;zz 0 RQ(m) + 0(m2<p+1))
V 2a P\ m

>0 if g > —p,
2(p+q) _

Cp,q,a = p+q a ifg=-p
(Bp+1)(2¢ —p— 1)R3,% 4 (0) <0 if g < —p,

where

8¢g+p—1

Dpga = — .
P 4(2q - p— 1)2RETTN0)




Using that o,(y) = o(y~GP+1/2) and Ry(m) = O(1), we can rewrite (26) in the form
La(m) = Ly(0) 4 Cpgam?™ + o(mP1),
thus further calculation are needed for ¢ = —p.

(a) Let us consider —q = p € (—2,—3). Since g,(y) = B, + o(1) and O(m2P+1)) =
o(m17P)/2) we have

1 _ _
La(m) = L2(0) + p—Bpml_22 4 0(m1_22>

2a
from (26). According to Lemma 3.4, B, < 0 for p € (—%,—%) and B, > 0 for
D E (—%, —%) In the case p = —% the expansion from Lemma 3.4 does not suffice

for us but we can use (18) together with

V/Ra(m) = 4a — v/m — % + o(m)

to derive that

= Ly(0) — % + o(m).
(b) If —g =p = —2, then inserting 0,(y) = 3 Iny + O(1) and Ry(m) = O(1) in (26), we
obtain that

3
8v/ba

La(m) = Ly(0) + mi/® ln% +0(m*?).



(¢) Finally, for —q =p € (—1,—2) we have

3 5p+3 ( _§rﬁ>
Yy >

Qp(y)z—my > fo 2

which together with Rg(m) = R3(0) + o(1) and (26) yields

2p(p+1) 2(p+1 2(p+
Lo(m) = Lo(0) + m2etD) 4 o (m2e+), O
2(m) 2(0) (5p+3)(3p+ 1)2R} 1(O) ( )

~

>0
The next three lemmata deal with the monotonicity and the stationary points of Ls.
Lemma 8.6. Assume (25). The following holds:
(i) Ifp>0orp> —%, q= —p, then
Ly <0 on (0,M).

(i) Ifp<0,qg>—-porp< —%, q = —p, then Ly has a unique stationary point mo.pq.a =
mg € (0, M) while

Ly >0 on (0,mp), L5 <0 on (mg,M).
(iil) If ¢ < —p, then one of the following holds:
A: Ly <0 on (0,M),
B: Ly <0 on (0,m), Ly(m) =0 and L <0 on (m, M),

C: Ly < 0 on (0,m1), Ly > 0 on (mq,ma) and Ly < 0 on (me, M) for some my =
Mip,q,a € (O,W), ma = M2;p q,a S [m7 M)
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Proof. The case p > 1 is trivial, so let p < 1 and suppose that mg € (0, M) is a stationary point
of Ly. Recall that L, < 0 near M due to Lemma 8.4.

Firstly, let us consider ¢ > 1. Then Lf(mg) < 0, so there are only two possibilities: Either
L, <0 on (0, M) or Ly has a unique stationary point, which is a point of strict relative maximum.
Lemma 8.5 guarantees that the first one holds for p > 0 and the second one for p < 0.

Now let ¢ < 1. Consequently:

1

(27) Li(mo) <0 <= Ra(mo) < (%) T L Rupga = Re.

Recall that (R(M), R2(0)) is the range of Ry. The inequality Ry > R(M) holds always while
Ry < Ry(0) only for ¢ < —p. (In the latter case, we have Ro(7) = Ry.) So if ¢ > —p, then each
stationary point of Ls is a point of strict relative maximum and by means of Lemma 8.5 we have
again that L} < 0 for p > 0 and for —¢g =p € [-3, —%) and Lo has a unique stationary point for
p<0,¢g>—pandforp<—3,q=—p.

From now on we will consider only ¢ < —p (thus, —1 < p < —% and ¢ < 1). So we have

Li(mo) <0 < mo > Ry (Re) =m.

It means that Lo has at most one stationary point (a point of strict relative minimum) in (0,77), at
most one (a point of strict relative maximum) in (7, M) and ™ may be a stationary point as well.
Suppose that 7 and some my > T are both stationary points of Lo, thus Ls increases on [m, ms].
Since Ky decreases on [m, M), we have Lo() = Ka(m) > Ka(mg) = La(mz) (see Lemma 2.11),
a contradiction. Therefore, Ly has at most one stationary point in [, M). Furthermore, due to
Lemma 8.5 only A, B or C can hold. O

Lemma 8.7. Assume (25) and g < —p. There exists a continuous function ¢* : (—1,—%) — R
such that p;—l < q*(p) < —p forp € (-1, —%), lim,,_1/2¢*(p) = % and the following holds:



(i) fp>—-%, g<-porp<—1% q<q*(p), then
Ly <0 on (0,M).
(ii) If p < —% and g = q*(p), then m is a stationary point of Ly while
L, <0 on (0,m), L<0 on (m,M).

(iii) Ifp < —% and ¢*(p) < g < —p, then Ly has two stationary points myp g0 =: M1, M2y g0 =
mg while m; < m < my and

Ly <0 on (0,m1), Ly>0on(mi,ms), Ly<O0 on(mg,M).
For allp € (—1,—1), ¢ = q*(p) is the only solution of the equation

1 [2(q—p)(1—q) 1-»

Lp(9(p.4)) = 7 — . 97 pa) = flp,a) =
=:G(p,q)
in (p;'—l, —p) where
_ 2q(q—1) w1
9, 0) = ((2q—p— 1)(p+q)> '

Proof. From Lemma 8.6 we already know that only A, B or C can hold for ¢ < —p. Let us
notice the crucial role of the sign of L} (m): If it is +, then C holds, if 0, then B or C occurs and
if —, then A holds. So we derive the following condition:

_ 2q—p—1
LR, * e

Ly 0.aMpga) >0 < Ly(m) — (il = ) Ry* >0 <= f(p,q) >0




(see (27) for the definition of Ry) and in the sequel we

1. find limg_ (p41y/2 f(P, Q)

2. and limg—,_,, f(p,q)

3. and investigate the monotonicity of f(p, ).
Afterwards we will be able to describe the sets where f (or equivalently L/ (7)) is positive, zero
and negative, resp.

1. Since limg_,(p41)/2 9(p, @) = o0, using the first term of the asymptotic expansion of I,(y)
for y — oo (see Lemma 3.4), we obtain:

i P9 3p+l
=2 g3 (pg)  (L—pVpFI

2. We are going to find lim,_,_, f(p, ¢), so we denote —g — p =: r for the sake of simplicity.
All the asymptotic expansions in this step will concern r — 0+ or y — oco. We will see
that the first two terms of the asymptotic expansions of I,,(g(p, ¢)) and G(p, q) are identical,
therefore we need to calculate the first three. We have:

<0, thus lim f(p,q) = —oc.
g— B

3p+1 1 2
2vp+1 |1+ 5" T %o 1o
Gp.q) = ZE 1) —F Yol 573 (p, q)
p

1-p

2pF1 p—1 1 1p
= 1+ T+ r2+0(r?) g7 (p,q
l—p \/ p(p+1)  2p°(p+1) GUCTta

ONES —1 2 _10p—7 -
— VP < b _ r2+0(r3))g_22(p7q}

1-p plp+1)  32p2(p+ 1)



It will be useful to write the asymptotic expansion of I,(y) in the form

Ip(y) 2 p—1 1 =5
= 1
vort T\ T g )T W)

where function g, will be specified later. Joining the last formula with

1 3p + 1 I

= r
p+1 2p+1 1 2
(28) e e+l 1+ 58T+ et

3p+1 ( 4 +3p+1 2)
= r{l— r+O(r®) |,
2p(p +1) p(p+1)(Bp+1) )

we obtain that

2Pl p—1 (1—=p)(4p° +3p+1) , 3
Bl )=y (1+4p(p+1)r 12 (p12GEp+D) ror ))

-9 7" (p,q) + V/P+1op(9(p, 0)),

consequently
F1(29p° + 21p% + 15p — 1 1
) = (”’ (25 1+ 21p" + Lop )r2+0(r3))g—22<p,q)
16p*(p+1)?(3p+ 1)(p — 1)

+v/p+10,(9(p, 9))-

(a) Let =2 < p < —3, thus g,(y) = By + o(1). Since

gl_gz(p7q) = O('["E(P_%ll)) = O(Tiz),

(29)



we have

f(p,q) = /p+1B,+o(1).

So limg—_, f(p,q) is negative for p € (—3, —%), zero for p = —% and positive for

pE (—%, —%) due to Lemma 3.4.

(b) If p = —%, then inserting o,(y) = %lny + O(1) and gl%p(p, q) = O(;lg) in (29), we
obtain that
3vV5. 1
f(p,q) = iln; +0(1) — oo.

=53

(¢) For p € (—1,—2) we have

_ 3 1 1 ip
Qp(y) - - 4(5p+3) y2(p+1) + o0 y2(p+1) Yy i

hence (29) yields

B 4(p+1)3/2
fe.q) = <p(3:0 +1)(5p + 3)

(See (28).)

So we have derived that

(p_l)rz—i—o(rQ))g%p(p,q) — oo0.

<0 if —i<p<-1,
Jim f(p.g)§ = if p=—3,
>0 if —l<p<-—3.




3. The increase of f(p,-) can be proved using

O p.q) = ( p+l v (2q—p—1)(p—Q)(p+q)> g_z (0.0)

dq

gPt(p,q)—1 2¢q
>—p

1 (2q—p—1)(p+q)(q( ¢’—p )g(p,q)+(p+q)g—z(p,q)>

2q P—q 1—q)(1-p

and
@(p q) =— ¢ —2pa+p 9(p,q)
g q1-q¢)2¢—p—-1)(p+q)”""""

which yield

of __ptqa [p+9—q)
8_(pa )_ DY o

q -1\ 2¢-p-1
From 1., 2. and 3. we can see that if p € [-1, 1), g € (52, —p), then f(p,q) < 0,i.e. L} <O0.

Moreover, f(p,-) has a unique zero—denote it by ¢*(p)—for all p € (-1, —%) and
o if ””5—1 < q < q¢*(p), then L5(m) < 0, so A holds,
o if ¢*(p) < ¢ < —p, then Ly(m) > 0, so C holds with ms >m

e and if ¢ = ¢*(p), then Lj(m) = 0, so either B holds or C with my = m. Nevertheless,
we prove that only B can hold for ¢ = ¢*(p): So suppose that C holds for some p =

po € (—1,—%) and ¢ = ¢*(po), thus L o 4 (po),a() >0 for some m € (0,M). From the

g(p,q) > 0.



definition of Ry and the implicit function theorem it follows that Ra.p, . () is continuous,

which together with (13), (10) and Theorem 3.5 guarantees the continuity of L5, . ,(m).

Hence, L’2_p0 ¢ (po)—¢ o(m) >0 if € > 0 is small enough, giving a contradiction.

At this moment, assertions (i)—(iii) have been proved. Since f is continuous due to Theorem 3.5,
from the implicit function theorem we have the continuity of ¢* as well. So there only remains to
find its limit at —3. Recall that lim, 1/ f(—3,¢)=0 and choose arbitrary € € (0,1). From the
increase of f(—3,-) we have f(—3,% —¢) <0, therefore f(p,3 —¢) <0 forallp € (—3 —8,—3)
and some suitable § € (0,1) and the increase of f(p,-) yields that 1 —e < ¢*(p) < —p for

p € (=3 —8,—1). So we conclude that lim,_,_1/5¢*(p) = 3. O

=

Lemma 8.8. There exists

lim ¢*(p) =: ¢"(-1) € (0,1).

p——1

Proof. An easy calculation yields that

lim g(p, q) = 07 =: (q)
p——

and
. 1—q?
Go back m, £(p,q) = I1($(a)) =/ —5, () = ¢(q)
Full Screen for all ¢ € (0,1). In the sequel we examine the behaviour of .

Since limg_¢ 9 (¢g) = oo and I_1(y) = o(y) for y — oo (see Lemma 3.6),

Close

wm=—j§0+dmw@—e—m,q—ao

Quit




Set r := 1 — g and consider r — 0+. Using Lemma 3.6 with n = 4 and the formulae

1 5 13
T i wr o mrrol),

m:r(l—g—§+0(r3)),

1 2 —r 7"2
1 3 .,
oy W)

we obtain that

Ci(1aT s T B, o
LA = vVi(14 5+ o2 + s+ 0() ) v(a).
On the other hand,

Lz 7 25
:\/;(1_£> (1_7')_1/2:\/;(1+£+§7'2+m’r3+0(7"4))3

hence o o
¢lg) = 51 =r)(1+0(r) =

It is not hard to derive that
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and

50N L J1-4*) [ 2¢ ¢#+1

=57 5 ¥(q) > 0.

So we conclude that ¢ has a unique zero gy € (0,1). Since ¢ increases and lim, .1 f(p,q) =
©(q), we have that for arbitrary e € (0, min{qo, 1 — qo}) there exists such § > 0 that

Vpe (=1,-146): f(p,qo—¢) <0< f(p,q +¢),

hence
Vpe(—1,-140): go—e<qg"(p)<qo+e¢
and therefore lim,_,_1 ¢*(p) = qo. O

Numerical calculations indicate that ¢* is probably decreasing, concave, its graph touches the
graph of ¢ = —p in —%, and ¢*(—1) ~ 0.730. We would like to prove some of these observations
analytically in the future.

We append Figure 4 with all the possible graphs of L; and Lo and the corresponding sets
of (p,q), based on the lemmata of this section. These results are sufficient to determine the
number of the symmetric solutions of (1) in case V depending on p, ¢, a, | (see Lemma 2.8)
except for —1 < p < —%, q*(p) < g < —p because it is required to investigate, for which p, ¢ is
L5(0) > La(mz). In view of Lemmata 8.6 (ii) and 8.7 (ii), it can be expected that this domain is
divided by a continuous curve into three sets where Lo(0) = La(ms) for (p, q) lying on the curve,
L5(0) < La(mse) above it and Lo(0) > Lo(mse) under it. This hypothesis is also consistent with
numerical calculations and will be an object of further research.

So let us state the main result of this section.



Theorem 8.9. Suppose (25).
(a) If ¢ < p, then

{Is] : 1 >0} ={0,1,2}.
(b) If ¢=p, then

{Is| : 1>0} ={0,1}.
(¢) If p>1 and q > p, then
IS()]| =1 forl>0.

(d) Ifo<p<lorp>-3 qg<—porp<-—3% q<q(p), then

{IS@)] : 1>0}={0,1}.

(e) If p<0,q>—porp<—3%, q=—p, then

{Is@)] : >0} ={0,1,2}.
() If p < —% and q*(p) < ¢ < —p, then
{Is®| : 1>0}={0,1,2,3}.

The ezact dependence of |S(1)| on | as well as the monotonicity properties of L are indicated in
Figure 4. (Recall that L(u(0)) =1 for any u € S(1).)

In this paper, we have not dealt with the monotonicity of L; + Ly, which is related to the

number of nonsymmetric solutions of (1). It was proved in [5] that (L1 + L2)’ < 0 for 1 < p <4

and forp >4, ¢q>p—1— zﬁ' Our future goal is to examine the behaviour of L; + Ly for the

rest of case V and to study cases VI-XIII.
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Figure 3. The relation between m = «(0) and ! for u € S(I) in case III (p > —1, 0 < ¢ < pT-i—l’ a > 0) according
to Lemmata 2.8, 6.2, 6.3, 6.4 and 6.5. See also Theorem 6.6.
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Figure 4. The relation between m = u(0) and [ for u € S(I) in case V (p > —1, ¢ > %1, a > 0) according to
Lemmata 2.8, 8.3, 8.4, 8.6, 8.7 and 8.8. See also Theorem 8.9.




