ON THE RECURSIVE SYSTEM ;1 = A+ 22y, = B 4 oo
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ABSTRACT. In this paper, we investigate the boundedness, persistence and global asymptotic stability
of positive solutions of the system of two nonlinear difference equations
g — _
Cpp1= A4 Tm =B+ =01,
Yn Tn

where A, B € (0,00), z; € (0,00), y; € (0,00), it =—m,—m+1,...,0.

1. INTRODUCTION

The study of dynamical behavior of various nonlinear differences is not only of interest in their
own right, but the results can help establish the general theory of nonlinear difference equations.
Amleha, Grovea, Ladasa, et al. [1] investigated the global stability, the boundedness character
and the periodic nature of the difference equation

Tp—1
Tpt1 =+ , n=0,1,...,

In

where x_1,29 € R and o > 0.
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Elowaidy, Ahmed and Mousa [2] investigated local stability, oscillation and boundedness char-
acter of the difference equation
p
n=1

Z,, _
Tpt1 =+ o7 n=0,1,...,
n

where a,p € (0,400). Also Stevic [3] studied dynamical behavior of this difference equation.
Other related difference equation readers can refer to references [4]-[10].

In recent years, nonlinear difference equation systems have attracted considerable interest [11]—
[18]. In particular, Papaschinopoulos and Papadopoulos [13] studied the dynamics of the system
of rational difference equations

z
(1.1) Tpo1 =A+ ——, yna1 =B+ b , n=0,1,...

n—m xn—m

for the case (I) A > 1 and B > 1, and (II) A < 1 and B < 1; while Camouzis and Papaschinopoulos
[14] studied system (1.1) for the case A = B = 1.
Papaschinopoulos and Schinas [15] studied the system of two nonlinear difference equations

xT
(12) .'L‘n+1=A+ yn ; yn+1=A+ n , n=0,1,--~,

Tn—p Yn—q

where p, g are positive integers and A > 0.
Zhang and Yang, Evans and Zhu [18] investigated the system of rational difference equations

n—m In—m
(1.3) T = A+ = A . n=01,...,
Tn Yn
where A € (0,00) and the initial conditions z; € (0,00), y; € (0,00), ¢ = —m,—m+1,...,0, are

arbitrary nonnegative numbers.



Our aim in this paper is to investigate the boundedness, persistence and global asymptotic
stability of positive solutions of the system of difference equations

(1.4) Gpp = A+ 20mm =B+ a0,
Yn Tn

where A, B € (0, 00), and initial conditions x;,y; € (0,00), i = —m,—m +1,...,0.
2. THE CASE A< 1 AND B<1

In this section, we are concerned with the asymptotic behavior of positive solution of (1.4) for case
A<1,B<1.

Theorem 2.1. Suppose that 0 < A <1, 0< B < 1. Let {(zn,yn)} be an arbitrary positive
solution of (1.4). The following statements are true:

(i) If m is odd and 0 < wap—1 < 1, 0 < yop—1 < 1, @k > 125, vy > 1725 for k=
om 3=m 0, then

lim x9, =00, lim Y9, =00, lim 9,11 =A, lim yo,11 = B.
n— oo n—oo n—oo n— o0

(ii) If m is odd and 0 < 29 < 1, 0 < ya, < 1, xop_1 > ﬁ, Yok—1 > ﬁ for k =

1-m 3—
=, 55,0, then
Go back lim x9, = A, lim ys, =B, lm z9,41 =00, lim yopt1 = 00.
n— 00 n— o0 n— o0 n— 00
Full Screen (iil) If m is even and 0 < zop—1 < 1, Yor—1 > ﬁ, Top > ﬁ, 0 <yor <1 for k=

2—2m’4—Tm’,,,,0 and x_p, > ﬁ, 0<y_m, <1, then
Close

lim x9, = A, lim ys, =00, lm z9,41 =00, lim ys,+1 = B.
n—00 n—00 n—00 n— 00

Quit




(iv) If m is even and 0 < xap < 1,y2r > ﬁ, Top_1 > ﬁ, 0 < yop—1 <1 for k =
2omdom 0 and 0<x_p <1, Yy > 125, then
lim 29, =00, lim y9, =B, lim zo,11 =A, lim ysp11 = 00.
n—oo n—oo n— o0

n—oo

Proof. (i) It is clear that

m 1
0<x1=A+x—<A+—<A+(1—A)=1,

Yo Yo
_ 1
0<y1=B+—y T <B+—=B+(1-B)=1.
To Lo
T1—m 1
= A _ _—
To =F 7 > T1—m > -5
Yi1—m 1
= B — .
Y2 + > Yi—-m > 1_A
By induction for n =1,2,..., we have
1
(2.1) 0<®mop—1<1, 0<ysp_1<1, x2,> m, Yan > m
So, for n > (m +2)/2.
Top_ Tom_
Do = A 222D o gy Ton—(my1) = 24 + “2nCmt?) 94 + Zon—(2m+2)>
Yon—1 Y2n—(m+2)
Y2n—(m+1) Yon—(2m+2)

Yon = B + > B+ Yon—(m+1) = 2B +

> 2B + Yon—(2m+2)>
Ton—1 Ton—(m+2)




from which we obtain lim, . 2, = 00, lim, o0 Y2, = 00. Noting (2.1) and taking limits on
both sides of the system

L2n—m Yon—m
Tong1 = A+ o y2n+1=B+T,
2n 2n

we obtain lim,_, oo Ton41 = A4, lim, 00 Y2n+1 = B.
The proof of affirmations (ii), (iii) and (iv) are similar, we omit it. O

3. THE CASE A=1 AND B=1

In this section, we discuss the boundedness and persistence of positive solutions to system (1.4)
for the case A=1,B = 1.

Theorem 3.1. Suppose that A = B = 1. Then every positive solution of system (1.4) is bounded
and persists.

Proof. The proof of Theorem 3.1 is similar to [18]. Let {(z,y»)} be a positive solution of (1.4).
Clearly, z,, > 1, y,, > 1 for n > 1. So we have

M

Y € | M, ——
a:ye[ M1

], i=1,2,...,m+1,

where M = min{u, /(v — 1)} > 1. Then

1 M/(M-1) M

— < =3 <M =

MM —1) = Tmre = it s MY M—-1
M m M/(M-1) M

— < =1 <M -

MJ(M —1) = Im+? tea ot Ty M—1

M=1+

M=1+



By induction, we get
M ;
xi,yiE[M,m], i=1,2,...,

This completes the proof of Theorem 3.1. O

4. THE CASE A>1 AND B >1

This section concerns itself with the global asymptotic stability of the unique equilibrium point of
(1.4) for the case A > 1, B > 1.

Theorem 4.1. Suppose that A > 1, B > 1. Then for n = km + i, every positive solution
{(xnayn)} Of (14) satisﬁes

1 AB AB
< i < — i — ) =k — =
A_:ckmﬂ_Bk(ac,k B—1)+B—1’ i=k—m,k—m+1, ...k,
ke{1,2,...,},
1 AB AB
< < (i — )+ 22 =k —mk—
B < ypmti < 3 (yz—k A—1)+A—1’ i=k—mk—m+1,...k,
ke{1,2,...,}.

Proof. Let {(zy,yn)} be arbitrary positive solution of (1.4). Clearly, we have z, > A > 1,
yn > B >1forn=1,2,.... Moreover using (1.4), we have

_ 1
Tnt1 = A+ Tnom € A4k =g
Yn B
(4.1) :
o =B+ <B4y, nzl



Let v,,, w, be the solution of the equation

1 1
(42) Un41 = A A E’Un_n“ Wn41 = B+ an_m, n > 1.
such that
(43) Vm =T—m, Vi—-m = Ll—m, ---, Vo = 2o,
Wem =Y-m, Wi-m =Yi-m, --., Wo = Yo-
We prove by induction that for n = km + 4,
Lhm+i < Vkm+iy Ykm+i < Wkm+is, ke {17 27 ) }7

(44) i=k—-mk—m-+1,...,k.

Suppose that (4.4) is true for k = p > 1. Then from (4.1) and (4.2) we get

1 1
Tptlymyi < A+ B Epmti=1 <A+ B Upmti—1 = Vp+l)m+i>

1
Yp+riymrs < B+ 2 Ypmti-1 <B-+ A Wpmti-1 = Wptmeti-
Therefore (4.4) is true. From (4.2) and (4.3), we have

1 AB AB
= i—k — k 1,2,...
(4.5) Vkm i = B (x k B—1>+B—1’ €{L2...}
Go back i=k—m,k—m+1,... k.
1 AB AB
Full Screen (46) Whmti = F (yi—k — H) 4 H, ke {1,2, 3000 },
Close i=k—m,k—m+1,... k.

Then from (4.4), (4.5) and (4.6), the statement of Theorem 4.1 is true.

Quit




Theorem 4.2. Suppose that A > 1, B > 1. Then the positive equilibrium
(5,5) = AB—-1 AB-1
PYE\Bo1 A1

of (1.4) is globally asymptotically stable.

Proof. The linearized equation of system (1.4) about the equilibrium point

(a‘:,g) _ (ABB—_117 AAB_—ll) is

(4.7) Vpt1 = EV,
where
Tr,
= | e |

Yn

Yn—m




. i
0 ... 0 3 —;—2 0 0
1 0 0 0 0 0
0 1 0 0 0 0
E = (es5)(2 +2)x (2m+2) = 7
i) (@m+2)x (2m+2) — 00 0 0o 1L
0 0 0 1 0 0
0 0 0 0 1 0

Let A1, Mg, ..., Ao denote the 2m + 2 eigenvalues of Matrix E. Let D = diag(dy, ds, .. ., damt2)
be a diagonal matrix, where d; = dpy2 =1, diyx = dmyotke =1 — ke, 1 <k < m. and




Clearly, D is invertible. Computing DED ™!, we obtain

DED™!
0 e 0 gl —Edid L, 0 0
dody* ... 0 0 0 0 0
_ 0 coilyadyt 0 0 0 0
~Zdmi2dyt ... 0 0 U 0 dmt2 gt
0 0 0 Q3o - - 0 0
0 0 0 0 Y. 0
The following two chains of inequalities
dm+1>dm>...>d2>0, d2m+2>d2m+1>...>dm+3>0
imply that
dodit <1, dsdy' <1, ..., dpiad,! <1,
dmi3dytio <1, dmyadyls <1, ..., domyodonq < 1.
Furthermore,
d]. —1 Q_}' —1l ]. —1l :E 1 .’E
—d,, + =did =—d, 1 tZs=——=+5<1,
g "t gt g (1 —me) g2
dm+2 ;1 Y SRR ] 1 Yy
g et glniad =gt t G =gt <




It is well known that E has the same eigenvalues as DED ™!, we obtain that

max |\ = |[DED7}|
1<k<2m+2

= max {dod; ',... dms1dy)  dimsadyt oy - o domyadan 1,
dq
Y

<1

_ T 4 dmyo ] _
i + ?dldmﬂ-z’ Td2nlz+2 + ﬁdm+2d1 1}

Hence, the equilibrium of (4.1) is locally asymptotically stable. This implies that the equilibrium
(Z,79) of (1.4) is locally asymptotically stable.

Next we prove that every positive solution (x,,y,) of (1.4) converges to (Z,y). Let (,,yn) be
an arbitrary positive solution of (1.4) Let

L; = lim sup{@,, Tnt1,---} Iy = lim inf{z,, Tni1,-. .},
n—roo n—oo
Ly = lm sup{yn,yn+1,---}, L2 = Hm inf{yn, yup, .. 1

From Theorem 4.1, we have 0 < A <13 < L3 < 400 and 0 < B < ly < Ly < 4o0. This and (1.4)
imply

Lo<A+® L,<pilz
lo l1
l1 lo

{1 > A+ — lo > B+ —=.

1= +L2’ 2 2 +L1

‘Which can be written as
Lily < Aly + Ly, Lol < Bly + Lo,

liLy > ALy + 14, loLy > BL1 + ls.



Go back

Full Screen

From them we have

L1Lo < lyls.
So
(4.8) Ly1Ly = lils.
We claim that
(4.9) Ly =11, Ly=1,.

Suppose on contrary that I3 < Li. Then from (4.8) we have Ly Ly = l3l5 < Lqls and so Ly < o,
which is a contradiction. So L; = [3. Similarly, we can prove that Ly = l5. Therefore, (4.9) are
true. So lim, oz, = &,lim, o yn = §. Hence the equilibrium (Z,y) is globally exponentially
stable. O

5. CONCLUSION AND REMARKS

In this paper, we study the system of two nonlinear difference equations (1.4) under different
conditions. When A < 1 and B < 1, we concern ourselves with the asymptotic behavior of positive
solution to (1.4). We show that every positive solution is bounded and persistence if A = B = 1.
Finally we investigate the unique positive equilibrium which is globally asymptotically stable if
A>1and B > 1.

At the end we propose the following open problem.

Open problem. Let A > 1 and B<1or A< 1and B > 1, discuss the behavior of positive
solution of system (1.4).
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