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kFTH-ORDER SLANT TOEPLITZ OPERATORS ON THE FOCK
SPACE
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ABSTRACT. The notion of slant Toeplitz operators By and kth-order slant
Toeplitz operators Bg on the Fock space is introduced and some of its properties
are investigated. The Berezin transform of slant Toeplitz operator By is also
obtained. In addition, the commutativity of kth-order slant Toeplitz operators
with co-analytic and harmonic symbols is discussed.

1. INTRODUCTION

O. Toeplitz [16] in 1911 introduced the notion of Toeplitz operator T}, for
bounded measurable function ¢ with applications in prediction theory, wavelet
analysis and differential equations. Later on Toeplitz operators on Hardy spaces
have been studied extensively. In particular authors like Brown, Halmos [4] and
Douglas [5] have done the remarkable study of this operators. Then, in the year
1995, Ho [8, 9, 10, 11], introduced slant Toeplitz operator having the property
that its matrix with respect to standard orthonormal basis could be obtained
by eliminating every alternate row of the matrix of the corresponding Toeplitz
operator. After the introduction of class of slant Toeplitz operators, the study has
gained voluminous importance due to its multidirectional applications as these
class of operators have played major roles in wavelet analysis, dynamical system
and in curve and surface modelling ( [6, 7, 13, 14, 17]). Many mathematicians (for
e.g. [1, 2, 3]) generalized the notion of slant Toeplitz operators to different spaces
such as Hardy spaces, Bergman space and studied its properties. Motivated by
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the work of these researchers, here we introduce slant Toeplitz operators on the
Fock space and study some of its algebraic properties.

Let the space L?(C,du) denote the Hilbert space of all Lebesgue measurable
square integrable functions f on C with the norm

191 = [ 176 Pt )

where the measure du(z) = e ~ = dA(z) and dA denotes the Lebesgue area mea-
sure on complex plane. We denote the Fock space by F? which consists of all
entire functions in L?(C, du) and is a closed subspace of L*(C,du). The space F?
is a Hilbert space with the inner product inherited from L*(C, du) as

= / f(2)g(2)du(z) where f and g are in F2. (1.1)
C

The set of all polynomials in the complex variable z is denoted by P[z] which is
contained in the Fock space and moreover it is dense. For n > 0, let e,(z) =
\/Z%, then the set {e,},>o forms the orthonormal basis for F? (see [18]). Let

P : L*(C,du) — F? be the orthogonal projection. Then for f € L*(C,du), we

have
P(f(2)) = (P (w), K- () = (f(w), P(K-(w)))
— (f(w). K / F(w)e ™ du(w),

where K (w) = K(z,w) = Le“7 is the Fock kernel and the normalized reproduc-
ing kernel is given by

K.(w) K(w,z) 1 M

wz

K~ VKG2)

Let L>°(C) denote the set of all essentially bounded measurable functions in
the entire complex plane, then for ¢ € L*°(C), the multiplication operator on
L*(C,dp) is defined by My(f) = ¢ - f for all f € L*(C,du) and the Toeplitz
operator Ty, on F? is defined by Ty(f) = P(¢ - f) for all f € F2

In this paper, we have introduced the notion of slant Toeplitz operators B,
and the kth-order slant Toeplitz operators Béﬁ on the Fock space and have stud-
ied its properties. In particular, we have given the explicit expression for Berezin
transform of slant Toeplitz operator B, and also obtained the conditions for
boundedness, compactness of B,;. In addition, we have shown that the neces-
sary and sufficient conditions for the commutativity of kth-order slant Toeplitz
operators on the Fock space are that their symbols functions must be linearly
dependent.

k.(w) =

2. kTH-ORDER SLANT TOEPLITZ OPERATORS ON THE FOCK SPACE
Lemma 2.1. For non-negative integers s and t, we have

' ifs=
<zs,zt>:{gs' if s t.

otherwise
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Proof. Indeed for s = t, using the equation (1.1) and the measure du(z), we get

<z zt> /z Fle Il dA(z / / sttt pils=00 =2 g gy
r=0J6

:27r/ r¥tle Td?“:w/l “ldl = 7T(s + 1) = 7s!
T =0

=0

sl ifs=t

Then (2%, 2") = { ' . O

0 otherwise

Now in the next proposition we give the (m, n)™ entry of the matrix of 7, with
respect to orthonormal basis {e, },>0 on the Fock space.

Proposition 2.2. For the harmonic symbol ¢(z) = Y = aiz" + 372 b;7, the
(m,n)™ entry of matriz of Ty with respect to orthonormal basis {e, }n>0 of F? is
given by

m!
— Omn for m>n

(Typen, em) = :
n!

—'bn,m for n>m

m!

where m and n are non-negative integers.

Proof. Here the (m,n)™ entry of matrix of T, with respect to orthonormal basis
{en}n>0 of F? is given by

1 1

)

= < (i a;z T+ i bjzjz”> ,zm>
; =
m> + <i ijjz”,zm>>
j=1

sl

For m > n, by Lemma 2.1 and by equation (2.1), it follows that

<T¢en7 €m> =

ﬁ\

ﬂ\

a; z—l—n7 Zm>

1 1
Temem =
T ) van!vVam! <=
1

=0
1 m)

= A TM! = A — Q.-
mn! v rm! n!
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For n > m, by Lemma 2.1 and by equation (2.1), it follows that

1 1 - n j+m
(Tyen, m) = Db (2" 2
vanlvam! =
1 1 n!
= bp—mm(n)! = A —bp_m.-
mn! v/ mm! m!
m/!
— Om—n for m>n
Thus (Tyey, €m) = n.
n!
—lbn,m for n >m
where m and n are non—négative integers. 0

Hence the matrix of T}, explicitly is given by
Qo by \/§b2 \/653
a ap V2bi V6b,
Ty = \/§a2 \/§a1 ap \/§b1
\/6(13 \/éaz \/gal Qo

and the adjoint of the matrix of Ty is given by

a @ V24 V6ds
b_l (l_o \/Qa_l \/6(1_2
T = \/5112 \/5111 o V3a
V6bs V6by /3by g

which is the matrix of 7 where O(z) = 32, @7 + 524 bjz which is nothing
but ¢(z). So we get that T = 1.
Assume that % is an integer and & > 2 and now consider an operator W, on F?
given by
W) = {Zk if n is divisible by
0 otherwise

Note here we denote the operator Wy by W.

Proposition 2.3. The operator W, is a bounded linear operator on F? with
norm 1.

Proof. Let f(z) =" an2" be any arbitrary polynomial, then

o0 o0 oo
[Wifll3 = <Z 2", Z akmzm> = Z |G | 2!
m=0 m=0 m=0

0o
<7 Y am'm! = || £113
m=0
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and since the set of all polynomials is dense in F?, so it follows that ||[Wy|2 < 1.
1
Also [[Well, > [[Wi | —= =1.H Will, = 1. O
so Il > [ ()| =1 Hence v,
Proposition 2.4. For the operator Wy, its adjoint W} (z") = (kLn'),zk” for
n=0,1,2,3--- and also |W} flla < || fll2, for all f € F2.

Proof. Since the set of polynomials is dense in F?, therefore for any polynomial
f(z) =327 anz™ € F?, we have

<WI:ZTL7 f(2)> = <Zn7 Wy (Z amzm> > = <Zn, Z akmzm>

|
= (2", an2") = Tpn! = a—knﬂ), (2, 25

m(kn
= (kn)'z 7f(z)>

This implies that W (2") = (kLrl)'an Since

m!

* 2 * ml|2 __ . km |2
Wi 115 = 1w n;)amz I3 = H;am(km)!z 12
o0 2 00
_ 2 m! km _km\ __ 5, ml
= lan| (W) (2™, 2 >—m§::0|am| ((k:m)!) m(km)!

=0
o m'Q )
=7y \am\2m <7y lam|>m! = || £113,
m=0 ) m=0

We have ||[Wyfll2 < || fl]2 for all f € F2 O

Now we define slant Toeplitz operator and k'*-order slant Toeplitz operator on
the Fock space.

Definition 2.5. For ¢ € L*°, we define the slant Toeplitz operator on the space
[F? as an operator

B, :F? — F* given by By(f) = WTy(f) VfeF.

Definition 2.6. A k'"-order slant Toeplitz operator Béf for £ > 2 induced by a
function ¢ € L™ on the space F? is defined as

Bi = W,.T,.

It is clear that Bg is bounded linear operator on F? for essentially bounded mea-
surable function ¢ over C and for k = 2, the k*"-order slant Toeplitz operator is
simply the slant Toeplitz operator Bi.

Following proposition follows easily from the definition of k**-order slant Toeplitz
operator Bj.

Proposition 2.7. Let ¢1, s € L°(C) and A, Ay be complex numbers. Then
(1) B§1¢1+/\2¢>2 = )\1351 + AQB?D'
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(2) 1Bg, 1l < ll1]lco-
Proposition 2.8. For ¢(z) = > 7 aiz" + 322, b;77, the (m,n)™ entry of the

matrix of Bg with respect to orthonormal basis {e, }n>0 of F? is given by

m!
— Qkm—n for km >n
n

(m)1(n)!
(km)! ba—tom

where m and n are non-negative integers.

<B§en,em> =
for n>km

Proof. Here the (m,n)™ entry of Bg with respect to orthonormal basis {e,},>0
of F? is

Bken,em — WTL’L>
< ¢ ) < g ¢\/7Tn! vVrm!
1 n *x M
:W\/W<P(¢Z )7sz >

1 = , - , m)!
= a; 2t + bz, —— o km
mvnlm! <Z 321 ! (km)!

=0
1 = i mb > <_- m! >
= a; ( 27" —=2"" )+ Y b F" ———=2""

m! [ — ; km - n km+j
:ﬁ\/;<zai<zz+njz >+ij <z , 2 >> i (2.2)

For km > n, by Lemma 2.1 and by equation (2.2), it follows that
1 Im! & ;
k = ) i+n _km
(B¢en,em> = TRV ;az <z , 2 >
1 1 m!

|
_ _ | — _
— m(km)!'V n! @ (k1! = | Hm—n-

2), it follows that

3

n
For n > km, by Lemma 2.1 and by equation (2

1 m! — .
k n km
(Biens em) = r(km)!'V n! b (72
=1

1 m! 1
S S = ——Vmlnlb,_jom.
ot Y ar O ()t = sy Vit

m!
< . > \/makm_n for km>n
Ble,, e,) = :
(j) ny “m

(m)!(n)!
(km)! ’

where m and n are non-negative integers. O

Thus,

n—km 1Or M > km
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Hence explicit form of the matrix of Béﬁ is given by

aop bl \/§b2
1
a g ——ay_
k k—1 2 k—2
V2ay V2am-1  ags
V6az, V6az—1 V3aze—o

For k = 2 we get the matrix of slant Toeplitz operator By, which is given by

ap b1 \/§b2
1
a9 aq —=AQy

V2
\/§a4 \/§CL3 a2
\/6% \/6(15 \/§G4

Following proposition follows from the matrix representation of Béf.

Proposition 2.9. Let ¢ € L™ be analytic function then BX = 0 if and only if
¢ = 0 almost everywhere.

Remark 2.10. For an analytic function ¢ € L*° the correspondence ¢ — Béﬁ is
one-one.

It is evident that if T} is bounded on F? then B, is always bounded. However
reverse statement need not be true which is shown in the following example.

Example 2.11. B, and B; are bounded linear operators on F? while T, and T%
are not bounded on F2.

For any non-negtive integer p, using the lemma 2.1 we have

1B, - 27| = |[WT, - 2#||” = |[Wzr+Y)?
p 2 . .
_ {Hz;lH , if pis odd

0, otherwise

(252)

2—'||zp||2, if p is odd
pr— p‘

0, otherwise

which shows B, is a bounded linear operator.
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Now for p € N, consider
1B - 27||* = |WTs - 27||* = |WP(z - 27|

p! 2 2152, it pis odd
— 'W Zp_1 — p ) p
(p—1)! 0, otherwise
p—ly)
_ p(;ii)'ﬂzpﬂz, if p is odd
0, otherwise

which implies that B; is bounded. Now consider
IT22"|)* = (4, 27 = m(p + D= (p + 1) (27, 2F) = (p + )| 27",

This means ||7,2P|| = /p + 1||2”||, thus T, is not bounded. Similarly we have
|7527|| = \/p||2?|| and hence T} is also not bounded.

Now we conclude this section by giving a result about the point spectra of
kth-order slant Toeplitz operators.

Theorem 2.12. Let ¢ be an invertible, analytic function in L*, then op(B(';) =
ap(Bg(Zk)), where a,(B)) denotes the point spectrum of Bj.

Proof. Suppose that \ € Up(Béf). Then there exists a non-zero function f in F?

sEch that Bg f=Af. Let M = ¢f, then by using the definition of Wy it follows
that

Bi(2")M = Wi Ty M
= WiPo(") (0 f)] = Wilo(=")(6)]
= o(2)Wi(of) = o(2) - BE(f)
= ¢(2) - Af = Nof
= A\M.

Since ¢ is invertible and f is non-zero, so M # 0 and therefore A € 0,(BY).
Conversely, let u € 0P<B§(zk‘))' Then there exist a non-zero function g in F?
satisfying Bf(2")g = pg. Let N = ¢~ 'g. Then N € F? satisfies
BEN = WiTy(6™'g)

=WiP(¢-(p7'g)) = Wig

= ¢~ oWig

= ¢~ Wi(6(z")g)

_ i 1pk

= ¢ Byang

=07 ug = ped~'g

Since ¢ is invertible and g is non-zero, so N # 0 and therefore, pu € op(Béf).
Thus ap(Bg) = Up(Bg(zk)).
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O

Corollary 2.13. For an invertible, analytic function ¢ in L>, 0,(By) = 0p(By(:2)),
where 0,(By) denotes the point spectrum of By.

3. BEREZIN TRANSFORM OF By

Let H be any reproducing kernel Hilbert space on an open subset €2 of C. For
a bounded operator S on H, the Berezin transform [15] denoted by S, is the
complex valued function on €2

S(z) = (Sk., k) for z € Q.

For every bounded operator S on H, the Berezin transform S is a bounded
function on (2.
The normalized reproducing kernel in the Fock space is given by

R I D A P
k:z(w)—ﬁ ﬁ<z o ) .

n=0

The following proposition gives the Berezin transform of the operator Wj:

2
_ Izl

Proposition 3.1. For the operator Wy, we have Wy, (k.(w)) = \/%76 2y
and its Berezin transform is given by

oo (wz)™

m=0 (km)!

Wi(z2) = L@_‘Zf i |2
v )t

Proof. By the definitions of operator W} and normalized reproducing kernel k.,
it follows that

and

_ 1 = (z2)" 1 sl = |z
SV o T VR A et N

The explicit expression for the Berezin transform of the slant Toeplitz operator
is given in the next result:
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Theorem 3.2. For an operator W its adjoint W*(k.(w)) = \/%76_% cosh(wz)

and the Berezin transform of slant Toeplitz operator By is

By(z) = %/@qﬁ(w)e—z—wpdfl(w) + %/(c(ﬁ(w)e_'Z_wQe_Q(m)dA(w).

Proof. By the proposition 2.4 and the definition of normalized reproducing kernel
k., it follows that

N
3
Il
o
—~

Now the Berezin transform of By is given by

By(2) = (Bsks, k)

= (WTyk., k.)

<T¢kZ,W* 2)

= (P(¢k.), W™kz)

\/_/gb -l cosh(wz)e 1 dA(w)

= —/qb(w)ewz_lz' —1wl® cosh(zw)dA(w)
T Jc

1 ~ ) ) ZW —(zw)
:_/mwwmdwwc_%;_odmm
T Jc

_ % Cgb( ) wi4zw— (|22 +|w|?) dA( + —/Qb pWE—FW— (|22 +|w]? )dA( )
1 2 _
= —W/Cqﬁ(w)e'Z“’ dA(w) + %/Cqﬁ(w)ekl')' e 2D g A(w). (3.1)

OJ

In the expression (3.1), the term L [ d(w)e 2" dA(w) is basically the Berezin
transform of T} or simply the Berezin transform of ¢. Also from (3.1) it is clear
that By(z) — 0 as |z| — oo.
For ¢ € L*°, we observe that

(1) By(z) € L=(C, an).

(2) 1Bs(2)loo < [1loo-

(3) B>\1¢1+/\2¢>2 - >‘13¢1 + >‘28¢2

Corollary 3.3. Let ¢ be essentially bounded measurable function on C. Then B,
= 0 if and only if By = 0.
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Proposition 3.4. If ¢(z) is a non-negative bounded measurable function on C
and if |z| — oo then By is compact.

Proof. If |z| — oo then B, — 0 and so by the expression (3.1) it follows that
Je p(w)e P PFdA(w) — 0 as z — oo, that is, Ty(z) — 0 as z — oo. But we
know that for a given ¢, T}, is compact on F? if and only if T, — 0 as z — oo,

([15], Proposition 5.3). So it follows that T} is compact. Hence B, is compact on
2. O

4. Commutativity of kth-order slant Toeplitz operators

In this section the commutativity of kth-order slant Toeplitz operators with
coanalytic symbols and harmonic symbols has been studied. The following lemma
follows from [12].

Lemma 4.1. Let f and g be analytic functions in L>(C), both of which are not
identically zero and let ¢ > 0 be an integer. If fWirg = gW}f, then the following
are equivalent;

(1) fD(0) = 0 for any integers i with 0 <14 < q and f9(0) # 0

(2) ¢9(0) = 0 for any integers i with 0 < i < q and g% (0) # 0.

Now in the next theorem we obtain the necessary and sufficient condition for
the commutativity of kth-order slant Toeplitz operator with co-analytic symbols.

Theorem 4.2. Let ¢,1 € L=(C) be such that ¢,v are analytic functions then
the following statements are equivalent:

(1) B} and B, commute ;

(2) there exist scalers o and [3, not both zero, such that a¢ + B = 0.

Proof. Firstly suppose that (2) holds. Without loss of generality assume that
a # 0, then ¢ = y1) where v = —(3/a. Then

Bi Bl = Wi Ty Wi Ty, = Wi Ty Wi Ty = yWi TyWi Ty, = W T,WT,y, = By BE.
Conversely suppose that B and Bw commutes. Therefore we get that
Bi*Bi* (1) = B{Z*Bég*(l)3 or equwalently, W) = YW
Now we have the following three cases.

Case I. If ¢ =0 or ¢ =0, then the result is obvious.
Case II. If ¢(0) # 0 and ¥(0) # 0. Since ¢, ¢ are analytic functions in L>(C), so

let (2) = o2 arz" and (2 Yoo o bs2®, then ag # 0,by # 0 and Wy (p(2)) =
|

)=
zzoarﬁ " and Wr(D(z) = %, (]:;)!z 5. Also
i = (S0 ) (a5 b

and
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Since W 1h = W}, therefore it follows that

or equivalently,

o oo | o oo |
Z Z @ap—ksbszp = Z Z ﬁarbp—krzp' (4.1)

For p = 0, equation (4.1) gives that agby = boag, so by = (by/ag)ag, since ag # 0.
Now take A = by/ap, so then by = Aay.

For 1 <p < k—1, then by equation (4.1) it follows that a,by = byay. This means
b, = (bo/ap)ay, since ag # 0, that is b, = Aa,.

For k < p < 2k — 1, then by equation (4.1) it follows that a,by + ﬁap,kbl =
byay + %bp_kal, but b,, = Aa,, for each m such that 0 < m < k — 1, therefore
b, = Aa,, since ap # 0. So continuing in this manner it follows that b, = Aa;
for each non-negative integer i, where A = by /ag. Therefore in this case we get
U(z) =Y 0c g bsz® =D o0 g Aagz® = Ag(2). B _

Case III If ¢ and ¢ are both not zero identically and ¢(0) = 0 or ¥(0) = 0.
Without loss of generality, suppose that E(m)(O) = 0 for any integer m such that
0 <m <m; and E(mﬂ)(O) # 0, where m; is a non-negative integer. Therefore by
Lemma 4.1, it follows that E(m) (0) = 0 for any integer m such that 0 < m < m,

—(m+1) (O) # 0. Now we can write 57 E as

and v
B(2) = 2" hi(2),  W(2) = 2T (2) (4.2)

where ¢, are analytic functions in L>(C) and ¢;(0) # 0, 11(0) # 0. Therefore
by equation (4.2) it follows that,

PWi((2)) = 2Dy W (¢ (2))
and
W (W(2)) = 2*DMED G Wi (4 (2)).

Now as yW;(¢) = oW (1), so it gives v Wi (1) = ¢ Wi (¢1). Since ¢,(0) #
0 and v¥4(0) # 0, so by the second case it follows that iy = Aj¢;, where
A1 = 91(0)/#1(0). Therefore we have

U(z) = 2" (2) = M2 (2) = Mig(2).
Thus the symbol functions ¢ and v are linearly dependent. O

In ([12]), C. Liu and Yufeng Lu discussed the commutativity of kth-order slant
Toeplitz operators on Bergman space and gave the necessary and sufficient con-
ditions for commutativity of kth-order slant Toeplitz operators. In the next the-
orem, we show that the two kth-order slant Toeplitz operators having harmonic
symbols commute if and only if their symbol functions are linearly dependent.
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Theorem 4.3. Let ¢(z) = > jaiz" + Y iy a‘i and P(2) = Y0 bj2 +
> b_;z, where b_,, # 0 such that the ratio == s real and n > 1 be an
integer, then the following statements are equivalent:

(1) Bl and B}, commute;
(2) there exist scalers a and 3, not both zero, such that g + [1p = 0.

Proof. Suppose that (2) holds then Bg and B{Z commute.

Now suppose that (1) holds. Let ¢1(2) = Y.r aiz', ¢a(2) = D0 a7z,
P1(2) = Y1 bj2? and hy(2) = Y27 b ;2. Then ¢ = ¢y + ¢g and ¢ = by + 1y
Since Bf and B, commute, therefore it gives T;WrTWi(1) = TWET; W (1),
that is

GWith + b1 (0)g + P(01Wits) = 2 Wi + 61 (0)n + P01 Wig)  (4.3)

or, equivalently,
Za 2 Zb_] +nga 2+ P <(i:0 a;z )(;b_jwz J))
T i\ i ki
= (LTS g - (< 7S )

Now for any integer r such that kn + 1 < r < kn + n, it follows that

; Z_: Z Z:: ,Jaz (4.4)

H—kj r ]+kz r

where 7 and j are positive integers not greater than n. Now we apply induction
to complete the proof.
When r = kn + n, then by equation (4.4) it follows that

- n' R n‘

Tl on et = P Gt

S0 T, =b_, (a__n/a), since b_,, # 0. Let v = a_,/b_,, so we get a_, = Yb_,,.
When r = kn +n — 1, then by equation (4.4) it follows that

a—pt1 b—nm = b—n+1ﬂm,

SO G_p+1 = Yb_pi1, where v = a__n/a, since b_, =# 0. Suppose that a_, 5 =
vb_,+s for any integer s with 0 < s <[ <n—1. Now we consider the connection
between a_, ;41 and b_,, ;1. When r = kn +n — [ — 1, then by equation (4.4)
we get that

e I e e e Sl WAL L
—n+Il+1V—n (kn)‘ —n+l+1—-kAV—n (k(n+ )\))|

B STTTY SN UUS Sy pPuPRY ey il CALAAILE
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(1+1)
k

x. Now from the assumption it follows that

where \ = [ ] and [z]| denotes the greatest integer function not greater than

&—n+l+1b—nm = b—n+l+1a—nma

which implies that @771 = Yb_n+141, Where v = @, /b_y, since b_,, # 0.

Thus, from the induction we obtain that a—, 5 = vb_, s for any integer s such
that 0 < s <n—1. Hence ¢o(2) = > " a—2" = > ' vb_.z" = ye(z). Now
since ¢o(z) = y1bo(2), so by the equation (4.3) it follows that

U1(0)¢2 + P(01With) = 61(0)1h2 + P(1 W) ¢2). (4.5)

Then
(1(0)ps + P(o1Wiwa), 2 = (1(0)hs + P01 W), 2

or equivalently,
<EW1§*¢2, an> = <EW]:¢27 zkn> )

which further implies that b_,ag 7(kn)! = @_,by 7(kn)! and hence @ = ~by,
where v = @, /b_y, since b_,, # 0. Now as ag = by, so from (4.5) it follows that

U1(0)¢2 = ¢1(0)1p2 and P (¢ Wyiths) = P(nWiiea),

that is, P <(’y"¢11 ¢1) - W,jiﬂg) = 0. Hence for any integer u such that kn —n <
u < kn — 1, we have

< <(V¢1 ¢1) - W2¢2>>=0,

or equivalently,
(Y1 — ¢1)2", Wiithe) = 0
which on putting the values of ¢, and 1y gives that

<Z(’Ybr —a,)z"t, Z (lg)!brzkr> = 0.

r=0 r=1

Since ag = by, so we have

<Z(7br —a,)z"t, Z (l;:)!b_rzkr> = 0. (4.6)

r=1 r=1

When u = kn — 1, then equation (4.6) gives that
(vby — ay) b, w(kn)! =0,
so this gives a; = by, since b_,, # 0. So, then it follows

- - rl — kr
<Z(’ybr — ar)z’u““,z ()] "2 > = 0.

r=2 r=1
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Now suppose that a; = b, for any integer j such that 0 < j <'s, where 0 < s <
n — 1.Then by equation (4.6), it follows that

n n '
b, — a,)2" T p Y o, 47
2 00 L g o

Now consider the connection between as,; and bs 1. When v = kn — s — 1, then
by equation (4.7), it follows that

(Vbsi1 — asy1) b_pm(kn)! =0,

which gives asy1 = Ybsi1, since b_,, # 0. Thus from the induction we obtain
that a; = 7b; for any integers j with 0 < j < n. Therefore we get ¢1(z) =
S arz” =Y ybz" = yii(z). Also from above we have ¢y = y1)q, so it
follows that ¢ = ¢1 + o = y11 + Yb» = y2b. Thus the symbol functions ¢ and v
are linearly dependent. 0
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