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APPROXIMATION METHODS FOR SOLUTIONS OF SYSTEM
OF SPLIT EQUILIBRIUM PROBLEMS

GODWIN CHIDI UGWUNNADI'* and BASHIR ALI?

Communicated by T. Suzuki

ABSTRACT. In this paper, we introduce a new algorithm for finding a common
fixed point of a finite family of continuous pseudocontractive mappings which
is a unique solution of some variational inequality problem and whose image
under some bounded linear operator is a common solution of some system of
equilibrium problems in a real Hilbert space. Our result generalize and improve
some well-known results.

1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space. A mapping 7" with domain D(7) C H and
range R(T') in H is called pseudocontractive if for each z,y € D(T') we have

(Tx —Ty,x —y) < ||z —y[|* (1.1)
T is called strongly pseudocontractive if there exists k € (0,1) such that
<TZL’—Ty,CL’—y>Sk||ZE—y||2, ‘v’x,yGD(T),

and T is said to be k strictly pseudocontractive if there exists a constant
0 <k < 1 such that

(Tw —Ty,x —y) <|le =yl = kl|(I = T)z — (I = T)ylP*,
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for all z,y € D(T). The operator T is called Lipschitian if there exists L > 0
such that ||[Tx — Ty|| < L||x —y||, for all z,y € D(T'). If L =1, then T is called
nonexpansive, and if L € [0,1), then T is called a contraction. As a result of
[11], it follows from inequality (1.1) that 7" is pseudocontractive if and only if the
inequality

1Tz =Tyl < [[(1+8)(x —y) = t(Tx = Ty)|,

holds for each z,y € D(T) and for all ¢ > 0. Apart from being an important
generalization of nonexpansive, strongly pseudocontractive and k-strictly pseu-
docontractive mappings. Interest in pseudocontractive mappings stem mainly
from their firm connection with the important class of nonlinear accretive op-
erator, where a mapping A with domain D(A) and range R(A) in H is called
accretive if the inequality

[Az — Ay[| < [|lz —y — s(Az — Ay)]],

holds for every =,y € D(A) and for all s > 0. We observe that A is accretive
if and only if T := I — A is pseudocontractive, and thus a zero of A, N(A) :=
{z € D(A) : Az = 0}, is a fixed point of T, F(T) := {z € D(T) : Tx = z} and
vice-versa.

It is now well known that if A is accretive then the solutions of the equation
Ax = 0 correspond to the equilibrium points of some evolution systems. Conse-
quently, considerable research efforts have been devoted to iterative methods for
approximating fixed points of T" when T is pseudocontractive (see, for example
[5],[16] and the references contained in them).

Let H be a real Hilbert space and C' be a closed convex subset of H. Let
g : C xC — R be a bi-function. The classical equilibrium problem (EP for
short) is defined as follows.

(EP) Find p € C such that g(p,y) > 0,Vy € C.

The symbol EP(g) is used to denote the set of all solutions of the problem (EP),
that is,

EP(g) ={peC:g(p,y) 2 0,Vy € C}.
Let G = {g:} be a family of bifunctions from C' x C' to R. The system of
equilibrium problem G = {g;} is to determine common equilibrium points for
G ={g:} ie., the set

EP(G)={peC:gilpy) >0,VyeC, icl}.

It is known that the problem (EP) contain optimization problems, comple-
mentary problems, variational inequalities problems, saddle point problems, fixed
point problems, bilevel problems, semiinfinite problems and others as special cases
and have many applications in physics and economics; for detail, one can refer to
([1], [15], [21], [19]) and references therein. Recently, a lot of research efforts are
devoted to finding a solution of split equilibrium or fixed point problems see, for
instance, ([3], [10], [14]) and the references therein.

In last ten years or so, the problem (EP) has been generalized and improved to
find a common element of the set of fixed points of a nonlinear operator and the
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set of solutions of the problem (EP). More precisely, many authors have studied
the following problem (FTEP) (see, for instance, [4], [20]):

(FTEP) Find p € C such that Tp = p and ¢(p,y) > 0,Vy € C,

where C' is a closed convex subset of a Hilbert space H, g : C' x ' — R is a
bi-function and 7" : C' — (' is a nonlinear operator.

Let H be a real Hilbert space, a mapping G : D(G) C H — H is said to be
monotone if for all x,y € D(G),

(Gz — Gy, z —y) >0,

where D(G) denote the domain of G. For some n € (0,1), G is called 1 —
strongly monotone if for all x,y € D(G),

(Gx — Gy, —y) > n||lz — y||*.

A map G : H — H is said to be strongly positive if there exists a constant n > 0
such that

(Ga,z) = nl|lz|]*, Vo € D(G).
For a strongly positive bonded linear operator G and any x,y € D(G), we have
(Gz — Gy, x —y) > nllz —y|*
This implies that G is n—strongly monotone. In this case, by simple calculation,
the following relation also holds:

1+ IG1P) o1
2

o=~
This implies that G/||G|| is 1/2—strictly pseudocontractive.

(Gx — Gy,x —y) < (I =Gz — (I -Gyl

Let K be a nonempty, closed and convex subset of H and G : K — H be a
nonlinear mapping. The variational inequality problem is to:

find v € K such that (Gu,v —u) >0, Yv € K.

The set of solution of variational inequality problem is denoted by VI(K,G),
which was introduced and studied by [17].

[13] introduced the viscosity approximation method for nonexpansive mappings.
Let T be a nonexpansive mappings and f be contraction on H, starting with an
arbitrary zo € H, define a sequence {z,} recursively by

Tpi1 = anf(zn) + (1 — )Tz, n >0, (1.2)

where {a,} is a sequence in (0,1). He proved that under certain appropriate
conditions on {a,}, the sequence {z,} generated by (1.2) strongly converges to
the unique solution x* in F'(T') of the variational inequality

(I = flz*,z—a*) >0, for all x € F(T).

[27] proved, under some condition on the real sequence {a,}, that the sequence
{z,,} defined by zo € H chosen arbitrarily,

Tpi1 = azb+ (I — a0, A)Tx,, n >0, (1.3)
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converges strongly to 2* € F(T') which is the unique solution of the minimization

problem
1
in —(A — (z,b
min o(Az,2) — (2,0),
where A is a strongly positive bounded linear operator (i.e. 3 4 > 0 such that
(Az,z) > ||, Vo € H).

Combining the iterative method (1.2) and (1.3), [12] studied the following general
iterative method:

Tpr1 = o f(zn) + (I — 0 A)Tx,, n >0, (1.4)

they proved that if the sequence {«,} of parameters satisfies appropriate condi-
tions, then the sequence {z,} generated by (1.4) converges strongly to z* € F(T')
which solves the variational inequality problem

((0f =A™z —a”) <0 Ve e F(T),
which is the optimality condition for the minimization problem
1
in —(A —h
12}1&)2< z,x) — h(z),
where h is a potential function for vf (i.e. h'(x) = ~vf(x) for z € H).
On the other hand, [28] introduced the following hybrid iterative method:

Tpy1 = Tx, — \yuGTx,, n>0, (1.5)

where G is a k-Lipschitzian and n-strongly monotone operator with x > 0,7 > 0
and 0 < p < 2n/k?. Under some appropriate conditions, he proved that the
sequence {x,} generated by (1.5) converges strongly to the unique solution of the
variational inequality problem

(Gx*,x —x*) >0, Yz € F(T).

Recently, combining (1.4) and (1.5), [23] considered the following general iterative
method:

Tny1 = Y f(2n) + (I — anuG)T(2,), (1.6)

and proved that the sequence {x,} generated by (1.6) converges strongly to the
unique solution x* € F(T') of the variational inequality problem

(vf = pG)a*,x —a*) <0, Vo € F(T).

[22] studied method of approximation of common solutions of fixed points of
continuous pseudo-contractive mappings and zero points of the sum of monotone
mappings. [24] considered method of approximation of common solutions of fixed
points of continuous pseudo-contractive mappings and solutions of a continuous
monotone variational inequality.

[9] considered the following split equilibrium problem. Let H; and Hy be two real
Hilbert spaces. Let C' be a closed convex subset of H; and K be a closed convex
subset of Hy. Let f: C xC — R and g : K x K — R be two bifunctions, and
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A: Hy — Hy be a bounded linear operator. The split equilibrium problem (SEP,
in short) is defined as follows:

(SEP) find p € C such that f(p,y) > 0Vy € C and u := Ap satisfying g(u,v) > 0,

for all v in K. The author established weak convergence algorithms and strong
convergence algorithms for SEP (see [9] for more details).

Motivated and inspired by the above results, in this paper, we introduce a new
algorithm for finding an element in the set of common fixed points of finite fam-
ily of continuous pseudocontractive mappings which is a unique solution of some
variational inequality problems such that its image under a given bounded linear
operator is a common solution of finite family of some equilibrium problems in a
real Hilbert space. Our result generalize and improve some well-known results. In
particular our result improve and extend the result in [25] and in [2] from family
of nonexpansive maps to finite family of continuous pseudocontractive maps, and
from equilibrium problem to the case of finite family of equilibrium problem.

Let K be a closed convex subset of a real Hilbert space H. The metric projection
from H onto K is the mapping Px : H — K for each x € H, there exists a
unique point z = Pg(x) such that

— || = inf |z — y]|.
lle = 2|l = inf [lz — ]

Lemma 1.1. Let x € H and z € K be any point. Then we have
(i) z = Pk(x) if and only if the following relation holds
(x —z,y—2) <0, Vy € K.
(ii) There holds the relation
(Px(x) = Pr(y),x —y) > ||Px(z) — Px(y)||?, Yo,y € H.
(iii) Forz € H andy € K
ly = Pr(@)|* + [lz — Pr(2)|]* < [z — ylI*.

A Banach space FE is said to satisfy Opial’s condition if for each sequence {xz,,}
in £/ which converges weakly to a point z € E, we have

lim inf||x,, — z|| < liminf||z, — y||, Vy € E,y # x.

It is well known that every Hilbert space satisfies Opial’s condition.
We shall make use of the following well known results.

Lemma 1.2. (sce [1]) Let K be a nonempty closed, convex subset of H and g be
a bi-function of K x K into R satisfying the following conditions;

(A1) g(x,z) =0 for allz € K;

(A2) g is monotone, that is g(x,y) + g(y,z) <0 for all x,y € K;

(A3) for each x,y,z € K, limsup,; o g(tz + (1 —t)z,y) < g(z,y);

(A4) for each x € K,y +— g(x,y) is convex and lower semi-continuous.
Letr > 0 andx € H. Then there exists z € K such that g(z,y)+x(y—=z,z—x) > 0
forally € K.
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Lemma 1.3. (see [7]) Let K be a nonempty closed and convex subset of H and
let g be a bi-function of K x K into R satisfying (A1)-(A4). Forr >0, define a

mapping
1
Tiv={2€ K :9(z,y) + —(y—2,2—2x) >0, Vy € K}
r

for all x € H. Then the following holds:

(i) T9 is single-valued;

(i) F(T?) = EP(g) for 1 > 0;

(iii) £ ( ) is closed and convex;

(iv) T9 is firmly nonexpansive, that is, for any x,y € H,

177 (x) = TE)II* < (T¥(x) = T (y), = — ).

Lemma 1.4. (see,[9],[10]) Let the mapping T? be defined as in Lemma 1.5. Then,
forr,s >0 and x,y € H,

s —r]
THTS"(y)—yH-

In particular, ||T¢(x) = T¢W)|| < |l —yl| for any r > 0 and z,y € H, that is, T?
18 nonexpansive for any r > 0.

T () = T (W)I| < e =yl +

Lemma 1.5. ([4]) Let H be a real Hilbert space. Then the following hold:

(@) [lz + [l < [lyl* + 2(z, z + y);
(b) |z = yl* = [l * + lylI* = 2(,y) for all z,y € H;
(c) llaz+(1—a)yl* = allz[]*+ (A= a)lly[[* —a(l—a)|lz—y||* for allz,y € H
and o € [0, 1].
Lemma 1.6. ([29]) Let C' be a nonempty closed convex subset of a real Hilbert

space H. Let T : C'— H be a continuous pseudocontractive mapping. Then, for
r >0 and x € H, there exists z € C' such that

1
(y—z,Tz)—;(y—z,(l—l—r)z—x}SO, Yy e C.

Lemma 1.7. ( [29]), Let C be a nonempty closed convez subset of a real Hilbert
space H. LetT' : C' — C' be a continuous pseudocontractive mapping. Then, for
r >0 and x € H, define a mapping T, : H — C' as follows:

Tx.=4{z€C:{y—2zTz —ly—z, 14+7r)z—2) <0, VyeC
r

for all x € H. Then, the following holds:

(1) T, is single valued;
(2) T, is firmly nonexpansive type mapping, that is for all x,y € H,

|Tx — Tyl < (Tx — Ty, x — y);

(3) F(T;) = F(T);
(4) F(T) is closed and convex.
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Lemma 1.8. ( [15]) Let C be a nonempty closed convex subset of H and {r,} C
(0,1) be a sequence converging to v > 0, for a bi-function F : C' x C — R,
satisfying condition (A1) - (A4), define TF and T for n € N as in Lemma 1.5.
Then for every x € H, we have lim ||TF z — T\ z|| = 0.

Lemma 1.9. ([8]) Let C' be a nonempty closed and convex subset of a Hilbert
space, and T be a nonerpansive mapping from C' into itself. Then I — T is
demiclosed at zero, i.e., xt, — x, x, —Tx, — 0 asn — oo implies v = Tx.

Lemma 1.10. ([18]) Let {z,} and {y,} be bounded sequences in a Banach space
E and let {3,} be a sequence in [0,1] with 0 < liminf 3, < limsupf, < 1.
Suppose that x,11 = Bpyn + (1 — Br)xy, for all integer n > 1 and lim sup(||y,+1 —

n—oo

ol = 171 = ) 0. Then, lmn [l — 2] = 0.

Lemma 1.11. ([26]) Let {a,} be a sequence of nonnegative real numbers such
that

an1 < (1 =by)a, + ¢y, n >0,

where {b,} is a sequences in (0,1) and {c,} is a sequence satisfying the following
conditions:

(1) D02y by = 00,

(ii) edther limsup,, . ¢, /by, <0 or Y > |c,| < oo.
Then, lim,_.. a, = 0.
Lemma 1.12. (Lemma 2.5 of [2])Let A € (0,1),u > 0, and F : C — H be
an k—Lipschitzian and n—strongly monotone operator. In association with a
nonexpansive mapping T : C — C, define a mapping T : C — H by Tz =
Tx — MiFT(x), for all z € C. Then T* is a contraction provided p < z—Z, that is

172 = Tyl] < (1= W)|lz —yll, Va,yeC,

where v =1— /1 — pu(2n — ux?).

2. MAIN RESULTS

Lemma 2.1. Let C' be a nonempty closed convex subset of H. For x € H, let
the mapping T, be the same as in Lemma 1.7. Then forr,s > 0 and F(T,) # 0,
for any x,y € H, and p € F(T,)

(i) ||IT(x) = Tu()l] < lly — =[] + =2 |Tu(y) — vl

(ii) [|T(x) = 2|* < [|lz = pl* = |7 (z) — pII*.
In particular, ||T.-(z) — T (y)|| < ||z —y|| for any r > 0 and z,y € H, that is, T,
s nonexpansive for any r > 0.

Proof. For r;s > 0 and z,y € H, by (1) of Lemma 1.7, let z; = T,(z) and
29 = Ty(y). By the definition of T,., we have

1
<u—21,Tzl)—;(u—zl,(1+r)zl—x> <0, VueC (2.1)
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and
<u—zg,T22>—é(u—@,(l—i—s)z@—y) <0, VueC (2.2)
Putting u := 29 in (2.1) and u := 2; in (2.2), we have
(29 — 21, T21) — %(zg —z1,(1+7)z —x) <0, (2.3)
and
(21 — 29, T29) — %(zl — 29, (14 8)z0 —y) <0, (2.4)

Adding (2.3) and (2.4), we have
(I+r)zn—z (1+s)-y

S
21 — X 22— Y

(20 — 21, T21 — Tz9) — (29 — 21,

S (zg—2, (I —T)zg— (I —=T)z1) — (22 — 21, 5

Since T' is pseudocontractive, we have
21— X 22 — Y

<22_zla > 207

S

and hence ,

(29— 21,21 —x — g(zz —y)) >0,

which implies

(22 — 21,22 —21) < (22 — 21,220 — T — 2(22 —Y)),
therefore
22 = 21l < lle2 = =1llllz2 = 2 = = (2 = )|
then

T
|22 = 21|] < Jlzz—2 — ;(22 —y)||
T
= W@—y%+w—x%—j@—ym

= lly—2)+ 1=z -yl

|s =

|
< ly ==l + |22 = yll.

S

Thus ||T,(z) — Ts(v)|| < |ly — =|| + @HTS(y) —yl|, and this complete the proof.
We show that (ii) is satisfied. By (2) of Lemma 1.7 and (b) of Lemma 1.5; since
p=T.(p)

1T, (z) = plI* = |IT(z) = T(p)II* < (T:(x) = To(p), = — p)
= L@ - T + ke ol — 1T ) - 2l).

which show that ||T}.(z) — z||> < ||z —p||? — ||T(x) — p||?, this complete the proof
of (ii). O
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Let C' be nonempty closed convex subsets of Hilbert space. Let T; : C' —
C,1=1,2,--- N be a finite family of continuous pseudocontractive mapping.
For the rest of this paper, let Tj,),, be a mapping defined as follows: for z €
H, r, €(0,00)

1
Thprpr ={2€C:(y—2,Tpz) ——(y—2z1+r,)z—2z) <0, Yy € C}

n

where T}, := Thmoan, which satisfies Lemma 1.7.

Theorem 2.2. Let Hy and Hy be two real Hilbert spaces. Let C' C Hy, K C H,
be two nonempty closed convexr sets. Let T; : C — C, fori = 1,2,--- N be
continuous pseudocontractive mappings such thatF = N F(T;) # 0,

F:F(TNTN_lTN_Q"'TQTl) 7&@ andg: {gk : KXK—>R,]{3: 1,2,3,"' ,M}
be finite family of bi-function satisfying the conditions (A1)-(A4). Let G : Hy —
H, be an n-strongly monotone and k-Lipschitzian with 0 < p < i—g’, and let
[+ Hy — Hy be a contraction with o € (0,1). Assume that 0 < v < I, where

Ti=1- \/1 — u(2n — pk?). Let A : Hy — Hy be a bounded linear operator with
its adjoint B. Let {x,} be a sequence generated by

T, € Hy

Yn = Po(x, + AB(JM — I)Ax,)

Zn = ﬁyn + (1 - 5)T’[n]rnyn

Tpi1 = Y f(20) + 0nxn + (1 — 00)I — apuG)z,, Yn €N,
where JM = T9m TP T2 T9 and 30 =1 for alln € N, § € (0,1),0 <

SM,n 520" S1,n’?
liminfd, < limsupd, < 1,{r,} € (0,4+00) with liminf, ., r, > 0, and \ €

n—oo n—oo

(2.5)

(O,W) and {sp, L, C (0,+00) with liminf, ., sk, > 0, for every k €
{1,2,3,--- , M} and
(C1) lima, =0,> 7 a, = 00,

n—~o0

(C2) lim |r,—7p41| = 0 and lim |sg,—Skpns1]| = 0 foreach k € {1,2,3,--- M},

Pc is a projection operator from Hy onto C. Suppose that Q@ = {p € F : Ap €
EP(G)} # 0. Assume ¥ n € N for any bounded set D C C' the relation
lin Sup|| T2 — Tg]| = 0 (2.6
n—zeD
holds, then x,, — p € ), where p is the unique solution of the variational inequal-
ity problem

{(vf(p) — nGp, & —p) <0, Vi € Q. (2.7)

Proof. From the choice of v and p, (uG — v f) is strongly monotone, then the

variational inequality (2.7) has a unique solution in 2. Now we show that {z,}
is bounded. Let p € Q, then

||T[n}rnyn - T[n}ran < |lyn — pll- (2.8)

By taking Ji = T¢ T5:), ---T%2 T9 , for each k € {1,2,3,---, M} and

J% =T for all n, from the nonexpansive of Tg: for each k =1,2,---, M implies
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that J* is nonexpansive, it follows that
135 Az, — Ap|| < [| Az, — Apl|.
And also, from (b) of Lemma 1.5, we have

2\Mw,, — p, B(3M — 1) Ax,) = 2M\A(x, — p), FM - I)Ax,)

173

(2.9)

= 2MA(z, —p) + (M — DAz, — (M — DAz, (FM - 1)Az,)

n

= 2M(M Az, — Ap) — (M — D) Az, (3M — 1) Az,)

n

= 2 ((3 Az, — Ap, (3M = 1) Az,) — |32 — 1) Aw, )
1 1
= 2A(GII Az, — Apl* + 5@ — DA, |

1 ~
5114z, = Ap|[* = I3 = D) A, |?)

IN

1 1, .
2 (51142, = Apl2 + 5@ — DA, I

1 ~
514z, — Apl[* = (|3} = 1) A, |?)
= M@ = DA,

We also have
1@ — DAza|* < |IBI*||(3n" — 1) Aza[”.
By using (2.8)-(2.11), and (b) of Lemma 1.5 we obtain

Iy = pII* = [|Po(zn + AB(3, — I)Aza) — pl|®
[l + AB(3," — I) Az, —pl|*

IN

n

IN

e = pl” = A1 = ABIPIEY — DA, |

lzn — pII*.

IA

Notice A € (0, HB}HQ), A(1 = \||BJ?) > 0. It follows from (2.12) that

yn — Dl < [|20 — pll,

and

Blyn — pll + (1 = B)| Tinjr, yn — |
llyn — oIl < ||z — pII.

[12n =l

IN

= pIP +IABEY — 1) Az, | + 2A(z, — p. B

(2.10)

(2.11)

11;,/[ - I)Axn>

[l = pII* + [IAB3' — D Aza|]* = |35 — 1) Az ||*

(2.12)

(2.13)
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Using (2.13), we obtain

Hanrl —pll = llanyf(2n) + dnn + (1 — 60)1 — uuG) 2z, — pl|
= ||an'7f($n) — anptG(p) + anptG(p) + 6nn — dnp + 0np
+((1 = 0u)] — anpG)z, — pl|
= |lewvf(@n) — anpuG(p) + 6pzn — dnp + (1 — 0n)I — apuG) 2y,
+anuG(p) = p + onpl|
= |lewvf(@n) — aupuG(p) + 6p2n — 6up + ((1 — 00) 1 — puG) 2y,
—((1 = 0n) = anpG)pl|
) =

< anl|vf(zn) = pG(p)|l + 0nllzn — pl|
H1= 0l = T Z554G) ) = (= 5G]
< |V f(zn) =7 f(p) +7f(p) — nG(D)[| + Onl|zn — pl|
+(1 = 0y — anT)||20 — pl|
< apyal|lz, = pll + anllvf(p) — pG(P)|] + bnllzn — Pl
+(1 = 6n = an7)|[20 — |
< apyallz, —pl| + anllvf(p) — G| + (1 — ) |[2s — pl|

17 f(p) — nG(p)l|

T — oYy

= (1= an(r —ay))llzn = pll + an(r — a7)

1vf(p) — MG(p)H}
avy '

< max{ e, pll | —

By induction, we obtain

— nG
Hence {x,} is bounded, also {y,}, {Az,}, {2,} and {1}, yn} are all bounded.
Next show that lim ||, — z,|| = 0.
From Lemma 1.3, using the method of Step 2 in Colao et al. [6], since J¥ Az,, € K
for k € {1,2,---, M}, we obtain

1
gk (3 Az, y) + ;@ — 3F Az, 3 Az, — Az,) >0, Yy € K,

and

Ik ( n+1Axn7y) + <y - 32+1Axn732+1Al‘n - A$n> Z 07 \V/y € K7

Skn+1
In particular, we have
gk (32141'71’ 3712+1A$n)
(3 Az, — 3 A, 3F Az, — Ax,) >0, (2.14)

+
Skn+1
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and

gk (324_1141'7” 32141%)

+ (37’2A$n - 3Z+1Axn,3l;’;+1Axn — Az,) >0,

Sk,n+1

Adding (2.14) and (2.15) and using the monotonicity of g for k € {1,

we obtain

~k ~k n+1 n
0 S <\jnA:L‘n - \jn_;_lena
Skn+1 Sk.n

This implies that

Az, — Ax, &IjAzcn - Axn>

175

(2.15)

2,...,M}’

N . 3k Av, — Az, 3EAx, — Az,
0 S <J2Axn - JI:H.lAmn’ +1 - >
Skn+1 Skn
= <32Axn - 3112—&-1"41‘7173];4-1141’71 - Axn - M (3214:)377, - Al‘n))
Sk.n
= <37’2A$n - 3ﬁ+1A$n737]z+1A$n
— 3 Aw, + 35 Az, — Ag,, — kot (~kA;cn A:pn>>
Skn
= <3ZA$TL - 37]2+1Axn732+1/4xn - ZA-Tn
+(1 - M) <3§Ag;n - A:z:n>>
Skn
Sknt1 ~
< [1 =21k Aw = 3 Anall (R Awall + | Azl
_HJkAxn - 3ﬁ+1AJ3nH2-
Thus
~ Sk,n — Skn+1
135 Az, — Jpyy Azn] < EE— (1135 Azp || + [| Az ).

k,n
Hence from (C2), we obtain

nhjgo”:jszxn - 3ﬁ+1AZEn|| = 0.

Set 0, 1= % = 0,7 f(xn) + (I — 0,uG)z,. Then
Tpi1 = Onn + (1 — 0,)u, and nh_)rgoﬁn =0.
Therefore
ltnir = tnll = |[0ns17f (@ns1) + (I = Ong1pG) 2nia

=00y f(2n) — (I = 0,uG) 20|
Onr (|17 f (@nin) ] + |G (2ns) 1))
FOn (|17 f (@)l + ||nG (z0)]])
+[2n+1 — 2nl|

IN

(2.16)

(2.17)

(2.18)
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and
zns1 = 2l = BlYnsr = Yall + (1 = ATt 11rn i1 Yntr = Thagr, Ynll
< BlYnsr = yall + (1= B) 1Y = Yns1l|
T80 = Tt Yol + Tty = Tl
< lYnt1 — yall + W_T—WWHT[nmyn — Ynl|
+ T 11 Yn = Tinjro Y| (2.19)
Also

11 = yull = (@01 + AB@nhy = D Azi) — (w0 + ABE, — 1) Az,)||

<

IN

IN

[|Tns1 — 20 — ABA(T 11 — 20) + AB(gﬁlA-TnH - 37]‘14A33n>’|
||xn+1 — Ty — ABA(%p 11 — )| + /\||B||||371‘L/{-1Axn+l - 37]1\,/IAIR||

1
2
(Ilzasr = al = 221 BAN[zsr — ol + X BAIP s — 22

B3, A1 — 3 Az, |

1
(1= 221BAI + 22| BAI) |21 = 2l
B3 Ay — 3 Az, |
(1= ABAID||@nsr — zall + MB35 Az s — 37 Az, |
(1= ABAID||@ns1 — zall + MB35 Az s — 3, Az, |
FAB|13M, Az — 32 Az |
(1 = ABAIDZns1 — zoll + MBI AN 201 — 2]
FAB|13M, Az — 32 Az |

n+1
|21 — zall + MB350 1 Az — 3n' A (2.20)

From (2.18), (2.19) and (2.20) we obtain

ltnsr = unll = [[2ni1 = @]l < O (17 S (@)l + [[0G (2nra)[])
([ f (@)l + WG (za)l]) + MIBI|Tni1 Az — 33" Az

|rn - TnJrl’
2 (T = Wl 4 (1T, 9|+ 1911

+| |T[n+1}rn (yn> - T[n]rn (yn> | |

this implies from (C1), (C2), (2.6) and (2.16), that

lim sup(|[tpi1 — Un|| = |71 — 24[]) <0

n—oo

from Lemma 1.10, we obtain

lim ||u,, — z,|| = 0. (2.21)
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From (2.17) and (2.21), we obtain
lim ||z41 — || = 0. (2.22)
But

Znrn = oll < lTnen — Tpanv—all + -+ [0 — @[ — 0
as n — 0o. Hence

lim ||z, 8 — 2,|| = 0. (2.23)
Also, from (2.5), we obtain
120 = 2all < [J2n1 = znll + [|2ns1 — 2l
= Hxn+1 - $nH + ’lan7f<xn) + 5nxn + ((1 - 6n)[ - anﬂG)Zn - ZnH
< Nwntr = @all + dullzn — zal| + an([|0G(za) || + [V f (@a)]])-
It follows that
1
e = 2ol < 7= (Ileass = @l | + an(llnGz)l | + [ a)))
which implies, from (2.22) that
lim ||z, — z,|| = 0. (2.24)

Next we show that lim ||J**1 Az, — J*Az,|| =0, Vk e {0,1,2,... M — 1}.

Let p € F and k € {0,1,2,..., M — 1}. Since T4/} is firmly nonexpansive, we
obtain

"3’:L+1A37n - ApH2 = HTg:Lln"KZAxn - ng::llmAp’P
< <Tgkkf11,n3ﬁAx" — Ap, 3F Az, — Ap)

1
= (T2 Az, — AplP + 1135 Ax, — AplP

Sk+1,n

|72 3hAw, = ThAwal?)

Sk+1,n
1
= (115 Az, — Ap|? + (|3 Aw, — Ap|
— (I3 Az, — J Az 2).
It follows that
130 Ay — Apl|* < [|Azy — Ap||* — |3, Ay, — Ty Az (2.25)
Also, from (2.5) and using (c¢) of Lemma 1.5, we obtain
120 = pII* = 118 — 1) + (1 = B)(Thujr,ym — P
= Ollyn —pl> + (1 - O Ty — plf?
=B = B)|Tiwjrnyn — Ynl|”
< Mlyn = I = B = B)l|Thutr Y = yll*
< ||xn _p||2 - ﬁ(l - ﬂ)“T[n]rnyn - yn||2
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this implies
B = BT, yn — ¥all* < (2w = pll + 20 = pID[l2n — 2]l
since 3(1 — ) > 0 from (2.24), we obtain
JLI&HT[TL}myn —ynl| = 0. (2.26)
Also, from (2.5), we have
[|n = ynll < llen = 2nll + [|20 = yall
< Hxn - Zn” + Hﬁyn + (1 - B)T[n]rnyn - yn“
= |lzn — 2zall + (1 = AT ijrayn — nll
from (2.24) and (2.26), we obtain
lim ||z, — yn|| = 0. (2.27)
Using the same argument of (2.12), we obtain
AL = MBI Azy — Azall < [l = plI* = ||y — plI?
< (lzn =2l + [lyn = pIDlzn — yall
since A(1 — A||B||?) > 0, it follows from (2.27) that
lim ||3" Az, — Az,|| = 0. (2.28)
Also, from (2.25), we obtain
130 A — JnAwy|* < || Az, — Apl P — |35 Az, — Ap||?
< (l|Azn — Apl| + 1327 Az — ApIDI13, " Ay — Az|
it follows from (2.28) that
lim |35 Az, — 3% Az,|| = 0. (2.29)
Since
Tl @n — znll < [Tl @n = TigraYnll + [ Tijra Yo — Yl
+lyn — all
< 2|z = Yall + [T Yn — Ynl|
then, from (2.26) and (2.27), we obtain
lim || Tir, @n — 20| = 0. (2.30)
Also, using the fact that T{;), is nonexpansive for r > 0 and each 7, we obtain
Hmn - T[n+1]rn+1xn” < Hxn - $n+l|’ + Hxn+1 - T’[nJrl}rnJrlanrlH
Tt 1)1 Tt — Tt 1)1 Tnl|
< 2@y — 2ppa|| + [T — T[n—&—l]rnﬂanrlH
from (2.22), (2.30), we have

hm Hxn - ﬂn+1]rn+1x”|’ = O
n—oo
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Also, from (2.22) and (2.30), we obtain

lim |’.§En+1 - ﬂn+1}?n+1xn‘| = 0.

n—oo

Using the nonexpansivity of 1(;), for each ¢ and r > 0 , we obtain the following
finite table

TN — Lng NyrpoyTnyn-1 — 0 as n — o0

Tons Ny nTniN-1 — Tt Nyrn o v L (it N=1)rny v 1 TngN—2 — 0 @s n — o0

T(n+N)rn+N T T(n+2)rn+2xn+1 - T(n+N)rn+N T T(n+1)rn+1xn —0asn— o0
and adding up the table yields

TnyN — T(n+N)rn+NT(n+N—l)7“n+N_1 e T(n—l—l)rn_»,_lxn — 0 asn — oc.
Using this and (2.23), we obtain

lim [z, — Lot Ny gy Lnt N=1)rp vy " Tt 1)r 1 Tal| = 0. (2.31)

Let {z,,} be a subsequence of {z,} such that
limsup((yf — pG)p, xp —p) = lim ((vf = pG)p, n,, —p)

Since {x,} is bounded, without loss of generality, we may assume that z,, — &
for some & € H,. Since the pool of mappings of T}, is finite, passing to a further

subsequence if necessary, we may further assume that, for some i € {1,2,--- , N},
T(m)rni = T(i) for all ¢ > 1.

It follows from (2.31) that

T’ni7

Prg oy Tng = 0 as 1 — oo.

Tn;, — T(i—i—N) o 'T(i—i-l)

i N

It follows from Lemma 1.7 that T{;,, foreachi € {1,2,---, N} is firmly nonex-
pansive and hence nonexpansive, then demiclosedness principle of nonexpansive
Lemma 1.9 ensures that the weak limit & of {x,,} is a fixed point point of the
mapping T{i+nyr,, n - - L(i+1)ri,,» this implies that € ﬂf\il F(T;,,) = ﬂfil F(Ty).

Moreover, note that by (A2) and given Ay € K and k € {0,1,--- , M — 1}, we
have
1

Sk+1,n

(Ay — 3F A, 35 Az, — 35 Ax) > grgr (Ay, 35 Axy,).

Thus
~k+1 ~k

(Ay — 3t Az, ) = g (Ay, 30 Az, (2:32)

Sk+1,nm
By condition (A4), gr(Ay,.), Vk is lower semicontinuous and convex, and thus
weakly lower semicontinuous. From (2.29) and condition liminf,_, . S, > 0 we

have that
I Az, — 38 Az,

— 0,
3k+1,nm
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in norm. By definition of A and the fact that x,, — z, then Az, K — Az € K

as m — oo. Now set vi ) = Az, — 5 Ag,, it follows from (2.28) that
VD) 0 for each k =1,2,-+- , M and Az, — VD — Jit1 Ax,,,. Therefore

from (2.32), we have
(2.33)

~k+1 _ ~k
Int Az, — 3y Axy,

<Ay - (Axnm - V(k+1)>>

Nm

> > gk+1(Ay7 Axy,, — VUC_H))'

n
Sk+17nm "

Therefore, letting m — oo in (2.33), we obtain
gre+1(Ay, AT) <0,

for all Ay € K and k € {0,1,2,--- ;M — 1}. Replacing Ay with
Ay, = tAy + (1 — t)Az with t € (0,1) and using (A1) and (A4), we obtain

0 = gry1(Aye, Aye) < tgrgr (Aye, Ay) + (1 — ) grg1 (Aye, AT) < tgpy1 (Aye, Ay).

Hence, gx1(tAy + (1 — t)Az, Ay) > 0, for all ¢ € (0,1) and Ay € K. Letting
t — 07 and using (A3), we conclude gyy1(Az, Ay) > 0, for all Ay € K and
k€{0,1,2,---, M — 1}. Therefore Az € N, F(T% ).

Therefore
lim; S£p<(7f —1G)p,xp —p) = lim ((vf = pG)p, n,, = p)
= ((vf = nG)p, @ —p) <0.
We finally show that x, — p as n — oco. From (2.5), we obtain
1201 = pII* = {anvf (n) + 0nn + (1 = 6)] — anptG)2n — P, Tni1 — p)

= Y {(f(zn) = f(P); i1 — ) + (v f(p) — WG (P); Tny1 — P)
+6n<xn — Dy Tn+1 —p> + <((1 - 5n)j - O‘nNG)(Zn - p)v Tp+1 — p>

< anyellz, = plll|nsr — pll + dallzn — plll|2041 — |
+(1 =6 — an7)||20 — plll[T0t1 — pl|
+an(vf(p) — pG(p), Tni1 — p)
< apyallz, = pll|[zes — pll + (1 = anT)||zn — pl|[|2nt1 — pl|
+an(vf(p) — nG(p), Tns1 — p)
= [1—an(r —ya)ll|lzn = plll|zns1 — |
+an(vf(p) — nG(p), Tnt1 — p)
< [ —an(r —na)] |z = pI* + [[#n41 — pl?

2
+an(7f(p) = nG(p), Tnt1 — p)
This implies
[1 — an(T — ya)]
[1+ o (T = ya)]
200,(7f (p) — pG(p), Tnt1 — p)
[1+ an(T — ya)] '

Hanrl _pH2 < Hxn _pH2
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Thus
200, (T — yav)
2 n 2
H +1 p” [1+Oén(7'—’)/04)] H p”
20, (v f(p) — nG(p), Tnt1 — p)
[1 4 an(T — vav)]
. 2an(T—ya) . 200 (v f(0)—pG(D)sTrnt1—p)
Let bn T [Itan(t—ya)] and Cn T [14+an(t—ya)] :

But > 77, a,, = oo and limsup,,_ . (vf(p) — uG(p), xns1 — p) <O0.
It follows that Y >, b, = oo and lim supé—z < 0.

n—oo

Applying Lemma 1.11, we conclude that x,, — p as n — oc.
O

2.1. Numerical Example. Here, we discuss the direct application of Theorem
2.2 on a typical example on a real line. Consider the following:

H=R,C=10,1/2], g(z,y) = v* + yz — 22%, Gx = 2u, szg, Ax = 3x = Bu,
1

Tix={z€C:9(zy)+ -(y—22-z) 20, Vy € C},
s

T,,:c::{zeC:(y—z,Tz)—l(y—z,(l—i-r)z—x}SO, Yy € C},
r

1 2z
9 = T — .
T3 T oy
Choose s = 1 =7, = 55,00 = 527, f(#n) = 320, 8 = 5, A = 55 € (0, 1/]| B|]?),

522777:%7/L:§77:ﬁ7
then the scheme (2.5) can be simplified as

13
Yn 40xna
13
Zn = 75 Tn,
48
11202 + 2041 13(20% — 1)
Tngp1 = — ¢

112020+ 1) " 96n2n+ 1) "

Take the initial point xy = 0.5, the numerical experiment result using MATLAB
is given in Figure 1, which shows the iteration process of the sequence {z,}
converges to 0.
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FIGURE 1. z; = 0.5, the convergence process of the sequence {x,}.
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