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ABSTRACT. This paper presents a systematic study for trigonometric polyno-
mials over homogeneous spaces of compact groups. Let H be a closed subgroup

of a compact group G. Using the abstract notion of dual space Cj/?l , we in-
troduce the space of trigonometric polynomials Trig(G/H) over the compact
homogeneous space G/H. As an application for harmonic analysis of trigono-
metric polynomials, we prove that the abstract dual space of any homogeneous
space of compact groups separates points of the homogeneous space in some
sense.

1. INTRODUCTION

The abstract aspects of harmonic analysis over homogeneous spaces of compact
non-Abelian groups or precisely left coset (resp. right coset) spaces of non-normal
subgroups of compact non-Abelian groups is placed as building blocks for coherent
states analysis [7, 10], theoretical and particle physics [1]. Over the last decades,
abstract and computational aspects of Plancherel formulas over symmetric spaces
have achieved significant popularity in geometric analysis, mathematical physics
and scientific computing (computational engineering), see [2, 3, 4, 8, 9, 11, 14]
and references therein.

Let G be a compact group, H be a closed subgroup of GG. Then, the left coset
space G/ H is considered as a compact homogeneous space, which G acts on it via
the left action. The current paper is organized as follows. Section 2 is devoted
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to fixing notations and a brief summary on analytic and abstract aspects of
trigonometric polynomials over compact groups and classical results on harmonic
analysis of compact homogeneous spaces. Next we present abstract harmonic
analysis of function spaces over homogeneous/slgces of compact groups. We then

introduce the abstract notion of dual space G/H and the space of trigonometric
polynomials Trig(G//H) over the compact homogeneous space G/H. Using the

abstract notion of dual space G/H, we present a systematic study for the space
of trigonometric polynomials Trig(G/H) over the compact homogeneous space
G/H. Then, as a consequence of analytic aspects of trigonometric polynomials
over homogeneous spaces, we prove that dual space of any homogeneous space of
compact groups separates points of the homogeneous space G/H in some sense.

2. PRELIMINARIES AND NOTATIONS

Let G be a compact group with the probability Haar measure dx. Each irre-
ducible representation of G is finite dimensional and every unitary representation
of G is a direct sum of irreducible representations, see [1, 5]. The set of all unitary
equivalence classesA of irreducible unitary representations of G is denoted by G.
This definition of G is in essential agreement with the classical definition, when G
is Abelian, since each character of an Abelian group is a one dimensional repre-
sentation of G. If 7 is any unitary representation of G, for u, v € H, the functions
Tuw(z) = (m(x)u,v) are called matrix elements of 7. If {e;} is an orthonormal
basis for Hy, then m;; means 7, ;. The notation Trig,(G) is used for the linear
span of the matrix elements of 7 and the notation Trig(G) is used for the linear
span of U[W] ¢ Trig, (G). The Peter-Weyl Theorem (see [1, 5, 6]) guarantees that,
Trig(G) is uniformly dense in C(G), and ||. || 1»(¢)-dense in LP(G).

Let H be a closed subgroup of the compact group G with the probability Haar
measure dh. The left coset space G/H is considered as a compact homogeneous
space that G acts on it from the left and ¢ : G — G/H given by = +— q(x) := 2 H
is the surjective canonical mapping. The function space C(G/H) consists of all
functions Ty (f), where f € C(G) and

Ty (f) (2H) = /H f(xh)dh, (2.1)

This equivalently means that the linear map Ty : C(G) — C(G/H) is a surjective
bounded linear operator. Let p be a Radon measure on G/H and = € G. The
translation p, of u is defined by p.(E) = u(xE), for Borel subsets E of G/H.
The measure p is called G-invariant if p, = p, for x € G. If G is compact, the
homogeneous space G/H has a normalized G-invariant measure p, satisfying the
Weil’s formula

/G [ Tal)aH)du(oH) = / fx)dz,  feING). (2.2)

It is well-known that || T ()|l 1 ap < | fllee), see [1, 5, 13].
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3. ABSTRACT HARMONIC ANALYSIS OVER HOMOGENEOUS SPACES OF
CoMmrAacT GROUPS

Throughout this paper we assume that G is a compact group with the proba-
bility Haar measure dz, H is a closed subgroup of G with the probability Haar
measure dh, and p is the normalized G-invariant measure on the compact homo-
geneous space G/ H satisfying (2.2).

The following proposition shows that the linear map 7%y : C(G) — C(G/H) is
uniformly continuous.

Proposition 3.1. Let H be a closed subgroup of a compact group G. The linear
map Ty : C(G) — C(G/H) is uniformly continuous.

Proof. Let f € C(G) and x € G. Then we have
[ staman| < [ 1ganian < o ([ at) = 15l

1T (f)sup = supHITH(f)(xH)I < 1 llsup-

zHeG/

T (f)(xH)| =

which implies

For a function ¢ : G/H — C, define the function ¢, : G — C by

Ug(x) =t o q(z) = p(zH),
for all tH € G/H.
Then we can present the following results.

Corollary 3.2. Let H be a closed subgroup of a compact group G and i €
C(G/H). Then

(1) ¢, € C(G) and Ty (v,) = 1.

(2) [[¥llsup = [1¥g]lsup-

Proof. Let ¢ € C(G/H). (1) It is easy to see that ¢, € C(G). Let x € G. Then
we can write

Tu(w)wH) = [ dyfamyin = [ wannan = [ vlaman = o),

(2) Also, we can write

[$llsup = sup [(zH)| = sup [y (xH)| = sup |1hy(x)] = [l sup-
tHeG/H ze@ zeG

O

Next theorem proves that the linear map T is norm-decreasing in other LP-
spaces, when p > 1.

Theorem 3.3. Let H be a closed subgroup of a compact group G, p be the normal-
ized G-invariant measure on G/H associated to the Weil’s formula, and p > 1.
The linear map Ty : C(G) — C(G/H) has a unique extension to a bounded linear
map from LP(G) onto LP(G/H, ).
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Proof. We shall show that, each f € C(G) satisfies
1T (Ol < 1 fllzr@)- (3.1)

Using compactness of H, and the Weil’s formula, we can write

VT (Pt = / T (F)(wH)Pdpa(H)

/G B / F(ah)dh
<[ (] an)ian)” dute)
/G B / | F(xh)Pdhdp(x )

-/ B [ 1ahydndte)
= Ty(|fIP)(xH)du(zH) = x)[Pdr = D)
/G/H ()@ dpte) = [ |f@)Pde = 11,

which implies (3.1). Thus, we can extend Ty to a bounded linear operator from
LP(G) onto LP(G/H, i), which still will be denoted by T}. O

du(l’H )

As an immediate consequence of Theorem 3.3 we deduce the following corollary.

Corollary 3.4. Let H be a closed subgroup of a compact group G, p be the
normalized G-invariant measure on G/H associated to the Weil’s formula, and
p>1. Let o € LP(G/H, u) and ¢, == poq. Then p, € LP(G) with

1@allzriey = ll@llLoiarmm- (3.2)

Proof. Indeed, using the Weil’s formula, we can write

il = [ ledelPda

- [ ey wmnanterm = [ ([ eanian) auten

and since H is compact and dh is a probability measure, we get

|pq(xh)[Pdh | dp(xH) = [p(ahH)|Pdh | dp(xH)

[ ([ esanran) astor = [ (f )
-L. ([ teterpan) antett
-/ pEC ([ an) dutorn

_ / @) = 1010 1
G/H

which implies (3.2). O
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Let J*(G,H) :={f € L*(G) : Tg(f) = 0} and J?(G, H)* be the orthogonal
complement of the closed subspace J%(G, H) in L*(G).

Proposition 3.5. Let H be a closed subgroup of a compact group G and p be the
normalized G-invariant measure on G /H associated to the Weil’s formula. Then
Ty : L*(G) — L*(G/H, ) is a partial isometric linear map.

Proof. Let ¢ € L*(G/H,p). Then, we claim that Tj(p) = ¢, and hence
TuT(p) = ¢. Indeed, using the Weil’s formula, we can write

(TH(p), frrze = (o, Tu(f)) L2y

- /G PTG

- /G DT (P

_ / Ty(py T)(aH)du(cH) = / a0 F @)z = (90, 120,
G/H G

for all f € L*(G), which implies that T};(¢) = ¢,. Now a straightforward calcu-
lation shows that Ty = TyT};Ty. Then, by Theorem 2.3.3 of [12], T} is a partial
isometric operator. Il

The following corollaries are straightforward consequences of Proposition 3.5.

Corollary 3.6. Let H be a closed subgroup of a compact group G. Let P m)
and Pg2q myr be the orthogonal projections onto the closed subspaces J*(G, H)
and J*(G, H)* respectively. Then, for each f € L*(G) and a.e. x € G, we have

(1) Przgm ()(@) = Tu(f)(xH).
(2) Prem(f)(x) = f(z) = Tu(f)(zH).

Corollary 3.7. Let H be a compact subgroup of a locally compact group G and
be the normalized G-invariant measure on G/H associated to the Weil’s formula.
Then

(1) TG HY: = iy = boq: b € X(G/H, ).
(2) For f € J*(G,H)* and h € H, we have R,f = f.
(3) For f,g € TG, H)*, we have (Tu(f), Tu(9))r2c/mm = {f 9)r2(c)-

Remark 3.8. Invoking Corollary 3.7, one can regard the Hilbert space L?(G/H, 1)
as a closed subspace of L?(G), that is the closed subspace consists of all f € L*(G)
which satisfies R, f = f, for all h € H. Then Theorem 3.3 and Proposition 3.5
guarantee that the linear map

Ty : L*(G) — L*(G/H,pn) C L*(G)

is an orthogonal projection onto L*(G/H, ).
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4. TRIGONOMETRIC POLYNOMIALS OVER HOMOGENEOUS SPACES OF
CoMmrAacT GROUPS

In this section we shall introduce the abstract notion of trigonometric polynomi-
als over homogeneous spaces of compact groups. We then study basic properties
of trigonometric polynomials.

For a closed subgroup H of GG, define

H*+ ::{[W]G@:W(h):[ forallhEH}, (4.1)

If G is Abelian, each closed subgroup H of G is normal and the locally compact

group G/H is Abelian, then the character group G/H is the set of all characters
(one dimensional irreducible representations) of G which are constant on H, that
is precisely H+. If G is a non-Abelian group and H is a closed normal subgroup

of G, then the dual space G/H which is the set of all unitary equivalence classes
of unitary representations of G/H, has meaning and it is well-defined. Indeed,

G/H is a non-Abelian group. In this case, the map ® : 67/7{ — H* defined by
o — ®(0) := 0 oq is a Borel isomorphism and G/H = H*, see [1, 5]. Thus, if H
is normal, H+ coincides with the classic definitions of the dual space either when
G is Abelian or non-Abelian.

Definition 4.1. Let H be a closed subgroup of a compact group G and 2 C G.
The homogeneous space G/H satisfies the Q-separation property, if m(z) = I,
for all [r] € Q imply x € H. In this case, we say that ) separates points of G/H,
at times. It is evident to check that, 2 separates points of G/H if and only if for
any vH # yH one can find [7] € Q such that m(x) # 7(y).

The following theorem shows that the homogeneous space G/H does not satisfy
the H~+-separation property, if H is not normal in G.

Theorem 4.2. Let H be a closed subgroup of a compact group G. Then, H*
separates points of G/H if and only if H is normal.

Proof. Let H be a normal subgroup of G. Then, G/H is a compact group.
Thus, Gelfand-Raikove Theorem guarantees that the dual space of G/H, which
is precisely H, separates points of G/H. Conversely, assume that H' separates
points of G/H. Let x € G and h € H. Then we have

m(x the) = n(2 Dr(h)r(z) = n(2)* n(h)n(x) = m(z)*7(z) = I,

for all [7] € Ht. Then, the H*-separation property of G/H implies x~‘hx € H.
Since z € GG and h € H are arbitrary, we obtain that H is normal in G. OJ

Remark 4.3. Theorem 4.2 guarantees that H+ is not the appropriate candidate
to be considered as the dual space of the homogeneous space G/H, when H is
not a normal subgroup of G. In fact, H+ is not large enough with respect to the
left coset space G/H, if H is a given closed subgroup of G unless H be normal
in G.
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For a closed subgroup H of G and a continuous unitary representation (7, H,)

of GG, define
Th = / m(h)dh, (4.2)
H

where the operator valued integral (4.2) is considered in the weak sense.
In other words,

(TEC,€) = / (r(h)C,€)dh, for (€ € M, (4.3)

H

The function h +— (m(h)(,§) is bounded and continuous on H. Since H is com-
pact, the right integral is the ordinary integral of a function in L'(H). Hence,
T is a bounded linear operator on H, with | TF| < 1.

Remark 4.4. Let (m, H,) be a continuous unitary representation of G with 77 # 0.
Let (0, H,) be a continuous unitary representation of G' such that [r] = [o]. Let
S : H. — H, be the unitary operator which satisfies o(z)S = Sw(z) for all
x € G. Then we have

STT = S (/Hn(h)dh) = /HSw(h)dh
= /Ha(h)Sdh = (/H a(h)dh) S =T5S,

which implies that 7% # 0 as well. Thus we deduce that the non-zero property
of T}, depends only on [7], that is the unitary equivalence class of (7w, H,).

Let
KE.={(eH, m(h)(=(VYhe H}. (4.4)
Then, K is a closed subspace of H, and R(T%) = KX, where
R(T]) = {Th¢ ¢ € My},
It is easy to see that [7] € H if and only if K = H,.

Proposition 4.5. The linear operator T}, is an orthogonal projection.

Proof. Using compactness of H, it can be easily checked that (77)* = TF. As
well as, we can write

T = ( /H ﬂ(h)dh) ( /H w(t)dt)
:/Hw(h) (/}qw(t)dt) dh
- /H ( /H w(h)w(t)dt) dh
- /H ( /H ﬂ(ht)dt) dh = /H Tpdt = T,

Invoking Remark 4.3, we can suggest the following dual space for G/H.
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Definition 4.6. Let H be a closed subgroup o£ a compact group G. Then, we
define the dual space of G/H, as the subset of G which is given by

G/H = {m G TF # o} - {m ek / 7(h)dh # 0}. (4.5)
H
Evidently, any closed subgroup H of G satisfies

H' C G/H. (4.6)
Let (m,H,) be a continuous unitary representation of G such that 77 # 0.
Then, the functions Wgs : G/H — C defined by
ml(zH) == (n(2)Tf¢, &) for aH € G/H, (4.7)
for £, ¢ € H, are called H-matrix elements of (7, H,).
For xH € G/H and (,¢ € H,, we have
[mie(@H)| = [{m(2)T7C, €)]
< () TG - 1€
< T el < el el

Also, we can write

ie(wH) = (n(2)THC,€) = Trgce(@). (4.8)

Invoking definition of the linear map 7 and 77, we have

Ty(mee)(xH) :/chvg(xh)dh
- [ twtaic.an
- [ @i, an
~ (n(o) ([ 70n) .6 = (r()T76.8)

which implies
TH(WC{) == ng. (49)
The linear span of the H-matrix elements of a continuous unitary representa-
tion (m, H,) satisfying 77 # 0, is denoted by Trig, (G/H) which is a subspace of
C(G/H).

Next proposition lists basic properties of H-matrix elements.

Proposition 4.7. Let H be a closed subgroup of a compact group G, u be the
normalized G-invariant measure on G/H associated to the Weil’s formula, and
(m,Hz) be a continuous unitary representation of G. Then,

(1) T% = 0 if and only if Trig, (G) C J*(G,H).

(2) If T # 0 then Ty(Trig, (G)) = Trig,(G/H).
(3) Trig, (G) € JXG, H)* if and only if #(h) = I for all h € H.
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Proof. Let (7, H,) be a continuous unitary representation of G. (1) Let T7 = 0
and (,& € H,. Then, it is straightforward to see that Ty (7mc¢) = 0 and hence
we deduce that Trig, (G) C J*(G, H). Conversely, let Trig, (G) C J?*(G, H) and
also (, & € H,. Then we have

(T5C,£) = <( / w(h)dh) ¢.¢)
= [ =t pan

=mewhﬂwmdm=a

which implies that 77 = 0.

(2) Let T, # 0. Then, it is easy to check that Ty (Trig, (G)) C Trig, (G/H).
Now let (,& € H, and ¢ := ng = Ty(mee) be a H-matrix element. Then, we
have ¢, = 7 ¢, where (' = T (. Hence, we get ¢, € Trig_(G). Since Ty (¢,) = ¢
we deduce that Trig, (G/H) C Ty (Trig,(G)). Therefore, we get

Ty(Trig, (G)) = Trig, (G/H).
(3) Let w(h) = I for all h € H. Also, let (,£ € H, and f := m ¢ be a matrix
element. Then, for h € H, we have
Ry f(z) = f(zh)

= mee(wh)

= (m(z)m(h)¢, €)

= (1(2)¢, &) = f(2).
Thus, using Corollary 3.7, we deduce that f = 7. ¢ € J*(G, H)*. Since Trig,(GQ)
is the linear subspace spanned by matrix elements, we get that Trig (G) C
JXG,H)*t.  Conversely, let Trig (G) € J?*(G,H)*. Also, let h € H and

¢,¢ € Hy. Then, f = mce € Trig,(G). Thus, we have f € J*G,H)*. In-
voking Corollary 3.7, we get Ry, f = f. Hence, we have (w(h)(, &) = (¢, ). Since

(,& € H, was arbitrary, we have w(h) = I. ]
We then define
Trig(G/H) := the linear span of U Trig, (G/H). (4.10)
(rleG/H

Functions in Trig(G/H) are called trigonometric polynomials over G/H.
The following result shows that 7 maps Trig(G) onto Trig(G/H).

Proposition 4.8. The linear operator Ty maps Trig(G) onto Trig(G/H).

Proof. Invoking definitions of Trig(G) and Trig(G/H), using Proposition 4.7 we
deduce that the linear operator Ty maps Trig(G) onto Trig(G/H). O

The following theorem presents basic properties of trigonometric polynomials.
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Theorem 4.9. Let H be a closed subgroup of a compact group G, p be the nor-
malized G-invariant measure and (m,H,) be a continuous unitary representation

of G such that T, # 0. Then

(1) The subspace Trig, (G/H) depends on the unitary equivalence class of .
(2) The subspace Trig, (G/H) is a closed left invariant subspace of L* (G /H, ).

Proof. (1) Let (0, H,) be a continuous unitary representation of G such that [r] =
[0]. Let S : H, — H, be the unitary operator which satisfies o(x)S = Sm(x) for
all x € G. Remark 4.4 guarantees that STf; = T7S and also T # 0. Thus for
x € G and (, & € 'H, we can write

le(zH) = (m(2)T}¢, E)n.
= (571 0(x)ST}C, E)n
= (0(2)STHC SE)n,
= (o(2)T5SC, SE)n, = Ugg,sg(xH);
which implies that Trig (G/H) = Trig, (G/H).
(2) It is straightforward. O

Next theorem presents some analytic aspects of trigonometric polynomials over
G/H as a function space.

Theorem 4.10. Let H be a closed subgroup of a compact group G and p be the
normalized G-invariant measure on G/H associated to the Weil’s formula. Then,
(1) Trig(G/H) is ||.||Lr(c/m,p) -dense in LP(G/H, ).
(2) Trig(G/H) is ||.||sup-dense in C(G/H).

Proof. (1) Let p > 1 and ¢ € LP(G/H,u). Let f € LP(G) with Ty (f) = ¢. By
|| L»(c)-density of Trig(G) in LP(G) we can pick a sequence { f,,} in Trig(G) such
that f = ||.||zr(¢) — limy, f,. Then, continuity of the linear map Ty : LP(G) —
LP(G/H, ), implies

¢=Tu(f) = |lllrcc/mm — lingH(fn)a

which completes the proof.

(2) Invoking uniformly boundedness of Ty, uniformly density of Trig(G) in C(G),
and the same argument as used in (1), we get ||.||sup-density of Trig(G/H) in
C(G/H). O

The following theorem guarantees (G/H-separation property of the homoge-
neous space G/H.

Theorem 4.11. Let H be a closed subgroup of a compact group G. Then CT/?J
separates points of G/H.

Proof. Let x,y € G with xH # yH. Let ¢ € C(G/H) such that ¢(zH) # ¢ (yH).
Since Trig(G/H) is ||.||sup-dense in C(G/H), we can uniformly approximate
with elements of Ty (Trig(G)) = Trig(G/H). Thus, there exists an irreducible
representation (7, H,) of G and non-zero vectors (,¢ € H, such that

Ty(mee)(@H) # Tu(mee)(yH).
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This automatically guarantees that 77 # 0, and 7(x) # 7(y) as well. O]

Next, as an application of our results, we shall show that the reverse inclusion
of (4.6) holds, if and only if H is a normal subgroup of G.

Corollary 4.12. Let H be a closed subgroup of a compact group G. Then, H 1is
normal in G if and only if G/H = H*.

Proof. Let G/H = H*. Theorem 4.11 guarantees that G/H satisfies the H=*-
separation property. Then, Theorem 4.2 implies that H is normal in G. Con-
versely, let H be a closed nor/rrgl subgroup of the compact group GG. Then The-
orem 4.2 of [4] implies that G/H = H*.

O
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