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A NEW FAMILY OF HARMONIC FUNCTIONS DEFINED BY AN
INTEGRAL OPERATOR

M. CAGLAR', L.-I. CoTiRLAZ, A. CATAS?

ABSTRACT. In this paper we define and investigate new classes of harmonic
multivalent functions denoted by H S, (A, p,a) and HS}, (A, p,a). These classes
are defined by making use of a modified Salagean integral operator. We obtained
coefficient inequalities results and distortion bounds relations for the functions in
the new classes. We also determine the extreme points of closed convex hulls of
HS} (A, p, ) denoted by clcoH S}, (A, p, o).
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1. INTRODUCTION

Let H denote the family of functions f = h + g that are harmonic univalent and
sense preserving in the unit disc A = {z : |z| < 1} with the normalization

h(z) =z + Zakzk, g(z) = Zbkzk, |b1] < 1. (1)
k=2 k=1

The class H was introduced by Clunie and T. Sheil-Small [4]. Also see an ex-
cellent monograph written by Duren [5]. Recent interest in the study of multivalent
harmonic functions in the plane prompted the publication of several articles, such
as [3], [1], [6]

Recently Ahuja and Jahangiri [2] defined the class H,, (n), p,n € N={1,2,3,...,}
consisting of all p—valent harmonic functions f = h 4 g that are sense preserving in
A and h and g are of the form

o0 [e.9]
h(z) =2 + Zak+p—12k+p_l, g9(z) = Zbkﬂ,lzk’ﬂ’—l, |bp| < 1. (2)
k=2 k=1

The integral operator I"™ was introduced by Salagean [7].
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For f = h + g given by (1) Ahuja and Jahangiri [2] introduced the modified
Salagean operator for harmonic functions. Te modified Saldgean operator, for mul-
tivalent harmonic functions f = h + g given by (2), has been introduced in [2] and
is written in the form

I"f(z) = I"h(z) + (=1)"I"g(z), p>m (3)
where -
m p " k+p—
I"h(z) = Z“FkZ:z <k+p_1> Qpgp12" TP
and -
m _ p " k+p—1
I = _— _ p=E,
10 =3 (=) b

The integral operator I"™ is defined in [7] by:
I°f(2) = f(2),
P& =1 =0 [ rert

I"f(z)=I(I"'f(z)), meN, fe A

WhereA:{fEH: f(z):z+2akzk} and H=H (U).
k=2

2. MAIN RESULTS

Definition 1. Consider 0 < a <1, m € Ng, A > % and z € A. A function f = h+g
with h and g given by (1) belongs to class HSpy, (A, p, ) if

e {Im+1f<z> A (I f(2) Im“f(z))} Y

(4)

2P
where I™ is defined by (3) .

Definition 2. Let 0 < o < 1, m € Ng, A > % and the complex number z € A.

We say that a harmonic function f,, = h + gmn belongs to class HS}, (A, p,a) if
fm € HSp (A, p, ) and the functions h and g,, are of the form

o0 o0
h(z) =2 = kg1 270 gm(2) = (=)™ bpypor2h ot byl <1 (5)
k=2 k=1

where ajqp—1,bpyp—1 > 0, [bp| < 1.
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We obtain coefficient inequality results which gives sufficient conditions for a
function f to be in the class HS,,(\, p, «). This coefficient inequality result is indeed
a necessary condition for f to be in the HS} (A, p, «). Hence, for this inequality, we
deduce extreme points results, convolution conditions, distortion bounds, and convex
combinations for the new class HS},(\, p, a).

We begin with two sufficient conditions for functions in H.S,,(\, p, «).

Theorem 1. Let f = h+ g such that h and g are given by (2). If

(e R e [

M=) -0 <,me)m+] |bk+p_1|) <2a, (6

ap = 1,0 < a<1,m e Ng,A > %, then we deduce for f a harmonic univalent
property, sense preserving in A and f € HSp, (A, p, ).

+

Proof. If z1 # zo then
f(z1) — f(z2)
h(zl) — h(ZQ)

00 k+p—1 _ _k+p—1
Zkzl bk‘i’p*l (zl ) ) S 1 Zzozl (k—i—p—l) |bk+p—1|

(21 = 22) 3520 Ak 1p-1 (zfﬂ'*l — z§+p*1) 1= 3220 (ktp—1) [@k4p—1]

9(z1) — g(z2)

=1 ’h(zn “h(za)

—1—

£ [ ()" = 00 ()™ i
> heo [)‘ (ﬁﬁ)m + (1 =) (k+§1)m+l] |kt p—1]

which prove univalence.
Note that f is sense preserving in A. This is because

>0

— )

> 1

o0
ktp—2
W(Z)‘ >1- Z (ktp1) lahp1] [2]*P
k=2



M. Caglar!, L.-I. Cotirla?, A. Catag® — A new family of harmonic functions ...

5 () 0 () e
k+p—1 E+p—1

> EOO by <p>m _ (1 _ /\) <p)m+1] ‘kar B ‘ ‘Z‘k+p—2

- k+p—1 k+p—1 -1

o
k+p—2
> (bap-1) Brapr| 27777 > [¢/(2)] -
k=1

Using the fact that Re {w} > « if and only if |1 — o + w| > |1 + a — w]| is suffices
to show that

|(1—a) 22+ I f(z) + AT f(2) + T f(2))]

= |+ a) P = I () = A (I f(2) = I (2))]
m m+1
(2—a) zp+z )\</~€+p—1> +(1-2X) (l{ﬂfH) ]ak+p_1zk+p_1
i[A( >m(1)\) (p>m+1]bzkﬂ’1
. k+p—1 k+p—1 S
> " p m k+p—1
azP — k2[ (k:—|—p—1> +(1-=2Xx) (k:—l—p—l) ]ak+p—lz
mﬂzl < )m_(l_k)<p>m“]gw
k+p—1 k+p—1
m m+1
(2—a) zp—i-ZQ[ <k+p—1> +(1-X) <k+i—1> ]ak+p12k+p1
B m+122[ ( )m_(l_/\)< P )WHIW
k+p—1 k+p—1
00 m m+1
> (2-a) Iz!p—§2 [A (,Hi%l) + (1)) <k+i_1> ] |ap1 |27

00 m m+1
m _ _ p 7 —1k+p—1
k}j[ (=) - (52 ]\bk+p_1\rz|
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> 2 {(1 —a)- (g: [A (=) +a-» (,W{j_l)m] @t pi
+Z <k+p_1)m—<1—x>(Hﬁ_l)m] |bk+p_1|)}>o-

So, the proof of theorem is complete.

The harmonic univalent function

(2) = 2" + i — mil 2P (7)
= A () + (-0 ()

oo
11—« —_—
_|_Z o .ykzk—l-p—l’
k=1 A (m) +1 - ()

0<a<1l,méeNyA>%and >0, [zk|+ Y re; |yk| = 1, show that sufficient bound
given by (6) is sharp. The function of the form (7) are in the class H Sy, (A, p, «)

because
o ] (o A

k=1
m m—+1
p p
— T ) —a-N[—— _
)\<k:—|—p—1> ( )\)<k—|—p—1> ]'b’”p 1|}

=1+ (1-a) <Zyxk!+2|yk\>—2—a

In the following theorem, it is shown that the condition (6) is also necessary for
function f,, = h + gm, where h and g, are of the form (5).

_.I_

Theorem 2. Let f,, = h+ g be given by (5). Then f,, € HS} (A, p, @) if and only

if
S { [ () 0 ()

Pl 0on () ez
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Proof. Since HS}, (A, p, ) C HSp, (A, p, &) we need to proof the ”only if” part of the
theorem. To this end for function f,, of the form (5) we notice that the condition

V4

e {fm+1f<z> A" () — I f(2) } -

is equivalent to

(1= 0) = 57 A ()" + 00 ()™ | anipeah -

R ol
e —(—1)miye [/\ (ﬁ)m — (1= <k+§_1>m+1} [

If we choose z to be real and let z — 17, we get

a3 [A (Hg_l)m STy (,mﬁ_l)m] Getpt

k=2

Sy [A (2=) —0- <k+£_1>m+] b =0 (10

which is precisely the assertion (8).

Next, we determine the extreme points of closed convex hull of HS}, (A, p, )
denoted by clcoH S}, (A, p, @).

Theorem 3. Let f,, = h+ gm be given by (5). Then f,, € HS} (A, p, @) if and only
if

Fn(2) =D Thap-1hrsp-1 (2) + Yntp19my 1 (2) (11)
k=1

where hy (z) = 2P,

l1-«a _
hk+p—1 (Z) frd zp _ pon P zk-ﬁ—p—l,
M)+ 02 ()
k= 17 27 37 cee,m e N07 Th+p—1 > 07 Yk+p—1 > 07 Ip = 1_213.;2 xk+p71_zzoz1 Yk+p—1-

The extreme points of HS}, (N, p, ) are {hji1p—1} and {gm,,, .} -
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Proof. For function f,, of the form (11) we have

o
fm(z) = Zxk+p*1hk+p*1 (Z) + Yk+p—19myqp_1 (z)
k=1

==2{:($k+p—1*—yk+p—1)2p"j£: m
- k:lA(ﬁ;_J +(1-X) <$)

— mfloo
e ;)\(Hﬁm>m+(1—>\)(,€+§m)

l-«
. k+p—1
m1  Vktp—1%

11—«
k+p—1
m+1 " Yk+p—17 .

Then . _—
M)+ - ()

o
g *Qk+p—1
11—« TP

k=2
m m+1
= Amper) 0= ()
+ Z 1—a : bk+p71
k=2
oo oo
= Zxk-l—p—l + Zyk—i-p—l =1-2,<1
k=2 k=1

and so fi, € clcoH (A, p, ).
Conversely, suppose that f,, € HS} (A, p, «). Setting

o0 o0
zp=1-— Z$k+p—1 - Zyk—i-p—h
k=2 k=1
)\( » m (1 )\) " m+1
m) tU- (m)
Lht+p—-1 = I—a -ak+p,1,k:1,2,3,...,m€No
and
)\( » m (1 )\) » m+1
k+p—1> T (k+pf1
Yk+p—1 = 1—o -bk+p,1,k:1,2,3,...,mENO.

We obtain the required representative since
o0 (o]
fn (2) =27 = @y PP ()Y by g 2P
k=2 k=1

7
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_ _ 11—« — xkﬂ)_lzkﬂo—l
= A (i) + (- ()
o 1 o
+ (=)™ = - T Ykp1Z TP
A () - = ()
oo o
= 2P — Z [Zp - hk’-i-p—l (Z)] Thtp—1 — Z [Zp — Impypoa (Z)] Yk+p—1
k=2 k=1
[e.e] [ee] [ee] [ee]
= 1= @hip1 = D> Yktpt1 | 2+ D> Thppthhap—1 (2) + D Yktp—19mp s, (2)
k=2 k=1 k=2 k=1
o0
= > Thip-1Pktp-1(2) + Yktp—19msp_y (2) -
k=1

The following theorem gives the distortion bounds results for functions in HS}, (A, p, @)
which produce a covering result.

Theorem 4. Let f,, = h + g be given by (5) and f,, € HS}, (N, p,«).Then for
|z| = r <1 we have

[fm (2)] < (14 [bp]) P+ [(1 =) — 2x = 1) [by[) P+

A7)0 )
and

1
M) - (G

Proof. Let f,, € HS} (X, p, ). Taking the absolute value of f,,, we obtain

[fm (2)] = (1 = [bp]) rP— >m+1 [(1—a) = (22 = 1) [bpl) P

o oo
|fm (2)] = |2P — Zakﬂ;flz“p*l + (=™t Zbkﬂ;qzk“”l
k=2 k=1

(o] o0
<P+ appa| PPN Y o | F TP
k=2 k=2

oo
<P bl P+ (Japap1| + [brp—1]) 7P
k=2
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1
M) a0 ()"
A (p)m - (p)mH] (lasspr] + bispr))

= (L4 [bp)) " +

p+1

1
G0N ()

.k":{[A(ijHym <k+p ) ]|ak+p_1|
|

p m m+ L
Al —m— —(1 =X brapn_ Pt
<k‘+p—1> ( )<k‘+p el o7

1
M)+ a-0 (G

Similarly, we can prove the left hand inequality.

< (14 |bp)) P +

—+

< (1 +bp|) P + 1L —a)— (2X = 1) [by] P

e L
>+1

For our next theorem, we need to recall the well known notion convolution of
two multivalent functions. For the functions

o o
fn (2) = 27 =3 a2t + (1) by Fe
k=2 k=1

and

S 00
F,, (Z) =P — Z Akﬂ,_lz’“*?’*l + (_1)m71 Z Bk_,_p_lfk*p*l
k=2 k=1

where Agyp1, Biyp-1 >0,

(fm*Fm)(Z):fm(z)*Fm(z)

(o) o
= hrp1 A1 2+ (1) by B2 (12)
k=2 k=1
Theorem 5. For 0 < 8 < a < 1, let fp, € HS},(\,p,) and F,, € HS},(\,p, ).

Then
fm * Fp € HS) (A\,p,a) C H (A, p, ).
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Proof. For f,, and F, as in Theorem 6 we can write

oo (o]
fn (2) = 22 =3 gy 125t (1) Y by g7
k=2 k=1

and
o 0o
Fin (Z) =2P - Z Ak+p—12k+P‘1 + (—l)m_1 Z Bjoyp1ZF P
k=2 k=1

Then the convolution f, * F},, is given by (12). We wish to show that the coefficients
of fm * F, satisfy the required condition given by Theorem 2.

For F,, € HS}, (A, p,B) we note that |Agyp—1| < 1 and |Bgyp—1| < 1. Now, for
convolution functions f,, * I}, we obtain

m m+1
;2 A <k+§71> + ;1_—5/\) (ﬁ) Gt 1Ak
m m+1
+ i : <$) - ;1—_;) (ﬁ;l) Otp—1Bltp-1
k=1
m m—+1
) g A (ﬁg,l) + ;1_—;) (ﬁ) _
m m+1
RS M=) - ;1_—;) (=) e
k=1
m m+1
< i : (ﬁ;H) - ;1_:) <$) Ak+p—1
m m+1
+§ )\ <#) - ;1—_04)\) (#> bk‘—l—p—l,

since 0 < < a < 1and f, € H(\, p,a). Therefore

fm * F € HS) (A, p,a) C HS (A, p, B).

10
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Now, we show that HS}, (A, p,«) is closed under convex combination.
Theorem 6. The family HS},(\,p, «) is closed under convex combination.

Proof. For i =1,2,.... Suppose that f,,, € HS} (\,p,a), where

D _ ktp—1 ml Shtp—1
g () = 2= iy 001 4 Z%

k=2

where a;, b > 0. Then by Theorem 2

= A (ﬁ;—)m . ;1__5)\) <I£A)m+laik+p—l (13)
k=2
m m+1
D mi G2 M (14
k=1

For 7%, t; =1, 0 <t; <1, the convex combination of f,,, may be written as

itifmi (Z) = Zp_i (Zt a’k+p 1) Zhtpt + m ! Z (Zt bzk-&-p 1) Zhte-l,
i=1

k=2 \i=1

Then by (14)

and therefore Y 72, t; fm, € HS}, (A, p, ).

11
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3. CONCLUSIONS

In the present paper we have proposed two classes of harmonic multivalent functions.
They are denoted by HSp, (A, p,«) and HS;, (A, p,a). These classes are defined
by using a modified Salagean integral operator. We succeeded to proof certain
properties for the above mentioned classes. We also deduce the extreme points of
closed convex hulls of HS}, (X, p, ) denoted by clcoH S}, (A, p, ). In the final part
we consider the convolution of two multivalent functions in order to establish a
property related to the class HS}, (), p, ) namely, we deduce that HS}, (A, p, a) is
closed under convex combination.
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