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1. INTRODUCTION AND PRELIMINARIES

Probabilistic metric space (abbreviated, PM space) has been introduced and studied
in 1942 by Karl Menger in [10]. The idea of Menger was to use distribution functions
instead of nonnegative real numbers as values of the metric. The notion of a PM
space corresponds to the situation when we do not know exactly the distance between
two points, we know only probabilities of possible values of this distance. In fact
the study of such spaces received an impetus with the pioneering works of Schweizer
and Sklar [12] and [13]. Recently, the study of fixed point theorems in PM spaces
is also a topic of recent interest and forms an active direction of research. Sehgal et
al. [14] made the first ever effort in this direction. Since then, several authors have
already studied fixed point, common fixed point theorems and recently best proxim-
ity point in PM spaces. The contraction principle was probabilistically generalized
by Sehgal and Bharucha-Reid in [14]. This probabilistic generalization of the con-
traction inequality has come to be known as Sehgal’s contraction. Their result was
proved in the context of probabilistic metric spaces [12]. After that, the fixed point
theory in probabilistic metric spaces is developed immensely in different directions.
A comprehensive description of which also has been given in the book by Hadzié
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and Pap [4]. Some other recent references are noted in [5, 6, 9, 11, 15, 16, 17, 19].
In this paper, we introduce Ciric-type-generalized ¢-probabilistic contraction in
probabilistic Menger spaces. We derive some results about existence and uniqueness
of a fixed point for this class of self mappings in probabilistic Menger spaces.
First we shall recall some well-known definitions and results in the theory of PM
spaces which are used later on in this paper. For more details, we refer the reader
to [4] and [12].

Throughout this paper, we denote R the set of all real numbers, and by RT the
set of all nonnegative real numbers.

Definition 1. A distribution function is a function F : [—oo0,00] — [0, 1], that is
left continuous on R and nondecreasing moreover, F(—oo) =0 and F(c0) = 1.

The set of all the distribution functions is denoted by A, and the set of those
distribution functions such that F(0) = 0 is denoted by A*. The set of all FF € A*
for which 1tlim F(t) = 1 will be denoted by D*. The space AT is partially ordered

—00

by the usual pointwise ordering of functions, and has a maximal element ¢y, defined

by
0 t<o0,
Eo(t):{ 1 t>0.

Definition 2. A probabilistic metric space (abbreviated, PM space) is an ordered
pair (X, F), where X is a nonempty set and F : X x X — AT (F(x,y) is denoted
by F, ) satisfies the following conditions:

(PM1)  Fpy=ceo, iff v =1y,

(PM2)  Fpy=Fy,,

(PM3)  If Fpy(t) =1 and F, .(s) = 1, then F, .(t +s) = 1,
for every x,y,z € X and t,s > 0.

Definition 3. A mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm
(abbreviated, t-norm) if the following conditions are satisfied:

(i) A(a,b) = A(b,a),
(i) Aa, A(b,c)) = A(A(a,b),c),
(11i) A(a,b) > A(c,d) whenever a > ¢ and b > d,
(iv) Ala,1) =
for every a,b,c,d € [0,1].
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Two typical examples of continuous t-norm are Ap(a,b) = ab and Ay, (a,b) =
min{a, b}. It is evident that, as regards the pointwise ordering, A < A,,, for each
t-norm A.

An arbitrary t-norm can be extended (by (iii)) in a unique way to an n-ary
operation. For (ai,---,a,) € [0,1]" (n € N), the value A"(ay,--- ,ay) is defined by
A'(a1) = ay and A™(ay,--- ,a,) = A(A" Y ay, -+ ,an_1),a,). For each a € [0,1],
the sequence (A"(a)) is defined by A™(a) = A™(a,--- ,a).

Definition 4. A t-norm A is said to be of Hadzi¢ type (abbreviated, H-type) if the
sequence of functions (A™(a)) is equicontinuous at a = 1, that is

Vee(0,1), 36€(0,1): a>1—-0=A"a)>1—¢, (neN).

The t-norm A,, is a trivial example of a t-norm of H-type, but there are t-norms
A of H-type with A # A,,, see [4]. It is easy to see that if A is of H-type, then A
satisfies supqe o1y Ala, a) = 1.

Definition 5. A probabilistic Menger space is a triplet (X, F,A), where (X, F) is
PM space and A is a t-norm such that for all x,y,z € X and for all t,s >0,

Fp (t+s) > A(Fyy(t), Fy-(s)).

Definition 6. Let (X, F,A) be a probabilistic Menger space. An open ball with
center x and radius X (0 < X\ < 1) in X is the set Uy(e,\) = {y € X : Fp(e) >
1— A}, foralle > 0. It is easy to see that U = {Uz(e,\): x € X, e>0, A€ (0,1)}
determines a Hausdorff topology for X [12, 12.1.2].

Definition 7. A sequence (xy,) in a probabilistic Menger space (X, F, A) is said to be
convergent to a point x € X if and only if for everye > 0 and X\ € (0,1), there exists
no(e, A) € N such that Fy,, () > 1=\ for alln > ng(e, \), or limy,_yo0 Fy, 2(t) =1,
for all t > 0. In this case we say that limit of the sequence (xy,) is x.

Definition 8. A sequence (x,,) in a probabilistic Menger space (X, F,A) is said
to be Cauchy sequence if and only if for every e > 0 and X\ € (0,1), there exists
no(e,A) € N such that Fy,, +,(€) > 1— X for all n > no(e, \) and every p € N, or
limy, 00 Fi,y sz, (t) = 1, for allt >0 and p € N,

Also, a probabilistic Menger space (X, F,A) is said to be complete if and only if

every Cauchy sequence in X is convergent.

The concept of Cauchy sequence is inspired from that of G-Cauchy sequence (it
belongs to Grabiec [3]).
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Proof. The limit of a convergent sequence in a probabilistic Menger space (X, F, A)
is unique.

Proof. 1t is obvious.

Proof. [1, 2.5.3] If (X, F,A) is a probabilistic Menger space and A is continuous,
then probabilistic distance function F is a low semi continuous function of points,
i.e. for every fixed point ¢t > 0, if x,, = = and y,, — ¥y, then

hnn—l)gf F$n7yn (t) - vay(t)

Proof. [21, Lemma 2. 2] Let n € N, F € A" and ¢1,92,...9n : R — [0,1]. If
¢ :RT — R is a mapping such that ¢(t) < t, lim ¢"(¢t) =0 and
n—oo

F(So(t)) = min{gl(t)agQ(t)7 e ‘gn(t)vF(t)}7 vt > 0.
Then F(p(t)) > min{g1(t), g2(t),...gn(t)} for all £ > 0.

The following lemma has been proved by Jachymski in [8], for mappings g, :
(0,00) — (0,00), but it is also valid for mappings gy, : [0, 00) — [0, 00).

Lemma 1. [8] Let n € N, g, : [0,00) — [0,00) and F,,, F : R — [0,1]. Assume that
sup{F(t) : t > 0} = 1 and for any t > 0, li_)rn gn(t) = 0 and F,(gn(t)) > F(t). If

each F, is nondecreasing, then li_>m F,(t) =1 for any t > 0.
n oo

Lemma 2. Let (X, F,A) be a probabilistic Menger space and ¢ : RT — RT be
a mapping such that p(0) = 0, p(t) < t and ILm e"(t) = 0. Ifx,y € X and
Foy(p(t)) > Fpy(t) for allt > 0. Then x = y.

Proof. By using the above lemma, the result follows.

The probabilistic version of the classical Banach contraction principle, was first
studied in 1972 by Sehgal and Bharucha-Reid [14].

Theorem 3. [1}] Let (X, F,A,,) be a complete probabilistic Menger space. If T is
a contraction mapping of X into itself, that is there exists a constant 0 < ¢ < 1 such
that

FTm,Ty(Ct) > ijy(t), Vi >0,z,y € X.

Then there is a unique x* € X such that Tx* = x*. Moreover, (T™xq) converges to
z* for each xg € X.
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Definition 9. [/, p. 98] Let (X, F) be a PM space and T : X — X be a mapping.
For every xy € X, the orbit of the mapping T at xy is O(xo,T) = {T"xg : n €
NU{0}}. Let Doy : R = [0,1] be a diameter of O(zo,T), i-e, Do(gyr)(t) =
SUpPsy infy yeo (a0, 1) Foy(8). If supier Do(ze,)(t) = 1, then the orbit O(zo,T) is a
probabilistic bounded subset of X. Hence O(xg,T) is a probabilistic bounded set if
and only if Do) € DT, Also, X is said to be T-orbitally complete if for all
x € X, O(x,T) is complete.

In recent years, a number of generalizations of the Banach contraction principle
have appeared. Of all these, the following generalization of Ciric [2] stands at the
top.

Theorem 4. [2] Let (X, F,A,,) be a complete probabilistic Menger space. If T :
X — X s generalized contraction mapping on X, that is there exists a constant
0 < ¢ <1 such that for every x,y € X

FTw,Ty(Ct) > min{FﬂCay (t)7 Fx,Tl‘ (t)7 Fy,Ty (t)7 FJC,Ty (t)7 FTﬂw/ (t)},

for allt > 0, and X is T-orbitally complete. Then there is a unique z* € X such
that Tx* = x*. Moreover, (T™xq) converges to x* for each xg € X.

Theorem 5. [8] Let (X, F,A) be a complete probabilistic Menger space under a
t-norm A of H-type. If T : X — X is a generalized p-probabilistic contraction, that
18,

FTx,Ty(SO(t)) Z Fx,y(t)a Vt > 07 VZC,y € X. (1)

where ¢ : RT — RT is a mapping such that, for any t > 0, 0 < ¢(t) < t and
lim ¢"(t) = 0. Then, there is a unique z* € X such that Tx* = z*. Moreover,
n—o0o

(T™x0) converges to x* for each xo € X.

Definition 10. Let (X, F,A) be a probabilistic Menger space and T : X — X. We
say that T is Ciric-type-generalized p-probabilistic contraction if for every x,y € X
andt >0,

FTr,Ty(QD(t)) 2 min{nyy(t), Frra(t), Fy,Ty(t)a Fw,Ty(t)a FTz,y(t)}a (2)
where ¢ : RT™ — R™ is a mapping.

The following example due to Ume [20] shows that a Ciric-type-generalized ¢-
probabilistic contraction need not be a generalized @-probabilistic contraction.

Example 1. Let X = [0,00), T : X — X be defined by Tx = =+ 1, and let
¢ :]0,00) = [0,00) be defined by

t
t—1, 1<t
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For each x,y € X, let Fy, (t) = eo(t— | x—y |) for allt € R. Since max{| x—y—1|,|
y—x—11} =|z—y | +1 forallz,y € X, then Fryry(¢(t)) > min{F, 7y(t), Frzy(t)}.
Thus,

Frory(@(t) =2 min{Fyy(t), Fora(t), Fyry(t), Fory(t), Fray(t)},
which satisfies (2). Ift =2,2 =0 and y = 3, then FTO’T%(QD(Q)) =0 and F07%(2) =
1. Thus, FTO,T%(‘P@)) < FO7%(2), which does not satisfy (1).

As the following example due to Ume [20] shows, there exists T' that does not
satisfy (2) with p(t) =kt, 0 < k < 1.

Example 2. Let X = [0,00), T : X — X be defined by Tx = 2z, and let ¢ :
[0,00) — [0,00) be defined by o(t) = kt, 0 < k < 1. For each z,y € X, let
Foylt) =e(t—|x—y ) forallt e R. Ifx =0,y =1 and t = % > 0, then for
simple calculations, Fror(¢(2)) =0 and

2 2 2 2

. 2
win { Foa () Foo(): Funn(3). Fora (), Froa(p) | = 1.

Therefore, forx =0,y =1 andt = % > 0, the mapping T does not satisfy (2). Thus,
we showed that there exists T' that does not satisfy (2) with o(t) = kt, 0 < k < 1.

2. MAIN RESULTS

We first state the following theorem, which appeared in [20], and then we prove that
theorem under general conditions.

Theorem 6. [20] Let (X, F,A,,) be a probabilistic Menger space and let T be a
Cliric-type-generalized p-probabilistic contraction mapping such that

Frre (I —@)(t) <inf{Fpu, pi,(t) : k,l€eZT}, vt >0,
for some x € X where ¢ : RT — RT is a mapping such that

(i) p(t) <t for allt >0, tllrgo(l — )(t) = oo, where I : Rt — R is identity
mapping,

(ii) ¢ and I — ¢ are strictly increasing and onto mappings,

1) lim ¢~ "™(t) = oo for each t > 0, where =" is n-time repeated composition o

¥ 12

n—oo

o~ with dtself.
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If (X, F,Ay,) is T orbitally complete, then T has a unique fized point in X .

Theorem 7. Let (X, F,A) be a complete probabilistic Menger space under a contin-
wous t-norm A and let T : X — X be a Ciric-type-generalized p-probabilistic con-
traction mapping where ¢ : RT — RT is a bijective mapping such that 0 < @(t) < t
and Jggo ©"(t) = 0 for each t > 0. If there exists xog € X with the bounded orbit,

then there is a unique * € X such that Tx* = x*. Moreover, (T™xzq) converges to

T*.

Proof. Let u, = T"x, if there exists n € N, such that u,4+1 = u,, then there is a
x* € X such that Ta* = z* and (T™x() converges to z*. So we can assume that
Up+1 F# Uy for all n € N.

Now by the condition (2), we have

FunyunJrl (@(t)) Z min{Funfl,un (t)7 F'U‘nflﬂln (t)’ Funa“n+1 (t)7
Funfl sUn+1 (t) ) F'Ufnyun (t)}’

for all £ > 0, so

Fup i1 (p(t)) > min{Funfhun (t), Fup inia (t), Fup s unia )}, (vt>0). (3)

By Proposition 1 we have

Fun,un+1(80(t)) > min{Fy, u, (t) Fup 1 unia )}, (vt =0). (4)

In the following we show by induction that for each n € N and for each ¢ > 0, there
exists 1 < m < n+ 1 such that

Fun,un+1 (‘Pn(t)) > Fugum (t) (5)
If n =1, then by (4), we have
Fuy s (p(t) = min{Fuwm (1), Fugus (t)}
= Fuo,um (t),

for some 1 <m < 2 and for all ¢ > 0. Thus (5) holds for n = 1. Assume towards a
contradiction that (5) is not true and take ng > 1, be the least natural number such
that (5) does not hold. So there exists tg > 0, such that for all 1 <m <mng+ 1, we
have

FunO’un0+1 (to) < FUO:”m (¢_n0 (to)) (6)
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It min{FunoflyunO (‘pil(to)% Funo—hunoﬂ ((Pil(tO))} = Funofluuno (Qoil(to))v then by
the hypothesis we have

Futngaing 1 (t0) = Fun s i (97" (t0)) = Fug (97 (t0)),

for some 1 < m < ng, a contradiction. Thus

min{Funofl,uno (‘Pil(t0>)7 Funoq,unoﬂ (‘Pil(to))} = Funoflyunoﬁ»l ((Pil(to))

Also form (4), we have

F’“«no:“no«kl (t(]) Z Funoflyun0+l (Sp_l(to)) (7)
By the condition (2), we get
Fupgting 1 (971 (1)) 2 min{Fu o,y (07 2(6)); Fupg—ayung - (972(1)),

(1))s Fung—2sumps1 (9 2(1)), (8)
Fupging—1 (9072 )}

[\

Funo yUng+1 (90

for all t > 0. If

M { Fug g (972 (40)); Fng—2.ttmg 1 (972 (80)): Futny—2,ung i (¢ (t0)),
Futng 11972 (60))s Fuang a1 (97 (t0))}
=Foipgung—1 (92 (t0)),
then from (7) and the above, we have

Funging+1(0) 2 Fung g aa (97 (f0))
> Fupg ing -1 (2 (0)) = Fuupy _y ung (92 (t0))
> Fuung um (97 (t0))
> Fupgum (07 (t0)),

for some 1 < m < ng, a contradiction.

It

min{Fun0727un0 (gp_z (to))7 Fun0727un071 (SO_Q(tO))7 Funoaun0+1 (()0_2 (t(])),
Funo—Qyuno-l»I (90_2(t0))} = Funo,un0+1 (90_2(750))’

then form (7), (8) and the above, we have
Funoyuno-&—l (tO) = Fun07un0+1 (9072(1;0))7
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since ¢ 2(to) > to, then B ting 11 (t0) = Fun07un0+l(8072(t0)>' By (4),
F’U«noyuno+1 (<p_2(t0)) 2 min{FunoflyunO ((p_g(to))? Funoflyun(yl»l (90_3 (to))}

If min{Funo—huno (@_3(1:0)), Fun0—17un0+1 ((p_g(to))} = Funo—lyuno (w_g(to))7 then by
the hypothesis we have

Funo,unoﬂ (to) = FUnoﬂ,um (@_3(750)) > Fuo,um(@_(n0+2) (t0)) = Fugum (™" (t0)),

for some 1 < m < ng, a contradiction. Thus

min{Funoflvuno (@73 (to))7 Fun0717un0+1 (()073(t0))} = FuTLO*lauTLO*Fl (90*3(150))

Also form (4), we have

Funoaun0+l (to) = Funoyun0+1 (@_2 (to)) Z Funo—lyun0+l (¢_3(t0)) (9)
By the condition (2), we get
Funoflyuno+l ((10_3 (to)) = min{Fun0727un0 (90_4 (to)), FUnO—Z,UnO—l (90_4(t0))a

Fun07un0+1 (9074@0))7 Funo—z,un0+1 (9074 (o)),
Funo,unofl(@#l(to))}-

If
min{Fun0—27un0 (9074 (to))7 Fun0—27un0—1 ((1074(t0))7 Funo yUng+1 ((p74 (to))7
Fuung—2,img 1 (71 (10))s Fung ing -1 (974 (10))} = Fuung ung—1 (¢ (0)),

then from (9) and the above, we obtain

Funo,un0+1 (tO) zFun0717un0+1 (‘Pig(t())) = Funoﬂ,uno (3074(’50))
> Fugyum (97" (t0)) 2 Fug (97" (10)),

for some 1 < m < ng, a contradiction. If

min{FunO—QyunO (¢_4(t0))’ Fu"o—Q:uno—l (90_4 (to))’ Funoyun0+1 (90_4(t0))’

Fun0—27Un0+l (8074 (to))7 Fun07un0—l (8074 (to))} = FUTLO sUng+1 (8074 (to))7
then from (9) and the above, we have

Funoaun0+1 (to) = F’U«noyun0+1 (90_4(1"0))
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Again by (4), we have

Fungtng 1 (97 (t0)) = min{ Fu g (077(10)); Fung -1 ung 1 (97 (0)) }-

Therefore by continuing this process, we see that if

min{Fun072vun0 (‘Pik (to)), Fun072yun071 (‘Pik (to)), Funo Ung+1 (‘Pik(to))a
Fun0—27u7L0+1 (so_k(to))’ Funoyuno—l (So_k(to))} = Funoyuno—l (sp_k(to))7

for some k > 2, then

Futngting+1(t0) 2 Fuguu (7 "D (t0)) 2 Fug i, (77 (b)),

for some 1 < m < ng, a contradiction. If

min{Funo—muno (Soik(to))’ Fun0—27un0—l (Soik(to))’ Funo,un0+1 (Qpik(to))’
FUnOny’Uanle (So_k(to)% Funo,unofl (So_k(to))} = Funo,u7to+1 (@_k(to)%

for all k > 2, then Fy, u, . (to) = Funoyunoﬂ(go_k(to)). Now letting k — oo, then

Fyp o ung 1 (to) = 1, which is contradiction with (6). Otherwise, if there exists k > 2,
since t < p~1(t) < ¢~ 2(t) < ---, then we have
min{Fun072yun0 (Sp_k(to))7 FurL()fZ:unOfl (Sp_k(to))7 Funo »un0+1 (Sp_k(to))’
Fun0727un0+1 (Spik(t0>)7 Funo,unofl (Wik(to))} =
min{Fun0727un0 (SD_Q(tO))7 Fun0727un0—1 (L)O_Q(to))’ Fun072»un0+1 (90_2(.[:0))}

Therefore

Fungflyun0+1 (8071 (to)) Z min{Funof%unO (@72(t0))7 Fun0727un071 (S072(t0))7
Fun0727un0+1 ((P_z(to))}

From (7) and the above, we get

Fun, ,un0+1(t0) 2By 1 g1 (‘P_l(to )
> min{Funo—z,uno 9072 (to))s Furg—2,tng-1 (9072(750))7
Fun0*27un0+1 (90_2(t0)>}
:Funo—z,um (‘P_2(t0))a

for some 1 < m < ng+ 1. Therefore by continuing this process, we see that for each
1 < k < ng, there exists 1 < m < ng+ 1 such that

Fu7L07un0+1 (t()) Z Funo—kyum (807k(t0)) (11)

(10)

74



H. Shayanpour, A. Nematizadeh — Fixed point theory ...

If £ = np in (11), then this is a contradiction by (6). So (5) holds for all n € N.
Then from (5) we get

Fun7un+l(t) > Fun,un+1 (QOn(t)) > Fumum (t) > DO(HTO,T) (t)

Let ¢ > 0 and A € (0,1) be given, since Dy, 1)(t) — 1 as t — oo, then there exists
t1 > 0 such that

DO(:Jco,T) (tl) >1-—\
Since ¢"(t;) — 0 as n — oo, then there is N € N such that ¢"(¢;) < € whenever
n > N. So
Fun,u'rH»I (6) Z Fun,“«n#»l (Son(tl))
= Do(ay,m)(t1)
>1-—A
Thus we proved that for each € > 0 and for each A € (0,1), there exists a positive

integer N such that
Fupunii(€) > 1 =X, Vn > N.

This means that le Fupnyg, (t) =1 for all t > 0. On the other hand

t t t
P, (1) 2 A <F (NN F<p>) (1),

now taking the limits as n — 0o, by the hypothesis we get

nh~)rgo Funvuner (t) =1

Hence (uy) is a Cauchy sequence and by the hypothesis there exists an element
x* € X such that lim w, = z*. Again by (2) we have
n—oo
FTun,Tz* (SD(t)) > min{Fun,x* (t)a Fun,Tun (t), Fa:*,Ta:* (t), Fun,Ta:* (t), Fz*,Tun (t)}

Since lim Tu, = lim u,41 = «*, then by Proposition 1 we get
n—oo n—oo

Fx*,T:L‘* (So(t)) 2 FQJ*,Tm* (t)’

for all t > 0 now by Lemma 2, T'z* = z*. Let y* € X such that T'y* = y* then from
(2) we have

FTx*,Ty* (‘P(t>) > min{Fz*,y* (t), FT:I:*yx* (t), FTy*Zy* (t), FTx*yy* (t), Fx*va* (t>}
= Ty (t)a

then Fy« o« (¢(t)) > Fypxy+(t), now by Lemma 2, 2* = y*, so the desired result is
obtained.
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As the following example due to Sherwood [18] shows, the condition-hypothesis
that there exists g € X such that O(zg,T') is bounded of above theorem, it is
necessary condition.

Example 3. Let G be the distribution function defined by

0, t<A4,
G(t) = 1 1 on n+1
- <t <27, (n>1).

Consider the set X = {1,2,...,n,...} and define F' on X x X as follows

0 t<0
F ty=9. -
nactm () {A’Z‘ (G(2m), G(2"Fh), ..., G(2"Tme)) | > 0.
Where Ar(a,b) = max{a+b—1,0} for alla,b € [0, 1], then (X, F,AL) is a complete
probabilistic Menger space and the mapping Tx = x+1 is generalized p-probabilistic
contraction with o(t) = % But T is fixed point free mapping. Since there does not
exist x in X, such that O(x,T) is bounded.

Example 4. Consider X = [—1,1] and define F,,(t) = eo(t — d(x,y)) for all
x,y € X, where d is Euclidean metric. Then (X, F,A,,) is a complete probabilistic
Menger space. Define self mapping T on X as follows:

0; -1<z <0,
4 7
Tr= 15 0<z<zorg<z<l, (V x €1]0,1]).
. 4 7
153 s <z <g,
To verify T is generalized p-probabilistic contraction with ¢(t) = %t, we need to

consider several possible cases.
Case 1. Let x,y € [—1,0). Then

1 1

Case 2. Let x € [—1,0) and y € [0, %) U (Z,1]. Then

,_.
=
oo |
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Case 4. Let x,y € [0, %) U (%, 1]. Then

z Y 1 1
d(Tz, Ty) =|Tx —Ty |= — <-|lx—yl|==d .
Case 5. Let x € [0,2) U (L,1] and y € [2,%]. Then
16" 142

X

d(Tz,Ty) =| Tx — Ty |=| 601+ 2)

e
16

and
T T

g PPN
61t =Y

Thus
11 123 1 123 1

dTz,Ty) < — < —— = = -
(Te.Ty) < 195 = 1980 =5 “ 160 = 8
Case 6. Let x,y € [3,I]. Then
T Y 1 1

T, Ty) =|Tz —Ty|l=| —— =< =-|xz—yl|=~= .
Hence, we obtain

1
d(Tw,Ty) < g max{d(z,y), d(x, Tz),d(y, Ty),d(w, Ty), d(y, Tz)}, (w,y € [L,1]),
or in other words

1 .
FTz,Ty(gt) > mln{Fx,y (t)7 Fx,Tx (t)a Fy,Ty (t)7 Fx,Ty (t)u Fy,Tﬂc (t)}a

for every x,y € X andt > 0. Also, 0 € X has the bounded orbit, so T has a unique
fized point 0 in X, by Theorem 7.

The following example due to Ume [20].

Example 5. Let X = [-1,1], T : X — X and ¢ : [0,00) — [0,00) be mappings
defined as follows:
0, —-1<x <0, )
t—%., 0<t<1,
_ 4 7 _
T(x)=q1f O0<az<zor f<z<l, o(t) =
7
I, 1<t
- 4 7
Téx7 5 S € S ]

Let Fpy(t) = eo(t— | . —y |) for allt € R and z,y € X. Then (X, F,Ay,) is a
complete probabilistic Menger space. It is easy to see that all of the assumptions of
Theorem 7 are satisfied, and so T has a unique fixved point (v = 0 is a unique fized
point of T'). On the other hand, we can show that T does not satisfy (1).
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Lemma 8. [7] Let X be a nonempty set and f : X — X a mapping. Then there
exists a subset E C X such that f(E) = f(X) and f: E — X is one-to-one.

Theorem 9. Let (X, F,A) be a complete Menger space under a continuous t-norm
A and let self mappings T and S satisfy the following condition:

FT%Ty(QD(t)) > min{FSat,Sy(t)a FSa:,Tm(t)7 FSy,Ty(t)7 FSa:,Ty(t)a FTx,Sy(t)}a

for all x,y € X, where ¢ : Rt — R* is a mapping the same as in Theorem 7.
If TX C SX and SX s a complete subset of X, then T and S have a unique
coincidence point in X. Moreover, if T and S are weakly compatible (i.e, they
commut at their coincidence points), then T and S have a unique common fized
point.

Proof. By Lemma 8, there exists £ C X such that SE = SX and S : F — X is
one-to-one. Now, define a mapping U : SE — SE by U(Sx) = Tx. Since S is one
to one on E, U is well defined. Also we have

Fy(s2),u(sy)(@(t) = Frary(p(t))
> min{FS:c,Sy(t)7 FSx,Tx(t)a FSy,Ty(t)a FSCE,Ty(t)7 FTx,Sy(t)}y
for all Sx,Sy € SE. Since SE = SX is complete, by using Theorem 7, there
exists * € X such that U(Sz*) = Sz*. Then Tz* = Sz*, and so T and S have a

coincidence point, which is also unique.
If T and S are weakly compatible, since T'z* = Sz*, then we have

T(Tz*) =T8Sz* = STx* = S(Sx™).

Thus, Tx* = Sx* is also a confidence point of T and S. By uniqueness of coincidence
point of T" and S, we get Tx* = Sz* = z*.

Theorem 10. Let (X, F,A) be a complete probabilistic Menger space under a con-
tinuous t-norm A. Suppose that T : X — X is a mapping satisfy the following con-
dition:

Frery(a(t)t) = min{ Fy y (8), Fo 1 (t), Fyry(t), Fory(8), Fray (@)}, (12)

for allt > 0 and x,y € X, where a: (0,00) — [0,1) is strictly decreasing function.
If there exists xog € X with the bounded orbit, then there is a unique z* € X such
that Tx* = x*. Moreover, (T"xg) converges to z*.
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Proof. Set p(t) = a(t)t, it is sufficient to prove that ¢ satisfying the hypothesis of

Theorem 7. In fact, since a(t) < 1, then ¢(t) < ¢, for all ¢ > 0. On the other hand,

for all n € Z*, we see that 0 < ¢"1(r) = p(¢"(r)) < ©"(r), thus the sequence

{¢™(r)} is convergent for each r > 0. Let lim ¢"(r) = a > 0, then lim ¢(t) = a.
n—00 t—at

Suppose that a > 0, then by the monotony of a, we have

a= lim p(t) = lim a(t)t < lim « <9> t=a« (ﬁ) a < a.

t—a™t t—a™t t—at 2 2

This is a contradiction. Thus lim ¢"(r) = 0. Then by Theorem 7, the result
n—oQ

follows.

Example 6. Consider X = [0,3] and define F,y(t) = e(t— | x —y |) for all

x,y € X. Then (X, F,A,,) is a complete probabilistic Menger space. Let ¢(t) = %,
define continuous self mappings S and T on X as

1 1 12

Tr=—-x+1, Sr=-(x+—

5 3 —1-5), (x € X).

Thus we have

1 1
FTw,Ty(SO(t)) = €0 <;6 "’E*y |> =€y (t3 |$y‘)
= FSz,Sy(t)-

It is easy to see that TX C SX, T and S are weakly compatible. Hence, we conclude
that all the conditions of Theorem 9 hold, so T and S have a unique common fized
point g m X.

Example 7. Let X = [0,00) and

t
—ul tS r—1Y/|
Foglty = { e LSlemy]
1, t>z—y|.

T

Ttz and

Then (X, F,A,,) is a complete probabilistic Menger space. Define Tax =
at) = %th By definition of T we have
[z —y]| < _lz—yl

Te —Ty |= - .
T =Ty = o=y | romin{z g} F oy = T+ [ —y]

Clearly, if a(t)t >| Tx—Ty |, then (12) holds. Suppose now that a(t)t <| Tx—Ty |.
Then we have

t _
—§|Tx—Ty|§7|x v :
1+t 1+ |z —vy|
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sot <|x—y| and by definition of F we get

a(t)t
a(t)t+ | T — Ty |
t
t+(1+4+t)|Te—Ty |
t

t+ (L Ty

t

t+ (14 |2 —y )=
t

t+z—vy|
= F,,(b).

Fryry(a(t)t) =

v

v

Thus we proved that T satisfies (12). Therefore, we showed that the mapping T
satisfies all hypotheses of Theorem 10 and has a unique fized point 0.
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