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ABSTRACT. In the present paper, we propose a new construction of quantum
Markov fields on arbitrary connected, infinite, locally finite graphs. The con-
struction is based on a specific tessellation on the considered graph, that allows
us to express the Markov property for the local structure of the graph. Our
main result concerns the existence and uniqueness of quantum Markov field
over such graphs.

1. INTRODUCTION

One of the basic open problem in quantum probability is to develop a theory of
quantum Markov fields, which are conventionally quantum Markov processes with
multi-dimensional index set. Here Quantum Markov fields are noncommutative
extensions of the classical Markov fields (see [4, 8, 11]). On the other hand, these
quantum fields can be considered as extensions of quantum Markov chains [1, 7]
to general graphs.

In [3, 10] the first attempts to construct quantum analogues of classical Markov
chains have been carried out. In [3] quantum Markov fields were considered over
integer lattices, unfortunately there was not given any non trivial examples of
such fields. In [5, 6], quantum Markov chains (fields) on the tree like graphs (like
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Cayley tree) have been constructed and investigated, but the proposed construc-
tion does not work for general graphs.

A main aim of the present paper is to provide a construction of new class of
quantum Markov fields on arbitrary connected, infinite, locally finite graphs. The
construction is based on a specific tessellation on the considered graphs, it allows
us to express the Markov property for the local structure of the graph. Our main
result is the existence and uniqueness of quantum Markov field over such graphs.
We note that even in the classical case, the proposed construction gives a new
ways to define Markov fields (see [12, 13]).

2. GRAPHS

Let G = (V, E) be a ( non-oriented simple ) graph, that is, L is a nonempty
set and FE is identified as a subset of an ordered pairs of V| i.e.

EC{{r,y}:z,y€ Bz #y}

Elements of V' and E are called, respectively, vertices and edges. Two vertices
x and y are said to be nearest neighbors if there exist an edge joining them (i.e.
{z,y} € F) and we denote them by = ~ y. For any vertex y € V we denote its
nearest neighbors by

Ny ={z eV :y~uz} (2.1)
Notice that x ¢ N,. The set {y}UN, is said to be interaction domain or plaquette
at y. If for every € V one has |N,| < oo then the graph is called locally finite.
An edge path or walk joining two vertices x and y is a finite sequence of edges
T =g~ Ty~ ...Tq_1 ~ g =1y. In this case d is the length of the edge path.
The graph is said to be connected if every two disjoint vertices can be joined by
an edge path. In the sequel, we assume that the graph G is infinite, connected
and locally finite. Note that in this case the set V' is automatically countable.
Now for any nonempty A C V we associate its following parts

e complement:

A=V \A
e boundary:
ON:={xeAN:TFyecA% z~y}
® interior:
A=A\ 9A
o cxternal boundary:
IN:={yeA°: FweA z~uy}
e closure: B
A:=AUOA.
By F we denote the net of all finite subsets of V, i.e.
F={ACV:|V|< oo}, (2.2)

where | - | denotes the cardinality of a set.
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3. TESSELLATIONS ON GRAPHS

In this section we propose a tessellation on the considered graphs, which will
play a key role in the construction. Therefore, the resulting quantum Markov
field will depend also on the tessellation.

Fix a “root” y; € V and define by induction the following sets

Vo,l = {?/1}

Having defined V; ,,, put

Vo = U {y}UN,) and Vit = Vo, UdV,.

erO,n

Define the following set of vertices: Vi :=J,,»; Von-

From now on, elements of V; will be called vertices, any other element of
V' belongs to some plaquette at a certain element of V4. Notice that in this
construction, for every n, the inner boundary 9V, of each V,, contains no vertex:

oV, NVy = 0.
Since |V| = 400 and, by assumption, V' is connected, one has
V1] 2> [Vl +1 > |[Va| + 2, Vot = Vol +1
It follows that, if A is any finite set, there exists N € N such that
ACVy

Therefore {V,} is an exhaustive sequence of finite subsets recovering the all the
vertices set V.
One can check that

Vo= {m}u oV, (3.1)
n>1
and
V= U {y} UN,.
yeW
Remark 3.1. (i) For each x € V' \ V4, there exists at least one y € V{ such

that x belongs to the plaquette at y.

(ii) Each y € V{ belongs to its plaquette (i.e. the plaquette {y} U N,) but no
other one with center in V4.

The set Vp given by (3.1) (or equivalently the family {V,; n=1,2,---})is
called tessellation on the graph G.
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4. QUANTUM MARKOV FIELDS

In this section we propose a definition for backward Markov fields, for the same
graph G = (V, E) with the given tessellation {V;,,: n=1,2---}.
The map
r eV — H, “ state space on x ”

defines a bundle on V' whose fiber is a finite dimensional Hilbert space H,. Denote
A, :=B(H,),z € V. Define for any finite subset A C V' the algebra

.AA = ® ./435

€A
then one get on a canonical way, the quasi-local algebra

AV = ®Ax

zeV
defined as the closure of the local algebra
AV,loc = U AAa
AeF

where F is given by (2.2).

Analogously, one can define for any subset A’ C V, the algebra Ay := @), o/ Asz-
Notice that for A C A’ C V one can see A, as C*-subalgebra of A,/ through the
following embedding

Ay = Ay ® ][A’\A C Ay

Definition 4.1. Consider a triplet C' C B C A of unital C*-algebras. Recall [2]
that a quasi-conditional expectation with respect to the given triplet is a com-
pletely positive (CP), unital linear map £ : A — B such that £(ca) = ¢£(a), for
allae A, ce C.

We give the definition of general of backward quantum Markov field, which is
independent of the tessellation.

Definition 4.2. A state ¢ on Ay is said to be backward quantum Markov field
if for any sequence {A,}°°, of finite subsets of V satisfying A,, C A, 1, there
exists a pair (Yay, { Ea, Ani foro)) With @a, is a state on Ay, and Ex, a,,, is
a quasi-conditional expectation with respect to the triplet A, C Az C Ax
such that

n+1

p = lm o, 0 Eygn, 000 By nss (4.1)
where the limit is taken in the weak-*-topology.

Remark 4.3. In Definition 4.2, the condition A,, C A, for every n € N implies
that A, TV and the limit state obtained by the right side of the equation (4.1)
is defined on the full algebra Ay,

If ¢ is a backward quantum Markov field in the sense of Definition 4.2, then it
satisfies Definition 4.2 of [5] for any increasing sequence {A,,}22, of ﬁnlte subsets
of V such that A,, = A1, to get such a sequence of subsets, we consider Ay € F,
and for € n > 1 put

A, =A,_
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Clearly one has A, C A, and A, T V.

Now we introduce a class of backward quantum Markov field that depends on
the tessellation {Vp,,, n=1,2,---}

Definition 4.4. A state ¢ on Ay is said to be backward quantum Markov field
with respect to the tessellation {Vy,, n=1,2,---}, (‘or Vy-backward quantum
Markov field) if for any sequence {A,,}5°, of finite subsets satisfying

Ap CApi1, IANVy=10 (4.2)

there exists a pair (Qag, {EAa, Any oo )) With @a, is a state on Ax, and Ej, A
is a quasi-conditional expectation with respect to the triplet Ay, C Az C Ax
such that

n+1

n+1

@ = lim @p, 0 Epgny 00 By
n—oo
where the limit is taken in the weak-*-topology.

Now we fix the following product state

o= Q)¢

zeV

on the algebra Ay, where ¢? is a state on A, for every € V. Denote for A C V|

PR =),

TEA

which is the restriction of the state oY to Ax.
We aim to construct a quantum Markov field on the algebra Ay through a
perturbation of the product state Y.

5. CONSTRUCTION OF CONDITIONAL DENSITY AMPLITUDES

It is well known from [2] that quasi-conditional expectations are more conve-
nient than Umegaki conditional expectations (see Definition 5.1) to express the
non-commutative Markov property, therefore we will perturb ¢-conditional ex-
pectations (see [2]) to get quasi-conditional expectations using a commuting set
of operators with the considered tessellation.

For any ordered pair y € V5 and o € Ny, let be given an operator

Kay) € Afay)
such that it is invertible and the C*-subalgebra

*

K= {IN(z‘zﬁy} , Koy © y € Vo, v € N} (5.1)

is commutative.

Definition 5.1. A Umegaki conditional expectation is a norm one projection from
a C™-algebra onto one of its C*-subalgebra .
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Definition 5.2. Let A, Ay be two C*-algebras with units respectively I; and I
and let A = A1 ® A,. An element K € A is called a conditional density amplitude
with respect to a state ¢ on I} ® Ay if
E¥(K*K) = I,
where E¥ is the Umegaki conditional expectation from A onto A; ® I, defined
by linear extension of
E?(a1 ® as) = ¢(I; ® az)ar @ Is.
We also call K is a conditional density amplitude for the ¢-conditional expecta-

tion E¥.

For each z € V' by E?m}c we denote the Umegaki conditional expectation from
the algebra A onto the algebra Ay, defined on localized elements a = &), .\, a. =
Ay @ agzye by

E?w}c (CLI &® a{x}c) = gpg(ax)a{x}c.

One can prove the following

Lemma 5.3. For every pair of vertices (z,y) € V?

[]Eow}c, E?y}c] - O
Lemma 5.4. For any A € F

0 ._ 0
Efe = [ ] By
TEA
is well defined, moreover it is a Umegaki conditional expectation from Ay onto
Ape and one has for ay € Ap, ape € Ape
Ele(ay ® ape) = ¢ (ap)ane. (5.2)

Remark 5.5. The map EQ. can be defined, through the equation (5.2), for an
arbitrary part (not necessarily finite) A of V' and it is still Umegaki conditional
expectation from Ay onto Ajxe

Proposition 5.6. Let y € Vg, the operator
2

._ O 2%
BNy — E{y}c H K{%y} 6 ANU

TENy

18 1nvertible.

. 2
Proof. Consider By,un, = ‘erNy K{x’y}‘ € Agyun, and denote its spectrum
by o(Bgyyun,), which is a closed subset of the complex field, while the operator

Byyiun, is positive definite then sigma(Byeupn, €]0, ||k{y}uNy||]- Now the spec-
trum o (Byyun,) is closed and does not contain zero then there is € > 0 such that
o(Bypun,) € e, | B], therefore

Byyon, = el
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Using the positivity and identity preservation of the map Umegaki-conditional
expectation E?y}c, one gets E?y}c(B) > ¢1, which means B N, = E?y}c is invertiblg

In the sequel, we assume that for every y € Vj the operator By, belongs to the
commutant X' of the algebra K defined by (5.1) in the full algebra Ay, note that

under this condition the the operators Bﬁf;l/ 2 belongs also to K.

Lemma 5.7. The operator

— % —1/2
Kyyon, = H Koy BNy

TENy
8 a gpf{)y}-conditional density amplitude in the algebra Agyon, -

Proof. Using the commutativity of the algebra IC we get

E?y}c (Kfy}UNy K{y}UNy>

*

-1/2 * > —1/2
= Efy | Ba | I Kew IT Kew | By

TENy yENy

—1/2yx [k > —-1/2
— (BNy/ ) E{Oy}c H K{%y}K{%y} BNy/
TENy
= 1

Now, for each A € F, we define
50/\ = U Ny.
yeOANV,

By construction the family
{Kfy}uNy ) K{y}uNy AN TES V}
is commutative, therefore the following operator is well defined
Kyog,a = H Kyyon, € Ayugn © Ax forevery A€ F. (5.3)
yeEANVy
Remark 5.8. 1. In general, it is possible that AAU%A is a proper sub-algebra

of Az. Since, by the construction of the tessellation, the set A U oA
cannot contain elements of Vj.
2. If ANVy =0, we convent that K 5, = T.

Theorem 5.9. For any A € F, the operator K, 5 \ defined by (5.5) is a condi-
tional density amplitude for the Umegaki conditional expectation E?mv o
0)
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Proof. By construction the family { K¢,yun, , K;:y}uNy :y € ANVy} is commutative,

then one can write
K;:uaoAKAugoA - H KEU}UNyK{y}UNy

yeANVy

and using the following property of the tessellation for disjoint elements y and z
of Vi the plaquette at y does not contain z , we conclude that Ky, is localized

in {z}¢. Then, by Lemma 5.4, one gets
E({]Z}C<Kfy}UNyK{y}UNy) - Kj[ky}UNyK{y}UNy

then after a small iteration, we obtain

0 * 3
Etanveye <KAU80A AuaoA> = I Efye(Gon, Kupom,).

yeANV

By Lemma 5.7, one has E?y}c(Kj[ky}uNyK{y}UNy) = 1, hence we get

E(Amvo) <K/*\Ua AKAU50A> =1

The following auxiliary results can be easily proved.

Lemma 5.10. For every Ay C Ay CV, one has
EY, o E}, = E},
Lemma 5.11. For finite subsets of A, A’ of V with AN A = (), one has

K (AUANUS(AUNY) — K AuaJAK AUy A
Theorem 5.12. For Ay € Ay C A, one has
(i) Forz € Von(A\ Ap)
By (B ugn oK auin) = Kl oo ion @o K (=n o =
for every ap, € Ap,;
(i)
E?A\I\o)mvo (KZU(?OA@AOKAU(%A) KZ udy (A )aAoK/_\ougo([xo)

for every ap, € Ap,;

(5.4)

(5.5)

Proof. (i) For a general Ay, if z € (A\ Ag) NVp, N, can intersect dAg, but not Ay.
Therefore, K.;un, and ay, are localized on disjoint parts then they commute,
and while the family {Kyun,, K (U N, Y E ANVy} is commutative. It follows

from (5.4) that
By (B 2000 K pugin)
- E{Z}C H Kfy}UNyaAo H K{y}UNy)

yeANVy yeANVy

— 0 * * .
= E{z}c <(K{z}uNzK{y}UNy) X (K(A\{z})U5O(A\{z})aA0K(A\{Z})Uao(/\\{z}))>

. 0 * * .
= E{z}c (K{z}UNzK{y}UNy) K(A\{z})u50(A\{z})aA0K(A\{z})uao(A\{z})
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and by Lemma 5.7 one has ]E({)Z}c (Kfz}uzvz K{y}UNy) = 1. Hence, we get

Et.y(K;

_ *
g aho K auga) = K K

(A\{=PUd(A\{z}) Hho > (A\ L2 Hudo(A\{=})
(ii) Iterating the procedure of (5.5) to cover all z € (A '\ Ag) N V; one finds

0 * _ 0 *
Eiavao)nvo <KAu50AaAOKAU50A) = T E.- (KAugoAaAOKAugoA)
2€(A\Ao)NVy
Kzoua*o(/’\o)aAoK[\oua“o([\o)-
O

Remark 5.13. Keeping the notations of Theorem 5.12 if 5A0 NVy = () then using
the same argument one gets

0 *
IE:A\/\o <KAU50AaA0

JR— * -
KAU&gA) — P AoUdoAg QAo KA0U30A0

for every ag € Ap,.

6. MAIN RESULT

In this section, we prove a main result of the paper. First we need an auxiliary
result.

Proposition 6.1. Let Ay, Ay € F with Ay C Ay. Define

_ 10 * R B
Eninsla) = ]E(A2\]\l)c <K(A2\A1)u50(/\2\2\1)aK(Az\Al)uao(Az\Al)) (6.1)
for a € Ay. Then E\, p, is a quasi-conditional expectation with respect to the
following triplet Ax, € Az, C An,.

Proof. The map FEj, a, is clearly linear and valued in Aj,. Unitality: using

commutativity of the family {E(.yc : z € (A2 \ A)NVj} (by Lemma 5.3), one can
write
0 0 0
Etaavane = Eanionvge © Eiaaannvee (6.2)
and using Theorem 5.9 for A = Ay \ A, we obtain
0
E(aa\an)nvoye (
then using (6.2) one finds

K*

<A2\A1>u50<A2\A1>K(Az\mwomz\m) =1

0 * _ o0 _
E(Az\fh)c (K(AQ\Al)Ugo(AQ\Al)K(A2\A1)U50(A2\A1)> - ]E((Az\/il)ﬂvoc)c(][) =1

hence,
EAl,A2<I) =1
. Complete positivity: One can check that for any y € V;; the map

a = Byye(a) = Egy(Kfyon,ak gion,)
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is completely positive. Now using the commutativity of the operators Ky,un,,y €
Vb one gets

0
EAI,AZ = E(Ag\j\l)ﬂVO °© H E{y}c
yE(AQ\/—\l)ﬁVU

then Ej, A, is the composition of completely positive maps, so it is completely
positive.
Let a € Ap,,c € Aa,, while K* W (A\A) © Aiss\a,) then it commutes

(A2\A1)
with ¢, then using the fact that
E(()AQ\Al)C (Cd) = C]E’?AQ\A1)C (d)
for every d € A, one gets

K

_ 0 *
Enns(ca) = Bz, (K(Ag\Al)ué‘o(Ag\fxl)ca (Az\fn)uéo(Az\fn)>

_ 0 * - _
o E(A2\Z\1)C (CK(AQ\Al)uéo(Ag\Al)aK(AQ\Al)uaO(AQ\Al))

alk (A2\A1)u50(A2\A1)>

_ 0o *
- CE(AQ\Al)C (K(AQ\I_\l)Ugo(AQ\Al)
= CEALAQ ((I)

Hence, F, a, is a quasi-conditional expectation with respect to the given triplet.
O

Now we pass to our main result.

Theorem 6.2. For each A € F define the state op on A by

*

Pa(a) = 900( AugoAaKAuéoA)'

Then the net {Patacr converges in the weak-*-topology, moreover the limiting
state ¢ is a backward Markov field on Ay with respect to the tessellation V.

Proof. First we prove the existence of the limit. Due to the density argument, it
is sufficient to establish the existence of the limit in the local algebra Ay ..

Let a € Ay then a € Ay, for some Ay € F. For A € F with Ay C A, we
have

= 0 * 0 *
pala) = ¢ <KAu50AaKAu5oA> = ¢ o Bz (KAuﬁoAaKAu50A>
and by Theorem 5.12 one gets
IE(A\]\O)C (KZUgoAaKAU50A> - K/f\ougoﬂoaKAOUéolio’
SO
pala) = SDO(K;\OU%AOGKAOU@“OAO) = Pa,(a).

As A — V| we find that Ag € A up to some order, hence the net {@g(a)}rcr.a,ca
is stationary. This means that

lm L Ba(a) = o5, (a) = p(a).
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Therefore the limit exist on the local algebra, and yet it exists on the full algebra
Ay

Now we establish that the state ¢ is a quantum Markov field.

Let {A,, | n € N},en be a family of subset of F satisfying

AngAn—f—ly 5Anm%:®
Let Ea, A,+1 be given by (6.1). Then, for a € Ay, we have
S/EA’VL o EAnyAn+1 (a')

*
(KA U An EAn»An+1(a)KAnu5oAn>

(KZ UBoAr E(An+1\1'\n)“ (K(*A”H\f\ YUBo (Ans1\An )aK(AnH\Z\n)uﬁo(Anﬂ\f\n)) KAnu5oAn>
Since K, 5.4, € Az, € A, \Ane and IE A is a Umegaki conditional

expectation from Ay onto A, ,\4,) then one ﬁnds

(’IBATL o EAn,An+1 (a')

*

= O"Eln, i\ A)e (KZ LA, K(Am\An>u50(Anﬂ\A")GK(An+1\An>u50<An+1\An>KAnu50An)
and by the assumption (4.2) one has
N, NVy =10
then A, NV, = A, N Vj and
Ky oin, = 11 Kwov, = 11 Ewon, = Kx o,
yeA,NV yEANVp

From Lemma 5.4 it follows that

AnrUdoAner = BRI\ A ) U0 (A1 \B)
then we obtain

*

~ _ 0. 0
PA, © EAn7An+1 (CL) =¥ ]E(An-‘rl\]\n)c(KAn+1U50An+1aKAn+1U50A”+1)
Hence, by construction one gets
0 0
Pv =@v o Bn, K

SO

&An © EAn,An+1 ((l) = SD(\)/(K;:”JAU&'OA"JFIaKAn+1U50An+1) = &An+1 (CL) (63)

Now iterating the equation (6.3), we obtain
&n = ()5A0 o EAO,Al ©---0 EAnthn'
Therefore
(Y2hve thgOAO OEAO,A1 OEAn 1,An>s

where pa, = Pao [ 4y, - O
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The provided construction allows us to produce a lot of interesting examples
of quantum Markov fields on arbitrary connected, infinite, locally finite graphs.
Note that the construction is based on a specific tessellation on the considered
graph, it allows us to express the Markov property for the local structure of the
graph. We note that even in the classical case, the proposed construction gives
other ways to define Markov fields different to the existing ones (see [12]). This
construction opens new perspectives in the theory of phase transitions in the
scheme of quantum Markov fields (comp. [9]).
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